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Preface 


The purpose of this book is to give a systematic account of the Branching 
Processes; with special emphasis on the developments that have taken place 
since the publication of the book in 1972 by K.B. Athreya and P.E. Ney on the 
same subject. | 

A serious attempt has been made to unify the methods given in different 
research papers and journals. Though the author has done his best to include 
all the important contributions in this area, he certainly does not claim com- 
pleteness. However, omissions are unintentional and the author expresses his 
apologies to those whose significant contributions have not found a place in 
this book. 

This book has been split up into two parts. In each part, there are five 
chapters dealing with various types of Branching Process. 

In Part I, Chapter 1 gives a brief introduction to the theory of Branching 
Processes. Here, the historical background as wellas important definitions have 
been given. The second chapter considers the Galton-Watson Branching 
Process. The limiting structure of the process for super-critical, critical and 
sub-critical cases and the Galton-Watson Process with infinite mean for 
offspring distribution have been discussed in detail. The third chapter deals with 
definitions and basic limit theorems for Markov Branching Process. In the 
fourth chapter, the age-dependent Branching Process due to Bellman and Harris’ 
which is the generalisation of the Markov Branching Process has been discussed. 
A detailed account of limit theorems connected with Bellman and Harris’ 
Branching Process 1s given here. A study on age distribution in Branching 
Process is included in this chapter. The integrals of this Branching Process have 
also been studied. In Chapter 5, the theorems connected with Galton Watson 
Branching Process and Markov Branching Process 1n random environments 
have been considered.. | ae 

In Part-U, Chapter 6 deals with Galton-Watson Process with Immigration, 
Markov Branching Process with Immigration, and Bellman-Harris Process with 
Immigration. In Chapter 7, Branching Process with disasters and Branching 
Process with Immigration subjected to disasters are considered. In Chapter a 
study on Population size-dependent Branching Process with linear rate of g:0W 


c rate of growth is made. Population size-dependent 


: tri 
as well as geometr 4 in this chapter- Chapter 9 


Galton-Watson Process has also been discusse 
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gives an account of estimation theory in Branching Process. Finally Chapter. 
deals with systems of renewal equations with application to Branch, 
Process. | 8 

Several attempts have been made throughout this book to improve and 
simplify the proofs of theorems given in the original papers. | 

The author expresses his sratitude to Annamalai University, for Providing 
adequate facilities in carrying out this work and to the U.G.C. for the financial 
support (F 23-1171/7 S RIL and F 14-1/86 S.R.D). The author was fortu- 
nate enough to have the help of his devoted students Dr. P.R. Parthasarathy, 
Dr. A. Krishnamoorthy, Dr. A. Srinivasan, Dr. A. Thangaraj, Mr. A. Chocka. 
lingam, Mr. S. Srinivasan, Miss. Sundary S., Prabavathy, Mr. S. Rajaram and 
Mr. E. Natarajan in the preparation of this book. The author wishes to express 
his deep sense of gratitude for the valuable academic support received from 
all other friends in the profession. 

This book is based on the lecture notes prepared for the Doctral Students 
who were working under the author during 1975-82. It has further been 
expanded to include important developments upto 1986. 
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PART I 


Introduction 


HISTORICAL BACKGROUND 


Branching processes may be conceived of as a mathematical representation 
for the evaluation of aggregate of systems whose components can reproduce, 
transform, and die; the transitions being governed by stochastic laws. The 
examples which have been most frequently considered are the propagation of 
human and animal species and genes, nuclear chain reaction and electronic 
cascade phenomena. 

The term ‘Branching Processes’ appears to have been coined by Kolmogo- 
rov and Dmitriev (1947) to describe stochastic processes which arise when the 
Theory of Probability is introduced into population mathematics. But the sub- 
ject is much older than one might suppose from this fact and goes back nearly 
100 years. | | 

The early history of the theory of branching processes centres round the 
figure of Rev. H.W. Watson, a clergyman and mathematician. His correspon- 
dence with Francis Galton (1873) led to the discovery of the Galton-Watson 
Process. Galton framed the problem as follows. 

‘Let Dy, Py, Po--- be the respective probabilities that a man has 0, 1, 2... 
sons. Let each son have the same probability for sons of his own, and so on. 
What is the probability that the male line is extinct after r generations, and 
more generally what is the probability for any given number of descendants in 
the male line in any given generation?’ 

Persuaded by Watson, Galton took up this problem and studied it with 
the aid of generating function. A detailed history of the process can be had 
from Kendall (1966a). 

The names of Galton and Watson become firmly entrenched in the litera- 
ture and their place in the history of the subject is assured despite the recent 
discovery by Heyde and Seneta (1972) of an earlicr, and in a sense, more com- 
plete discussion of the problem by Bienayme in 1845. 

Fisher (1930) used a mathematical model identical with that of Galton 
and Watson to study the survival of the progeny of a mutant gene. Haldane 
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(1927) likewise applied the model to genetics. | 
After 1940, interest in the model increased partly because of the analo 


between the growth of the families and nuclear chain reaction and partly be. 
cause of the increased general interest in applications of probability theory, The 
connection with the theory of cosmic radiation formulated independently 
Bhaba and Heitler(1973) also contributed to the increased interest in this Model 
A survey of the mathematical work on branching processes in the theory of 
electron-photon cascade processes can be had from Bharucha-Reid (1960), 
Ramakrishnan (1962) and Srinivasan (1969). 

The book by Harris (1963) gives a complete exposition of the developments 
in this field up to that time. The recent book by Athreya and Ney (1972) Presents 
a unified treatment of the theory of branching process and various connected 
limit Theorems up to 1972. Various models of branching processes are discussed 
from the point of view of applications to biology and medicine in two Volumes 
by Iosifescu and Tautu (1972a, b). Different aspects of the theory can be had 
from Sevastyanov (1970) and Karlin (1968). In his book, Mode (1971) has given - 
an account about the development of a variety of results on branching processes 
which involve several types of objects having different probabilistic behaviour. 
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Galton-Watson Branching Processes 


2.1 FUNDAMENTAL RESULTS 


A Bienayme-Galton-Watson process is a Markov chain {Z,,n = 0,1, 2 ...}on 
the non-negative integers, where - 


Zn 
Zn = 2 K, 
ma = È (2.1.1) 
and {K,: r > 1} are independent and identically distributed random variables 
with probability distribution P (K, = k) = Pr, k = 0, 1, 2, ..., 
tol Pk == l. (2.1.2) 


We interpret Z, as the number of objects in the nth generation of a popu: 
lation or family. Unless the contrary is Stated, we always assume that Z, = 1. 
The probability generating function h (s) of Z, given by 


h (s)= E(s%) = Z ask |s| <1 (2.1.3) 
k= 
will be referred to as the offspring generating function. 
Define its iterates by 
hina (S$) = A (hn (5)), h, (s) = h (s), ho (s) = s. (2.1.4) 


Galton-Watson (1874) proved that the generating function of Z, is the 


nth iterate A, (s) of h (s). , 
In order to avoid trivialities it is assumed throughout that 


p; Æ 1 foranyj, Pot P<! 


so that h (s) will be strictly convex on the unit interval [0, 1]. | 
The process {Z,} is called subcritical, critical or supercritical according as 


E (Z)) — h' (1) = m, (2.1.6) 


is less than, equal to or greater than 1. From (2.1.1), 


(2.1.5) 


ON 
4 BRANCHING PROCESS AND ITS ESTIMATI 


Zn = L E K, = m Zn 
BZ |Z) = e(a K, | Zn) Zn E (K,) 1 (2.1.7) 


and hence E (Z,) = mj. _ 
Simple calculations yicld 


9,71 (m — 1) ifm, z 1 
Variance of Z, = at ee | a 17 (2.1.8) 


= no, if m = 1 


where o® = Var Z.. _ 
By extinction, we mean the event that the random sequence (Zn? Consist 


of zeros for all but a finite number of values of n and we define the Probability 


q of extinction by 
q = lim hy (0). (2.1.9) 
N-Co 


From the convex nature of the probability generating function we have 
the following fundamental theorem of branching processes due to Steffensen 


(1932). 
Theorem 2.1.1 (Steffensen (1932)) 


The extinction probability c of the Galton-Watson process is the smallest non- 
negative root of the equation 

h(s)= 5s. (2.1.10) 
It is 1 ifm, < 1 and < l if m > 1. 

Brook (1966) has shown that if we can find an upper bound g (s) forh (s), 
then q will be bounded by the smallest non-negative root q’ of g (s) = sandq’ 
will be the upper bound for the probability of extinction. 

Since h (s) is strictly convex on the unit interval, as n > 00, h, (s) in- 
creases to g in 0 < s < q, decreases to qinq <S s< land h, (s) = sifs=q 
or 1. 

Also since 

P (Lin #K|Z,=k)>0 


all states k > 1 are transient and hence with probability 1, Z, > 0 or œ as 
n > œ. Hence we have the following. . 


Theorem 2.1.2 (Steffensen (1932)) 


Whatever be the finite valye of m,, the sequence {Z,} converges as n-> œ to 0 
or 0 respectively with Probabilities 1 — q or q. 


In this connection Church (1967) has proved that 
lim P = = 
a (Zn k) ak 
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exists for all k, if the generating function governing particle production in the 
nth genera tion converges sufficiently rapidly to the degenerate gencrating func- 
tion s. This result was generalized by Kaplan (1973a) for multitype processes. 


2.2 A CONVERGENCE PROPERT Y FOR SEQUENCES 
CONVERGING IN PROBABILITY 


Let {X,},n >0 be a sequence of real valued random variables and (Fay the 
sequence of their distribution functions. Let {Fn} Converge vaguely to F, (ie) 
Jim Fn (x) = F(x) for any continuity point x of F. F is right continuous and 


nondecreasing, but not necessarily a distribution function, since the cases 
F(œ) < l and/or F(— œ) > 0 are not excluded. 

{Xn} is said to converge in probability to X if for any a and b, that are 
continuity points of F, 


lim P({X € (a, b)} A {X, E (a, b)}) = 0 


where A stands for the symmetric difference of two sets. 

Denote now by Z, the family of Borel sets of the real line, Sn, the set of 
values taken on by X,, n > 0 and write Q, (x, B) for a version of the regular 
conditional distribution of X given Xn, (ie) a function with the properties: 

(i) Qn (Xn, B) = P(X E B | Xn) as. for any BEF 

(ii) for any x in S,, Qn (x, -) is a subprobability measure on 4 

(iii) for any B in Z, Qn (-, B) is a @-measurable function, and such func- 

tions {Qn} always exist. 

Harry Cohn (1982) has proved the following theorem. 


Theorem 2.1.3 (Harry Cohn (1982)) 


Suppose that {X,,} converges in probability to a limit X which is finite with 
Positive probability. Then 
(i) Ifcis a number with the property | 
F(c + 8) —F(c—8) > 0 for all è > 9. 


then there exists a sequence of numbers {cn} with am Ca =C 


such that for any e > 0, 
lim Qn (Cn, (c — €, € + €)) = l 


n->00 


(ii) Ifc is a jump point for F, then there exists a sequence of numbers {Cn} 


with 
lim Cy = C 


n->00 


such that 
lim On (Cas {c}) = 1 
n->oo 
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Proof: l swiid 
(i) For any positive number e, there exists a number è wi < € such th, 
c—Sandc + 8 are continuity points of F. The assumed convergence in Pro. 


bablity implies 
lim P (Xe (c-8c+ 8) XwECC-BC+FADY=1 21a) 


Also 
P(XE (c — 8, c + 8) | Xn E (c — 8, c + 8)) 


| On (x, (¢ — 8, € + 8)) dEn (x) 
_ J(e—8, c+8) a 
E Fa (c + 8) — Fna (¢ — 8) 
(2.1.12) it yields, 
(2.1.14) 


(2.1.13) 


Applying the mean value theorem to (2.1.13) and using 
lim Qn (an, (C — 8, c + 8)) = 1 
n-> co 


for some {a,} with a, E (c — 8, c + 9). , , 
Since e chosen is arbitrary, there exists a sequence of e’s, {ek} with e >0 


and lim eg = 0. 


a) ; 
Denote by {8,} and {x} the corresponding values of òs and {an} respec- 


tively to which (2.1.14) applies. 


Thus 
lim Qn (a, (c — òk, c + &)) = 1 
n->00 


for k = 1, 2, .... Let Nx be a positive integer such that 
O, (af, (c—8x, c + è) > 1—2 for n > Ny. 
Also assume that 
Nr. > Nx, No =— Q. 
Now define 
Cn = oh for Ny S n < News 


Then | 
On (Cn, (C—€,¢ + €)) >lasn—> œ for alle > 0. 


Moreover, 5, — 0 as n — oo implies that 


lim Q, (Cay (c—ec+ €) = ] 
n-> %0 


for any e > 0 and the proof of (i) is complete. To prove (ii), notice that 


; P(X = c) 
lim P(X = c | Xe (c — ò, EEEE e 2.19 
cod ( | Xn € ( a )) Fe + 3)—F(e=9) (2.2.19) 

for any è > O such that c + 8 and c — 8 are continuity points of F. Since the 

right-hand side of (2.2.15) goes to 1 as è > 0, the mean value theorem applied 
to the analogue of (2.1.13) for P(X = ¢ | Xn e (c —3, c + 8) as well as some 
slight manipulations along the line of the proof of (i) can be easily seen to con- 

clude the proof of (ii). 

In the following sections the three cases—supercritical, critical and subcritt- 
cal processes—are discussed in detail. 
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2.2 SUPERCRITICAL PROCESSES 


Define 


Zn 


W, = £ 
m” (2.2.1) 


Then from (2.1.7) 


E (Way | Wn) = W, 
and therefore it follows that for m 
Since E(W,) = l, W, converges 


(2.2.2) 
ı < œ the sequence {W,} forms a Martingale. 
almost surely to a random variable W with 
mean less than or equal to 1 (Se 


i , TSS e Doob (1953), page 319). This random vari- 
able is obviously identically zero if m, < 1. Thus we need only to consider the 
case m, > 1. 


If dn (S) = E (e-a), from (2.1.4) we get, 


Pnt (458) = h (py (8)), n = 1, 2, 3, ... (2.2.3) 
Since W, converges to W almost surel 


as n—>oo. Since h(s) is continuous fo 
due to Harris (1963), , 


y as N->oo, we can assert that , (s)+4(s) 
|s| < 1, we obtain the following result 


Theorem 2.2.1 (Harris (1963)) 


If m, > 1 and h” (1) < œ, the random variable Wn converges with probability ] 
and in mean square toa random variable W whose Laplace transform, 


$ (s) = E (e) (2.2.4) 
satisfies Abel’s functional equation 
$ (m, s) = h (g(s)), Real (s) > 0. (2.2.5) 


This theorem was first proved by Hawkins and Ulam (1944) assuming 
the existence of all the moments which are finite and Yaglom (1947) with finite 
second moment. From this theorem it follows that E (W) = 1, P (W= 0) = q 


2 
` oO 
and variance of W = 


mi —m; 


The following sharp result for a more general situation was first given by 
Kesten and Stigum (1966a, b). 


Theorem 2.2.2 (Kesten and Stigum (1966a, b)) 


Let m, > 1. One has either E (W) = 1 or W = 0. Also 
E(W) = 1 if and only if Z j pj log j < œ. 
F l 
An example due to Levinson (1959) shows that if E Zj = œ, we may have 


W = 0 even when m, > 1. However if p, = 0 (n75) for some e>0,WE 0. 
Further, W has an absolutely continuous distribution on (0, œ). This 


AND ITS ESTIMATION 
econd moment assumption i 


Harris (1963) with sec 20, by 
‘ition that 2/p/ logs < © and DY Athreya (1971) . 
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result was first proved Dy 
Stigum (1966) with the con 
without any hypothesis. vod the eriste 
: .— oo. Seneta (1968b) proved tle | nce of; 

Bven when EJ p/ 08) m pp Zrl Cn LBA in distribution to a nde 
Heyde (1970b) strengthened this 


sequence {Cn} of constants such that 
tingale theory, 


degenerate limit. Using ier t sure convergence 
ished the almost sure : 
result and establishe eneta (1968b) and Heyde (1970b) ip the 


We give the combined result of S 
following manner. If {Zn} is a Galton- Watson process with 1 < m, < © then 
f constants {Cn} with Cn -> © and C,y4,/C, -+ m 

bles Wa = Ca’ Zn Converge almost 


there always exists a sequence O 
as n > œ such that the random varia 
— ] — q, whose Laplace trans. 


surely to a random variable W with P (W > 0) 


form satisfies (2.2.5). 
Seneta (1969a) also established that 


Zjp;logj< œ if and only if C, ~ const. mj, as n—> oo. 
For if Z j p; log j < œ then from Theorem 2.2.2, Za my ” converges to a 


non-degenerate limit. By Khinchine’s law, it follows that Ca ~ const. m ?, 
Conversely if C, ~ const. m; then by Seneta (1968b), Zn mı “converges to a 


non-degenerate limit. By Theorem 2.2.2, È p; j log j < ©. 
We have the following general theorem due to Athreya and Ney (1972) 


for the rate of convergence of h, (0) > q as n > oo. 
Theorem 2.2.3 (Athreya and Ney (1972)) 


If m $ ] and yY = h’ (4), Qn (s) = ~~" (An (s) — q) then 


lim Q,(85)=0(9,0<s<1 (2.2.8) 


and Q (s) is the unique solution of the functional equation 
O (A(s)) = y Q (8), 
satisfying Q (q) = 0 and lim Q’ (s) = 1 where Q’ (s) = 
We note that wh os 
© note taat when m, < 1, y = m, Heathcote and Seneta (1967) and 


Seneta (1968a) have obtained bounds f i 
or Ọ (s) in the subcriti 
Pollack (1971) for Q (0). Kendall (1966b) was the first to wares pork 


convergence of h, (0) to g. 
H 
eyde (1971a) and Athreya (1968) have obtained the following result 


analogous to the Central Limit Theorem 


(2.2.9) 
the derivative of Q(s). 


Theorem 2.2.4 (Heyde (1971a) and Athreya (1968)) 


Let py = 0, Zj? pj; < œ. Then 
Zn—m W 4 Nlo a 
——> ——————————— 
( — ) (2.2.10) 
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(1967b) has shown that Ww 
Brown and He 
this Theorem. 


Recently Asmussen (1976) has obtain 
of convergence for the supercritical Galton 
_ he has proved the following results, 


He has considered the supercritical Galton-Watson process {Z} 
Offspring distribution {Peck = 0,1. 


has a stable tail 


if and only if p, has a Stable tai 
yde (1971) have established l ane 


an invariance principle extending 


ed almost sure estimates of the rate 
-Watson processes. In this connection 


o With 
..} and mean m, = 2 jp | <m <o. 
j=0 


Zi i 
Let W, = n W = lim W,, For each n, we have a decomposition 
1 


N=->00 


-2 Uy i (2.2.11) 


where the U,,;’s are independent and identically distributed random variables 
with the same distribution as W — ] (See Athreya and Ney (1972), p. 54). 
Using the decomposition, Asmussen (1976) has proved the following theorems. 


Theorem 2.2.5 (Asmussen (1976)) 


l 
Letl<p<2,54+7 = 1. Then 


W — Wn = 0(m;,"") as. (2.2.12) 
and P (W > 0) > 0 if and only if 


5 J? P) < CO. (2.2.13) 
j=0 


By using the following two lemmas, we prove this theorem. 


LEMMA 2.2.1 


co 
X j? pi < œ implies the almost sure convergence of 
j=0 


S m! (Wy — Wp). 


n=l] 
Proof: 
We may write 


Zn-1 


Zn = 2 Xnojs 
j=1 


where X,,;’s are independent and identically distributed according to the off- 
spring distribution { px; k = 0, 1, 2, ...}. Then 
Zn-1 
Wn — Wn- mm x > (Xnsj —= m) (2.2.14) 
m) j=1 


Let F „ be the o-field generated by Xx, Xk,z, --- with the condition k < n. 
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: ; . ati ; 
We write F, = o (Yk; J = l, 23; k < n). It follows that in particular cam 
F , measurable. 
Let 
— My 


Y, = An J I 
B3J ’ (Xn jemi!” 


n/q | -nip 5 
Sa = mi! (Wa — Waa) = M" 2 (Xay — m), 
; _ Zn- 
=m" 2 Ypy, 
jut 


Then it follows that > (Sx —E (Sk | Fx_y)), n = 1, 2,... forms a Martingale 


k=1 
with respect to F,, ¥,,.... By the Borel-Cantelli lemma and the convergence 


theorem for L,, bounded martingales, it is enough to show the convergence of 
each of the series 


È P(S,# Si), È Var(S; —E(Ss|Fn-)), È E(Si | Fn), 
n=] n=i n=l 
the last in the almost sure sense (see Loève (1963)). Now 


È P (S+S) = È E(P (SH Shl Fn) 


< Z E(Zmı 2 pj) 


` = j > jm?) 
< > > m1 n 
pA (2 : ; > pml?) Pj 


= 2 0P) p< o. 
J= 


2 Var (Sa — E (Sn |Fn1)) = È E (Var (S | Fn) 
n=l l n=1 
= 2 E (Zain ™!? Var Yn) 
a se n(1=2/ ) 
Sm aP ORE Tent ) P) 
=mi X j? O(j20-2) py < o. 
Finally the proof is completed by observing that 
E (Sp) Fn) = — mz"? Z, F jp;<0 


j>m}ł!P 
and that 
— 5 ‘)_ S ml nla ; 
2 E(Sn) 2 m m & j Pj 
j>malp 


=m," Fo J 0 (j?") pj < œ. 
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LEMMA 2.2.2 
Let dis %, ..., By, By, ..., be sequences of real numbers. 


(i) If a, > 0, a, co and the series x tn By converges, then È Bn = 0 (1/ay). 


(ii) The convergence of = n Ba implies that of ¥ 5 Bin 


n=l m=n 
(iii) Let Ba > 0, Ents Ba = +o for some ein 0 < e < a. Then 
lim Sup N% 3 B, = + œ. 
n=N+1 
Proof: 
q 
Let Ky = Sup | È ae Bn | » So that Ky —> 0, N > œ. 
P,q2N "=p 


From Abel’s lemma, 
| > Bn | S Ky/ay 
n=N+1 


By letting q—->œ, we get the result (i). The result (ii) follows from result (i) and 
the identity 


N 
2 2 Bn = 2 n Pn +N 2 Pm 
n=] m=n n= 


For (iii), suppose 5 Bn = O0(N—*). Then by integration by parts, we have 
n=N+1 


X vr 3. = $ Bn + (x — e) t¢-<-1 > Bn dt 
n=l 1 


n=l n=[t]+1 
-F 6, + f 0 (t-*-1) dt < œ. 
n=1 1 


Proof of the Theorem 2.2.5: By taking «, = mi’, Bn = Wn — Wn in lemma 
2.2.2(i) and using lemma 2.2.1, we have 


Zj? py< 0 > W—W,=0 (m;"!) a.s. 


Suppose conversely W,, — oe = o (mī™?) almost surely and P (W >0)>0 
it follows that 


Inf fr > 0 on (Zn > 0 for all n). | 
m | 


1 
Thus from (2.2.14), 
1 fa —1 
Ze j= ae 
_ We interpret the left-hand side of (2.2.15) as zero for Z, = 0. 


D (Xn, y — m) = (Wn — Wn) > O a.s. (2.2.15) 


D ITS ESTIMATION 


Now take a sequence Ui, U,, of independent identically distributeg 
random variables as X, ı — m, and defined on some arbitrary probability Space, 
The random variable Uf = U, — Ui where U1is independent of U, and hag 
the same distribution as U, and is defined to be the symmentr ized random Vari- 
abie of U,. Then Uj, Uz, ..., are also independent identically distributed ran. 


dom variables. 
Let for e > 0 
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...9 


Qn a = P(r? | U, + U, + E Ul > ©) 
qÊ = P (n-e | UE + -+ Un | > $). 


Applying Borel Cantelli lemma to the events 
Zn—-1 
Ane = 42,4? | “Ens — md | > e} 
+) j=l 


n=l 


it follows that 
S IZ» e= % P(An, « F n-1) < © 
neal n=1 


almost surely for any e > 0. 
Thus 


= c 
2 q y 
n=1 Zn-1 


ex $ 2975-13 é/2 < © 
nel 


almost surely. 
Let k,, ke, ..., be a sequence of integers,of the form kn = Zn=;(w) satis- 


fying 
(i) w belongs to the set of positive probability 


(ii) lim Z, (w)/mi exists and > 0. 
->00 

(iii) E gZncw),e < © for any rational e > 0 (say) 
n=l] 


By using Borel Cantelli lemma it follows that 

Vin = ky”? (Uf + ... + Uka) > 0 a.s. 
Also if 

Mn, = k" sup |UF+ ... + U$ | 
1<t<kpn 
then by Levy inequality, we have 
P(Mn > €) S apne « 

Now applying Borel Cantelli lemma again we get Mn —> 0 almost surely. Since 


kn+1 . 
ke ASB, there is a v > 0 such that k, > Vkną; for all n. Also for 
n large and for ka < t < kn» we have 


[Vil < He | UF +... + UE, | + OP UE A U;| (2.2.17) 
< | Ven | + 2v1 Mp4. 
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So that Fi 0 almost surely as ¢ -> œ. But this is possible only if £ | Us P — o 
Thus this is possible only if 2 jp; < œ. D 


Theorem 2.2.6 (Asmussen (1976)) 


Let « > 0. Then 


© j (log j) p; < œ. (2.2.18) 
implies W — W, = o(n-*) a.s. (2.2.19) 


and the almost sure convergence of 5 (W — W,) for « > 1. Conversely, if 
n= 


2 jlog Jer p; = + 0 
j= 


for some e > 0 then lim inf n*(W — Wn) = — œ almost surely on {W > 0}. 
n-> %0 
Proof: 
Let Sn = n( Wp — W,_,) and Yni = Xal aoo ~mi 
(Xn, j<m; |n” ) 

Take 

7 n% Zn-1 

Sn = —,, nj 
Mm, j=! 


By similar calculation as in the proof of lemma 2.2.1, we get 


E P(S ASK) <E E mL ne py =E Oj (log fy) Dy (2.2.20) 
n=1 j=0 n=1 1 j=0 
Z Var (Sp — E(Sn| Fn) < 2B PCE (M) Lectin) P) (2-2-20 
a=] j= a= 
=} 0 (j (log j)**)p; 
J= 
and 
SEY -15 4y sn = 7 )x+1 1323 
= 2 Esa < mı A K ae Tees minty) py = m Z, J (log) tpj (2.2.22) 


Arguing as in the proof of lemma 2.2.1, 
x j (log j)**! p; <œ => 2 n*(W, — Wy-y) 


converges almost surely. By using the result of lemma 2.2.2(i), we have 


W— Wn = o (nœ) as. 


From (2.2.19), the almost sure convergence of 5 (W — W,) is clear fora > 1. 
n=0 


For « = 1, we have to apply lemma 2.2.2(ii) by taking Brn = Wn — Wn-+- 


- 
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Hence Z (W — W,) converges almost surely fora > 1. 


Noo 


In order to show that 5 j(log j)*+1-* py = + œ for some e implies lim inf 
j=0 
nW — W,) = — œ almost surely on {W > 0}, there is no loss of generality ip 


we assume that P{W > 0} > 0. Then 2 j(logj)p; < œ. 
j=0 


By taking « small if necessary we may assume 2 j (log j)* p; < œ. Then 


from (2.2.20) and (2.2.21) 
S (Sh — E(S,| Fn) and È (Sn — E(Sn | F n-i) 
n=l n=1 


converge almost surely. By taking «, = n*, Ba = Wa — W,-, —n-* E(S,|F paa) 
and applying lemma 2.2.2(i), we get 


W—Wẹy— E n*E(S,| Fn) = 0(N-) a.s. (2.2.23) 


We need only to show that 


lim inf N% > n-% E(Sn | Fru) = — o as. on(W> 0). 


N>o n=N+1 


Let W = inf 21. But on {W > 0}, W>0. By lemma 2.2.2(ii) with 
mı 
Br = — n E(S, | FAn_1), we have 


E n** By = È n*Z,y/m È jv; 
n=1 n 


n=l 


> W 2 j( a g= jomin) P) 


=W 2 j 0 (dog x)=) p; 
=0 


= + œ on {W > 0}. 


This completes the proof of the theorem. 
= Recently Fred M. Hoppe (1976) has shown that there always exists @ 
sequence of normalizing constants for the supercritical multitype Galton- 
Watson process so that the normalized sequence converges in probability to 4 
limit. He has also shown that limit is proper and not identically zero. 

Let Z, = ia. eN zeh denote a positively regular, supercritical, k-type 
Galton-Watson process. Here the process {Z,} is said to be positive regular if 
M, the matrix of expectation is strictly positive. Let M be the matrix of offspring 
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expectations with the maximal eigenvalue pọ, 1 < p < œ. Let u and v be the 
right and left eigenvectors corresponding to the eigenvalue p. Let mg” denote 
the (i, j)th element of M”. M is said to be strictly positive if there is an n such 
that mE > 0 for j, i= 1, 2, ..., k. The author has used normalization y.u = 1 
and u.l = 1 throughout the paper. 

Let F denote the offspring probability generating function. Then F(x) 
= (F(x), ..., F(x)). Here x = (x,,..., Xk) and FM is the probability generat- 
ing function of Z, given that Z, = e;. Also {edi are the basic vectors with eœ; 
having one in the ith place and zero elsewhere. The equation F(x) = x hastwo 
and only two roots in the unit cu i [0, 1]*. They are ¥ = (1, 1,..., 1) = 1 and 
X = (qis os +--+» Uk) = q4 < 1. The rcot q is called the extinction probability 
vector because | 

qı = P( lim Z, = 0 | Z, = e;). 


n->o0 
Let R denote the matrix with components R;; = u; vj. Then R = lim p~” M”. 


n->o0 
Let F, denote the nth functional iterate of F. It is well known that F® is 
the probability generating function of Z, given Z, = e;. If x # 1 then tim 


F(x) = q. Joffe and Spitzer (1967) have given an expansion for F as 


1 — F(x) = (M — E(x)) (1 — x). (2.2.30) 
Here 


(i) 0< E(x) <M 
(ii) E(x) is non-increasing in x 
(iii) lim E(x) = 0. 

x->1 


Kesten and Stigum (1966) have shown that lim p-" Z, always exists. They 


n->00 
have further shown that lim o—” Z, Æ 0 if and only if 
->00 
E(Z log Z| Z, = eg) < x» (2.2.31) 


for all 1 < «a, B < k. | 
For k = 1, Seneta (1968) has shown that there always exists a unique 
Positive sequence {Cn) such that lim C, Z, = W exists in distribution. Further 


N->oo 


he has established that W is proper and not identically zero. 

Fred M. Hoppe (1976) has proved analogous result for multi type processes. 
He proved the following lemmas to establish the analogous result of Seneta 
(1968). 
LEMMA 2.2.3 
There exists a sequence {X,,°-.9 with X, Æ q or 1 for all n, such that 


F(Xn+1) a Xn n = 0, l; yao 
Proof: 
Let Q denote the closed hypercube {X: q < x < 1}. Here q is a fixed point. 
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F(.) is monotonic. It follows that 

O > F(Q) D FQ) 2 FAQ) 2 ~ FQ) 2 - 
and Q is compact, F(Q) is compact. By induction 
| n. Since Q is connected, F,(Q) 18 also connecteg 


Since F(-) is continuous 
.. Fna (Q)} be an arbitrary finite set of images, Let 


F,(Q) is also compact for al 


for all n. Let {Fn (Q), Fin (Q) - 


n —= max {, Ng «++» nd}. 


Then by the nested property 
d 
N Fa (Q) = Fn (Q). 
j=l 


Again by the nested property, arbitrary finite intersection of members of the 
sequence {Q, F,(Q), F(Q), ...} are connected. If S = n F,(Q), then S is connec- 


ted by using a result in Kelley ((1967), p. 163). But q E S and 1 E S. Hence 
there exists a third point x, in S. Therefore for each integer n > ] there exists 


an Y such that Y, = F(X¢”). We define 
X™ = F(X!) for each j, (0 <j <” — 1). 


Here X” is not equal to q or 1 for n > 1. Then backward iteration gives 
Y, = F(X”). We have the result that Xj” equals q or 1 if and only if X, equals 
q or 1. By suitable choice of X, we can exclude the possibility x;” = qorl. 
Consider the lower triangular array {X!”, n = 0, 1, 2,...i == 1, 2,..., nh. 
From the second column we may get aconvergent subsequence by the Bolzano- 
Weierstrass theorem. Let the subsequence be {X4"”» X ("d .}. It converges to a 
limit Y, (say). Since F(X”) = X, for all superscripts (nj) and F(-) is continuous, 
it follows that F(X,) = X,. Here X, equals neither q or 1. Similarly from the 
third column we extract a subsequence {X$", X$", ...} tending to a limit X, 


Here, the sequence of integers {m,, m,, ...} is taken from {n,, Ng, ...}. Thus 


F(X) = lim F(X¥”) = lim X{" = X, 
joo jJ->oo 


As before X, equals neither q or 1. In this way, we generate the required 
sequence inductively. 


LEMMA 2.2.4 
lim X, = 1 


n->oo 


Proof: 
Suppose we assume the contrary. Let {Xn;} be any subsequence which is not 


bounded by 1. Hence we find Y 1 such that q < Xn; < Y for all j. Thus 
qs Fi Xn;) < FY). 
ene dim F„;(Y) = q, we obtain X, = q. This is a contradiction. Therefore 


lim Y, = 1. 


n->0o 
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LEMMA 2.2.5 


Proof: 
This follows from lemma 2.2.4. Since from (2.2.30), we have 


v.(1 — F(z) _ 


— 


ace v.(1 — 2) 
LEMMA 2.2.6 
Let {E;;} be a sequence of matrices satisfying 0 < E; < M and0 < Ej; < BjeR 
for all j, the inequalities holding componentwise and {B;} being a positive 
sequence. Then there exists a positive null sequence {8,} such that for all n > 1, 


(1 — 3, — X B) R < o” r (M — E) < (1 +8,)R. 
j=1 j= 


Proof: 
The proof of the lemma can be found in Theorem 3.5 of Seneta (1973a), p. 75 


LEMMA 2.2.7 
° (1 a Xn) pee 
A EE e en 


Proof: 
From the expansion for F due to Joffe and Spitzer (1967), we see 


n+N 
I= X= È (M — EX) (1 — Xun) 


J 


The sequence {F(X’,)} fulfills the conditions of lemma 2.2.6. _ 
We may choose the sequence {8,} which decreases to zero. Therefore we have 


1 — $y =, x 8p 
=n-+1 : : 
7 u<(1—YX,)/v.(1 — Xn) 
1 +ò 
< — 
l — sy — 2 B; 
j=n+1 


for all sufficiently large N and n = n(N). Here we have used the fact 
RZ/VRZ = u for all Z Æ 0. By taking limit as n->œ we get the result. 
By using the above four lemmas, and martingale convergence theorem, we 


can prove the following theorem. 


Theorem 2,2,9 (Hoppe (1976)) 


There exists positive sequences {Cn} of vectors and related Scalars {y,} such that 


Jor each i, if Z, = e; then 


lim C,.Z,= W® as. (2.2.32) 
->00 
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lim Yn/Yn+s = p 22 33) 
n>oco 
Jim Cal'n =U (2.2.34) 
n-o 
lim Yn Ue Zn = WO as. (2.2.35) 
n-poo 
lim YnZn = WV in probability, (2.2.36) 
m—>0o 
and Pr[W® < œ] = 1, Pr [wo = 0] = & (2.2.37) 
H 
k W = (We, W®, WO) 
Proof: 
Hoppe (1976) has considered the constants 
C, = — log Xn (2.2.38) 
where c® = — log XO 1<Ii<k. 
From (2.2.38), we have 
Y, = exp (— Cy) = (exp (— Cas «+19 (Exp (— Cy. 
Hence we conclude that | 
C, = — log F(exp (— Cn+1)): (2.2.39) 


are nothing but the constants got by Seneta (1968). 


When k = 1, these constants i 
ultivariate Taylor expansion for the logarithm 


By using (i) a first order m 
and (ii) lemmas 2.2.5 and 2.2.7, we have 


E = (2.2.40) 
Ħ->00 V. Cany 
lim C,/v.C, = u. (2.2.41) 


n->390 


If we start the process with Z, = ei, then by martingale convergence theorem, 


we have 
lim Crn = Wwe) a.s. 
n->00 


This proves (2.2.32). 
Take ya = v-Cy Then (2.2.33) and (2.2.34) follows from (2.2.40) and 


(2.2.41). From (2.2.32) and Yn = V. Cn, we have the result (2.2.35). 

If ps) = E [exp (—C,.Zn S)| Zo = &] and 
gs) = E [exp (— sW)] then by continuity theorem for Laplace stieltjes trans- 
forms, we have 


Bs dy (5) = g” (s) s > 0. 


By considering the vectors 
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$(s) = ($5), «+5 695) 


and bn(s) = ($n (8S), ---» Pn (s)), n > 1, 
we have Pns) = Fn (exp (— s C,)). (2.2.43) 
By (2.2.33) and (2.2.34), given e > 0, for sufficiently large n we have 


Cr-1 (1 — e)le < Cr < Cri(l + ©)/e. 
This implies that 
F(¢n-1 (s(1 + €)/e)) < Pr(s) < Fln- (s (1 — ©)/p)). 
Taking limits we obtain ¢(ps) = F(¢(s)). We observe that ¢(0 +) and ¢(0o) are 
fixed points of F(-). We can show that ¢(0 +) = ¢(0o). Hence 4(0 +) = 1 
and ¢(0o) = q. This proves (2.2.37). Thus 
q = Pr [W® = 0] > Pr [Z, > 0 | Zo = el = qi- 

Therefore the set of nonextinctions of the process {Z,} differs from the set 
where [W + O]bya nullset. The result (2.2.36) follows immediately from the 
theorem 6.3 in Chapter V of Athreya and Ney (1972). Hence the theorem. 

Hoppe has found the necessary and sufficient condition for the existence 
of limit of p” y, in the following theorem. 


Theorem 2 2.10 (Hoppe (1976)) 


Cn ~ p~" L(p")u, n> œ (2.2.44) 
where L(s) varies slowly as s —> 0. 
lim ep" y, = m 


n->oo0 
exists for some 0 < m X œ, and m < œ if and only if (2.2.31) holds. 
Equivalently (2.2.45) exists and is finite if and only if E|[W®] < œ for some i 


and then all i. 
We use the following theorem to prove Theorem 2.2.10. 


(2.2.45) 


Theorem 2.2.11 (Hoppe (1976)) 


Up to a scale factor there is a unique strictly decreasing and convex (component- 
wise solution with ¢(0 +) = 1 to the vector Poincare equation. 

g(es) = F(P(s)), s E [0, œ] (2.2.46) 
given by (s) = ($s), ..., P“(S)), where d(s) = Elexp(— sW))], Further 


more 
v. g — 6s) _ 
Sor all à > 0 and 
1— #5) yg (2.2.48) 


lim > = $5) 
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Proof of Theorem 2.2.11: Let (s) be any strictly decreasing convex Solution 


(2.2.46). By the construction of q (s), the existence of one solution jg assured ° 
The sequence {Va(s) = Y(sp~")}f20 is a sequence of backward iterates fo 
r 


F(-). Thus (2.2.34) and (2.2.35) hold if we replace C, by dils) = — log y 
and y, by y.d,(s). By using Khinchine’s theorem to the sequence {u. Z.) N 
€ 


deduce that 
v. di(s) ~ K(s) V-Cn 


and d,(s) ~ K(s)Cn, as n> 00 (2.2.49) 


for some K(s), 0 < K(s) < œ. We now show that K(s) has the form kg for 


some constant k. | 
Taking r(s) = 1 — Ņ(s) and KX) = 1 — F(I — X), we have 


r(es) = f(7(S)). 
Let r,(s) denote the right hand derivative of r(.) and M(X) the differentia] 
mapping of f(.) at X, we obtain 


ers(es) = M(1 — 7(s)) r4(5). (2.2.50) 


For 1 <A < p, r(es) < r4(às) < r4(s). Therefore we have 
ov.r,(P5) < pv.ry(AS) < pv.ry(s). 
Substituting (2.2.50) and using the fact that M(X) -> M as X +1, and 
yM = oy, we find 


We can extend this result to all A > 0. 
With the help of integral representation of a convex function and 


Karamata’s result on slowly varying functions, we have 


aD) 25, (2.2.51) 


lim ——2 = 


ss VIS) 
Let a, b be given positive numbers. From the Taylor’s expansion, we have 
r(ag") = 1 — $(ap") ~ (— log (ap™")) = d,(a), as n->oo. 
Take A = b/a. Letting s tend to zero through the values ap~, from (2.2.51), we 
obtain 
(2.2.52) 


Equations (2.2.52) and (2.2.49) give that K(.) is linear and the constant 
k is given by K (1). Given e > 0, for all sufficiently large n, we have 


(1 — e)k S Cn < di(s) < (1 + €) ks Cn. 


GALTON-WATSON BRANCHING PROCESSES 21 


Therefore 
F, (exp (— (1 + €) k $ Cw) < Fn (exp (— da (5) = 4 (5) 
< Fa (exp (— (1 — ©) ks Cn)) 


Taking limits, we obtain 
d(ks) = Y(s). 
It is unique up to scale factors. We notice that (2.2.51) is precisely (2.2.47). 
It remains only to show (2.2.48) to conclude the proof of the theorem. 


We write 


1 — $ (s) = 1 — F (¢(se")) 
By using the expansion of F given by (2.2.30) repeatedly, we have 
1 = (3) = ( T [M — E ($s) (1 — $669-). 


Let {Sx} be an arbitrary sequence decreasing to zero. We may find a positive 


null sequence {æg} such that 
E ($ (sk)) < «eR for all k, 
since ġ (0 +) == 1 and E(.) decreases to zero. By the monotone nature of 


¢(.), we have 
0 < E($ (sr 9~/)) < arpR 


uniformly in j for each k. From lemma 2.2.6, we have 


d — èy — Nax) R < p-" z [M — E ($ (se D] 


< (1 + 8y)R. 
By lemma 2.2.7, we have 
I~ 3y — Now, — 1— d(x) c _ ltn | 
1 — $y D yl —¢ (S) © 1 — dy — Nak 


for sufficiently large N and k = k(N). 
By taking limit as k —> oo, (2.2.48) follows. Since we have chosen the se- 


quence {są} arbitrarily. 
Proof of Theorem 2.2.10. From (2.2.47), (2.2.48) and the first order Taylor 


expansion, we can write 
— log ¢ (s) = sÁ (s). 
Here A(s) varies slowly in each component and 


A(s) 
v.A(s) 


We can easily show that the backward iterates have the form 
Xn = $ (oe) for each n. 


>u,ass > Q. 


This implies that 
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= pt A (0) ~ erL(eu asn > %- 
Here L (s) = v.A (5)- This proves (2.2.44). It also shows that 


Yn = P” L (e~”) f 


By (2.2.30), we have 
1— Xn =1— F (Xn) = (M — E (Xn+1)) (1 — X n+). 


Therefore | 
ev.(1 — Xp) = et v(i — Xa) — PV E (Xn) (l — Xnt1) 


< p™ v(i — Xnr). 
The monotone sequence {p" v.(1 — Xn)} has a limit m, 0 < m < wo. 


Therefore 
— p" log v.Xn = p”V.Cn = P" Yn 
tends to the same limit zn. 

To conclude, we have to prove m is finite. Suppose m < ©. From (2.2.30), 


we obtain 


1—4 (= & [pM — p E (WENN U — $ OD) 


It follows that 
lim £ [p M — p~ E ($ (—))] u = (1 — ẹ (1))/m. 


N->oo j=1 
Here the right hand side is non-zero. From the lemma 1 of Joffe and Spitzer 


(1967), we see that (2.2.31) must hold. 
Suppose (2.2.31) holds. Then we can apply the Khinchine’s theorem to 


the sequence {u.Z,}. From the result of Kesten and Stigum (1966), we have 
E [WO] < œ for all i 
But 
lim (1 — $@) = 
lim (1 — $® (s))/s = E [WO] < œ 


>vA(0+)< œ 
= lim P” Yn = v.A (0 +) is finite. 


So we have m < œ. Hence i . , 
all i. e if E [WO] is finite for some ; then it is finite for 
Let F 
eat f- pre the o-algebra generated by the set {Zo Zn}. Define 
n — “n&n p = _ ed | nse 
exp (— Wa). Let Æ denoteall k-tuples of non-negative 


integers. Fred M, Ho 
martingale, ppe has proved in the following theorem that {Y,, F,} isa 
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Theorem 2.2.12 (Hoppe (1976)) 


The sequence {Yn, Fn} is a martingale. 
Proof: 
Obviously E | Y, | < œ. So we have to prove 
E [Yna | Aa] = Y, a.s. 
F a is the o-algebra generated by sets of the form 
[Zp = Ig, ee eg LZn—-1 a In—15 Ln — k], los iy, sees İn—1s ke M. 
By Markov property 
E [Ynti | Zo = i -s Zn = k] = E [Yny |Z, = kl 
We decompose the (n + 1)th generation as 
z% zit) 
Zma = PVM +.. + S VM. 


Here V{” denotes the offspring in the (n + 1)th generation of the jth parent 
of type « in the nth generation. Because of the independence of offspring re- 


production, we have 
k 


k 
E[Yns1| Zn = k] = EL r r exp (— Cna Vi) 
| a=] j=l 
= exp (— C,.k). 


Thus E [Yny | Fn] = Yn a.s. 
Hence {Yn, F n} is a martingale. 

Dubuc and Seneta (1976) have extended the usual form of the local limit 
theorem to an arbitrary super critical Galton-Watson process with arbitrary 


initial distribution. 
Let {Z,}, n > 0, bethe Galton-Watson process. Let the probability 


generating function of reproduction be h(s) =e Pe s*. Let the probabi- 


co 
lity generating function of initial distribution be a (s) = 2 a, s*, where 
=( 


a, = P(Z) = k).We assume that the reproduction law is not degenerate and 
a, Æ 1. Here m, = h’ (1—) with the condition 1 < m, < œ. Let W, be the 
sum of k independent copies of W. Here W, takes the value 0 with probability 


g*. Otherwise 
P (Wi > t) = |" Be G) du 
Here B is a continuous function defined on (0, 00) and 
Bt) = È G) ge BY (0 


where B*/ is the jth order of convolution of the function B. 
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-Watson process is the greatest common q; 

viso 

r 


The period L of a Galton 
: where pa # 0 and ps # 0. The pr 
OCegg ig 


of the numbers of the form A — s, wh 
said to be of type (L, r) if L is the period and r isthe residue (mod Z, 


k for which p ~ 0. Dubuc and Seneta (1976) have proved the followin” 


limit theorem. 
nth iterate of 4 (s). We take g (7) = E (exp (~ ZW) 


lemmas to prove the local 
r whose real part is positive. We know that 


We write h(s) for the 
Here z is a complex numbe 
g (z) = lim h, (exp (— 2/C,)). 

n->o0 


We also know that 
Crty/Cn < My 


Then Cp+ı/Cn Ñ m, and Cn #00 as n —> ©. 
Dubuc and Seneta have proved the following lemmas to prove the local 


limit theorem. 


LEMMA 2.2.8 l 
If Re z > 0, z Æ 0, then | g (zZ) |< 1. As 0 > + œ, 8 (— 19) > 4. 


Proof: 
If Re z > 0, we have 
ig (2)| < g (Rez) <1. 


If Re z = 0 but z+ 0, then the result follows from 
g (m,z) = h (g (2)) 


(see Stigum (1966)). 
The second result also follows from this functional equation. 


LEMMA 2.2.9 
For each « > 0, Sup {| hy (°) |: n = 1, 2, ..., [Ca < |9 | < 7/L <1. 


Proof: 
We know that A, (e"/Cn) converges to g (— it) uniformly for all ¢ in a finite 


interval (see Loeve (1963), p.191). Hence we can find a number r e (0, 1) and 
an N such that 

| An (en) | < rifn > Nand e < |t| < me. 
Now if e/Ck < |0| < «/Cy_,, then | An (e!) | < r for k >N. 


aas Or = {s: |s| < r}. Then the sequence {hp} converges to the constant 
ion g uniformly on D, for P > 0. Hence there exists R < 1 such that 


| hp (B)| < R 


for | B| < randp > 0. 
Therefore 


| hk+p (e!) | < R. 
We have sh i 
© shown that | h, (el) | < R if eCa < |0| < e/Cy_, for n ? me 
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Here {e: e/Cy < |] 0 | < T/L} is a compact subset of unit disc. This set is 
not having the Lth roots of unity. Thus we can find s such that 


| ha Ce") | <s<], 
for n > land </Cy_, < | 9 | < 7/L. 


LEMMA 2.2.10 
If u = h'(q) ~ 0, there exists a constant A (depending only on a(s) and h(s)) 


such that | a(h,(e!*) — a(q) | < A w"* forn > k and for all 0 € Jy. If h'(q) = 0 
then for each « > 0 there exists a constant A, (depending only on e, a(s) and 
h(s)) such that | ach,(e'*)) — a(0) | < A, -k forn > k and all 9 © J, where 
=O nL C 10] < C2 C4}. 


Proof: a 
We first consider the case a(s) = s. By lemma 2.2.9, we see that Aad {hg(e?) : 0 e Jy} 
=1 


is contained in a compact subset of {z:|z]< 1}. Since the Sequence 
(hp (z) — q) u? converges uniformly on K, there exists a constant C such that 


| 4,(z)—q | < Cu? for ze K and p > 0. Hence 
| Ar+p (e) — q | < Cyr 
for all 0 €e Jk. 
Next we consider the case of arbitrary a(s). By Lemma 2.2.9, the set 
{fin (e): 6 E Jk, n > k} is contained in a compact set K of {z:|z| < 1}. 
Since the function is continuously differentiable on K,, we have 
| (B)—a(g)| < D | Bg | 


for all B © K,. Thus 
| a(hn (e!)) — a(q) | < CD pr 
ifn > kand 0 E J. 

The proof of the second part of the lemma follows in the same fashion as 
before. For this take q = 0 and h,(z) = 0 (e?) for any e > 0. Here 0 being 
uniform in z varying over a compact set of {z : | z | < 1}. Hence the lemma. 
LEMMA 2.2.11 
The function (1 — g(s))/s is slow] y varying ass—>0 + , where 

g(s) = E (exp (— SW)),s> 0. 
Proof: f 
The proof of the lemma can be seen in the cours | 
e of proof of T 
Seneta (1974). . oe Som o 


LEMMA 2.2.12 

ar m i function V(s) slowly varying as s> 0 + , such that for all s € (0,1), 
Proof: 1 — ha (e781Cn) < s V(s). 

Daring for yh Tae Wen Z, = 1, xp s Z Cp) ses 
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hn (e78IEn) > g(s). 


1 — g(s). 


Here 1 — A, (e7 5'0”) S 
hat lemma 2.2.12 is true. 


By using lemma 2.2.11, we see t 


LEMMA 2.2.13 


Let ¢(z) = | e-Zt du(t) where z is a comple 
6 
Then there exists a universal constant p 


x with non-negative real part 
and 


u(.) a probability measure on [0, œ). 


such that 
| g(ia) — Hib) | < CA — ¢(| b — a |)) 


for any pair (a, b) of real numbers. 


Proof: 
| glib) — (ia) | = | [Cet — e) d uo) | 


<2 F | sin (b—a) t/2) | d u(t). 


If we take C = 2 sup {| sin (x/2) |/(1 — e~*) : x > 0} < œ in the above 
inequality we see that C is a universal constant satisfying the given condition 
For | 

| gb) — ga) | < C [der 15-21) d uo) 
= C(1—¢(| b —a))) 
where C = 2 Sup {| sin (x/2) | (1 — e-*) : x < 0} < œ isa universal Constant. 
LEMMA 2.2.14 
If Wion (3; h, a) = Sup {| a(hn (e)) — a (hn (e'2)) | : (0, — 82) <8, 0; E Jx} and 
u = h'(q) #0, then there exists a function V*(x) such that 

(1) V*(x) is defined on (0, œ) 

(2) V*(x) is slowly varying as x->0 + 

(3) V*(x) is bounded on every interval (e, œ 0 

(4) for eachn > kand3 > 0 SENE 

Wks n (ò, h, a) < Cr 0 u” V*(Ck 5). 
Proof: 
Weconsider the particular case a(s) = = 
By lemma 2.2.13, we have ae ie Wan (B3 A) =Winn C; hy ay) 

h, (e#1) — hp (el! 
c ya ) — hk (e's) | < C (1 — hy (e™)) where 04, 0, E Je- 
kò < 1, then by lemma 2.2.12, we have 
1 — hg (e) < C 

Take ) ~= k ò V(Ck 5). 
CV(x) ifx <1 


V(x) = l 
C if x > 1, 
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in | Ax (ef) — he (e!2) | < C Cy 8V(C;,8) 
to obtain 
| hr (e1) — hy (el) | < Cy 8V,(C, 8). 
We know that there is a constant E, such that 
| Ap (21) — hp (Z4) | < Exp? |a= Ze | 
if Z1, Z vary in a compact subset K of z jz|< D 
We take V*(x) = Ex V,(x). If Kis a compact set containing {h, (e!®): 
0 E Ji} then 
| hn (e!%) — hp (ei) | < Crò un V*(Cy 8). 
We now consider the general case. By lemma 2.2.9, {ha(e!#); n > k, 
8 & J,} is contained in a compact set K, of {z: 12 |<< Th. 
If F = Sup {| a (3) — a(z,) |:21 € Ky} 
i=1,3 


then Wr, „ (è; h, a) < Fwr, (8, A). 

LEMMA 2.2.15 

¢(z) is the Fourier transform (characteristic function) of a finite measure u(.) 
on R, with lim $(z) = q and the sequence 


|z|- 


I ie Itz 

an _, A?) — q) e" dz 
converges uniformly to a continuous function B(t)on every interval [a, b]not 
containing the origin. Here {z} is any fixed sequence of positive numbers with 


T?—> © as n—> œ. Then 
du(t) = q(t) + B(t) dı 
where 8(.) is the Dirac delta function. 


Proof: 
By the uniform convergence, we have 


Lana =f (aa EL wo- nee a) 


; l Tn —_ Ua — plzb 
= lim ghje COS e y = u (fa, b)) 


if a, b are continuity points of u(.). 


LEMMA 2.2.16 
If0 <a < B, the sequence of functions 


1/27 F 


ia (a(h, (e/")) — a(q)) e” dz 
Gat 


converges uniformly on (a, B) to the function 5 ak Bt). 
k=] 
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Proof: 

By using Lebesgue’s dominated convergence theorem and Weierstrass 

criterion, we can easily see that the lemma 2.2.16 is true. For details, We ma, 
y 


refer Dubuc and Seneta (1976). 
By using the above nine lemmas, we can prove the following theorem 


Theorem 2.2.13 
If the supercritical process is of type (L, r) and if {Yn} is a sequence of integers 


such that YnlCn —> t, 4 positive number as n —> œ that 
lim {Ca P(Za — Ya) — L Z ar Bt] = 0 
n->00 kEIn 


where I, = (kik > 0 and kr" = Yn (mod L)). 
Proof of the Theorem: We consider the distribution {ax}, k > 0 to be such that 
a, Æ 0 if k 4 j (mod L). Here j is a fixed integer in [l, /]. Given that th, 
process is of type (L, r). If jr? A y(mod L), it is easily seen that P[Z, = y] =0 
(See Dubuc (1974)). Let {yn} be a sequence of positive integers such that 

jr" = y, (mod L) and 

lim y,/C, = t > 0. 


n->0o 


Then 
PZ, = Yn) = 1/27 | "a(n (e) e~» dO, 
If we put w = exp (27i/L), it follows that A (ws) = w'n (s) for any complex 


numbers of the unit disc. 


Hence 

hy (WS) = Win (8) 
and ha(w™ s) = wh, (5). 
Then 


L-, (2m+1) #L—-} 
| a (hy (e!*)) e-iyn? dO 


F a (h, (e!)) e-i»n® d0 = F 
T m=0 J (2m —=1) mL- 


a/L 
=L | © (ha (e")) ed. 
If q = 0, then pọ = 0, r = 0 and y, = 0 (mod L). If q = 0 and 
j= L and y, = 0 (mod L). Hence : a eee 


a/L 
| a(q) e~i7n' dð = 0. 
Thus i 


mL 


P[Zn = Yn] = L/2r | i (a (hn (e!*)) — a (q)) e-r? dO, 


By uias E 2.2.16 we see that the theorem 2.2.13 is true 
wa ae (1977) has shown in the following theorem for a Galton- 
there exist E i pi nape se aa eaeaplciis conditions 
i stowly varying function L ay 
converges almost surely to a non-degenerate random variable. ce ee 
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Theorem 2.2.14 (Grey (1977): | 
Let {Z,} be a Galton-Watson branching process with Z,=O0 and governed 


by the family size probability generating function h(s) = È p; si whereh'(1) = œ. 
j=0 


Let q be the extinction probability. Let g be the inyerse function of h, defined 
on (q, 1). Let Gy) = 1—g (1— y) for 0 < y < 1 —q and Gn be the n-th 
iterate of G. Suppose there exists a non-increasing function L, slowly varying at 
0 with L(y) > 00 as y $40 (conventionally L(œ) = 0) and a sequence {Cn} of 


constants such that 
Cn L(G,(Y)) > (y) as n > œ (2.2.53) 
where ¢ is continuous and strictly decreasing on (0, 1 — q). 


Then, (a) there exists a random variable U with P(U = 0) = qand the rest 
of whose distribution is continuous on (0, œ) such that 


C, L(Z,') > U almost surely. 


(b) The condition that Gn(Y1)/Gn( Ya) > 0 as n—> œ whenever 0 < y, < Ya < 1l-—q 
is necessary and sufficient for the existence of {C,}, L andq as in Part (a). In 
fact, if it holds we may take any « > 1 and find ẹ, continuous strictly decreasing 


and slowly varying at 0, such that 
a—" £(Gn(y)) = $(y) for all n, y. 


(c) There exists a constant « > 1 such that Ciiy/Cn > 1/« asn—> oo and the 
distribution function H(u) = P [U < ul] satisfies the functional equation 


H(u) = h( (a u)) for u > 0, 
Proof: 


Heyde observed in the proof of the almost sure convergence of C7? Z, in the 
supercritical case with finite mean that {g, (0)Z" } is a martingale whenever 


q <0 < 1. Here ga denote the nth iterate of g. The same is true in the case 
of infinite mean, since 


E (Ent (0)Zmh | Zy) — h (Enti (6)42 ) = Zn (6)4" m8. 


Hence we have g, (0)2" —> Y (0) almost surely where Y (8) isa random variable. 
By bounded convergence, we also have 


E Y (0) = E (gn (0)7") = h, (g, (0)) = 0 
E(Y(0)* = lim E g, (8)%7 for alle > Q. 


We now show that in contrast to the case of finite mean, Y (0) almost 


surely only take the values 0 and 1 provided the conditions of Theorem 2.2.14 
hold. 


By the hypothesis on Gn, we see that whenever 0 < y<Yy< 1-4, 


L(G 9) $0) 
L (Gn O) p0) ">S: (2.2.54) 


The equation (2.2.54) is sufficient for the following condition to hold 
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Gn 1) _, 9 whenever 0< 1 << <1 —q. (2.2.55) 


Gn (Yo) 
_ Now fora given 0, choose 6,, 0, with q < ®% < 0 < 0, <1, By using 


(2.2.55) we have, for any « > 0 and for large n, 
En (0) S 8n (8;) 
Hence E (¥(6)*) = lim E gq(0)*2" < E gn (9,)7" = 0.. Similarly E Y(6)«> dp. 
n->oo 


Therefore we conclude that E ¥(6)* = 0 for all « > 0. So P [Y (6) = 1] = 0, 


P[Y (6) = 0] = | — 0. 
By considering rational values of 0, we see that, almost surely, Y (9) is a 
function which atmost Steps up from 0 to 1 at some random ‘threshold’ O ang 


is otherwise constant. So let 
© = inf {8; Y (0) = 1}. Clearly @ is a random variable. Also we have 
P {0 < 0} = lim P[Y (0) = 1] = 4, 
0 % 


Hence @ has a uniform distribution on (q, 1) plus an atom of size q at q. Since 
the event {0 = q} differs from the event of extinction by a probability zero 


we may restrict attention to the event {q < 9 < 1}. 
Since — log g, (8) ~ 1 — g, (0) = Gn (1 — 0) as n —> œ, we have, for any 


Oo, O, with g < 0<9<6,< 1, 
1/Gn (1 — ®) < 1/Zn < 1/G, (1 — ,) for large n. 
Since L is non-increasing, we have 
Cn L (G1 — @)) < Cr L (Z7™) < C, L (G,(1 — 9,)). 
By using the hypothesis on G,, we conclude that 


Cn L (Z7*)—> $ (1 — @) almost surely 
whenever 0, < 0 < @, and @ is continuous. This proves the almost con- 
vergence part. The continuity of the distribution of the limit random variable 
U on (0, œ) follows immediately from the fact that © is uniformly distributed 


on (4, 1) and that ¢ is strictly decreasing. 
We now prove part (b) of the theorem. We have already shown that 


condition (2.2 55) is necessary for (2.2.53) to hold. Now suppose that it is true. 
Fix « > 1, and consider the Schroder functional equation 
H(G (¥)) = a (y). 

If we also fix y, « (0, 1 — q) and define arbitrarily a continuous, strictly 
decreasing function from [G (y,), Yo] Onto [1, «], then the above equation may 
be used recursively to extend b uniquely in both directions to the whole of 
the interval (0, 1 — q). Moreover, we have 

a" $ (G,(Y)) = ¢ (y) for all y in the interval and all n. 

By construction, ¢ is obviously continuous and strictly decreasing. We 
can easily see that ¢ is slowly varying. 
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Hence the proof of part (b) of the Theorem is complete. 
We now prove the part (c) of the Theorem. The existence of « is assured 
by part (a) and Theorem 2 of Cohn (1977). Morcover if « = lim (L(G(y))/L(y)) 
y 0 


exists then 


| = lim Omn Y) _ ( ma) 
n» Cn LUGO) tS, 


Also ¢ (G(y)) = Tim Cr L(Gns1 (¥)) = a $(Y). 


Here ¢ satisfies the Schroder functional equation. The Schroder equation 
may be written as 1 — h! (1 — y) = $~ («a d(y)). Taking 4 (y) = u, we have 
1 — ġ™ (u) = h (1 — $~ (au)). But we have 

Hu) = PU < u) = Pig(l — ©) < u] = Pil — OS $~ (u) 
= ] — ¢"'(u) for u > 0. 
This gives H(u) = h (H(au)). Hence the Theorem 2.2.14 is proved. 


The sufficiency condition for Theorem 2.2.14 to hold is given by Grey 
(1977) in the following theorem. 


Theorem 2.2.15 


(a) If there exists constants a > 0,8 > 0, and y > 1 such that 


G’ (y) = yay’ (1 + 0 (x°) 
as y0 then the hypothesis and conclusion of Theorem 2.2.14 hold with 
L (y) = — (log y)*, Cn = y" anda = y. 
(b) If W(t) = — log {1 — h (1 — e~)} is a convex or concave function on [0, œ) 
and c = lim (g(t)/t) satisfies 0 < c < 1, then the hypothesis and conclusion 
t->0 


of Theorem 2.2.14 hold with L(y) = (— log y)* and « = c—. In addition 
l| e W 
t 


Cn„ ~ const. c” (=> | A dt < œ 
A 


for any A. 


Finite Mean Galton-Watson Process 


Seneta Constants 
Let {Z,} be a supercritical Galton-Watson process with Z,= 1 and 
1 < m = E(Z,) < œ. Then there exists a sequence of norming constants {C,,} 
such that lim Z,/C, = w a.s. and that 
n->oo 
P(0<w< œ)= 1 — lim P (Z, = 0) 
n-> 00 


The constants {C,} are known as Seneta constants and defined as 
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C, = — log AS» (e-5) for s € (0, log q), 
ħh„ being the generating function of Z,. 


Theorem (2.2.16) (Harry Cohn (1982)) 


Suppose that {z,} is a Galton-Watson branching process, 1 < m < 00 an 
that E (z log z+) = œ. If {cn} is a sequence of Seneta constants, then ! 


E (Cenal —[en]) P (w > mt) = o (2.2.56 
nel 


Proof: 

Apply the result due to Feller (1946) on the asymptotic behaviour of nor 
Partial sums of independent identically distributed random variables assuming 
infinite mean. The result in question asserts that if {a,} is a sequence of Constant; 
such that 0 < a,/n!-" 4 œ for some r < 2 and if {n/n} is either non-increasing 


or non-decreasing, then 
lim sup | 7, |/a„ > 0 iff 2 P(| Xn | > an) = œ. 
M—>oo j= 


where the random variables {Xn} are independent, identically distributed, non. 


negative and 7, = Xi +. + Yn. 
The theorem will be true if it is shown that it holds for {Cn} replaced by 
Some constants {c,’} with c, ~ Cn’, N —> œ, such constants {cn } will be taken 


to bec,’ = m” L (m), L being a nondecreasing function slowly varying to0, 
By theorem 1 of E. Seneta (1974), Cn ~ Cp’ 


Also a+ =m", 
[en] 


Define a, for k zÆ m” as 
mnt? — mn 
tg ee 
Tes] Tk a t n] — [Cn] 


for 1 < k S [cnt] = [ey]. 
Then {a,} satisfy the condition 


ann + co. 


Take ô = (mt _ m")|([Cn41'] — [¢n']). Then for 5 > ; and any integer s, 


(a + sib + ès) < z is satisfied. But 
lim (m — men] — [en']) = 00. 


Therefore the condition on {an} is satisfied for n large enough. Since for 
any s with [oJ < s < [Cn41'], 
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P (w > m") > P (w > a). 


the proof follows easily using a simple inequality. 


REGULAR INFINITE MEAN GALTON-WATSON PROCESSES 


Theorem 2.2.17 (Harry Cohn, 1982) 


Suppose that {Zn} is a regular infinite mean Galton-Watson process such that 
for a slowly varying function U and some norming constants {Cn} 
lim U(Z,/C,) = V a.s. 
nN->co 


wiih 
P(O < V < œ)=1— lim P(Z,=0) 


Then 
(i) Ifc is a number such that 
F(c + 8) — F(c) > 0, for all 8 > 0, then 
lim a-" max (V™, ..., VEO vec a) = ° 
n-> oO 


in probability. 
(ii) Ifcis ajump point of the distribution function of V then 


; - . /(n) — EA 
lim P(a " max (Vo, Poe {U-MenCn)) = ¢)= ] 
n->0o0 
where 
lim c, = C 
n->oo 
Proof: 


Schuh and Barbour (1977) showed that for any regular Galton-Watson process, 
there exists a slowly varying function U and some norming constants {C,} s.t. 


lim U(Z,)/C, = V as: 
n->oo 


where 
P(0 < V < œ)=1— lim P(Z, = 0) 
n-><oo 
The representation for V in such a case was given in H. Cohn and A.G. 
Pakes (1978), Theorem 1 as 


V = am" max (VO, ..., (2.2.57) 


VS); n= 1, 2,... 


where 
a= lim C,/Cr_-, and {V™, j= 1, 2, ...} 
l=->oo 


is Conditional on Z,, a sequence of independent identically distributed random 
variables assuming the same distribution function of V. 


34 BRANCHING PROCESS AND ITS ESTIMATION 


Theorem (2.1.3) (i) of Cohn (1982) and equation (2.2.57) 


Then by n 
lim x” max (vir, nosy Venen) =e 
n-poe 
ith lim Cn = C. 
in probability for some {Cn} With "NTT Cm (2.2.59 


hat {c,} can be replaced by c in (2.2.58). Chooseer 9 q 
Now we show t {Cn} 5 > 0, there exists an interval (c +- òi € ct Sing 


5) — F(c) > 0 for all ; , Ph 
a : 3, b ` such that F(c A òa) pan Fe -|- 54) o 0 In which Case theoren 
1 


(2.1.3) (i) yields 
lim on” max (vo, ...9 V €) wten'Cn})) = C 
n->% 


in probability for some c’ E (c + 3,,¢ + òa) with lim c, = c’, (2.2.59 


Since c < c’, for n large enough c < c, and by (2.2.59) 
lim P(a” max (V™,..., Vitec) < € + &) > 
n->00 


> lim P(e” max (V™, ..., V W -itencni) <c+te)=]. 
n->0Oo 
; (2.2.60) 
On the other hand if for a certain ò > 0, 
F(c — ) — F(c — 8) = 0, then for 3’ = min (e, 8) 
P(w E (c— 8’, c) | U: Zna) © (Cale — 8’), Cac)) = 0 
and a reasoning similar to that used for the proof of Theorem (2.1.3) yields 
that there exists a sequence of constants {«,} such that lim «, = c and 
n=->oo 


lim P(«=" max (VP, ..., Vids HS 6. 2.261 
o (œ max ( 1? [U= tanCnl)) < c e) ( ) 


(2 2.61) can be obtained in the case when 
F(e —) — F(c — 8) > 0 for all è > 0 as well. 
In this case 3; and 8, with 3; < 8; < £ can be found such that 
F(c — 8:)— F(c — ò) > 0. 


Theorem (2.1.3) (i) applied to the interval (c — Sa, c— 5) yields as in (3.2.59) 
that there exists c in (c — 8, c— $3) such that 
(2.2.62) 


=¢)=1 


lim P(x" m (n) (n) 
n->0o ( i (Vy oe VU -itancn) 


with 
lim x — ¢’ 
= C4» 
n->oo |" 1 


Now (2.2.62) is easily seen to imply (2.2.61). Further the inequality 


P a” m (n) n 
( ax (r 9 veeg Vio-stec yy) < C EEEN e) 


< P(a-” m (n) 
( as (ri A ESD VEO stance <¢— e) 


and (2.2.61) completes the proof of (i). 
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Finally (ii) follows directly using Theorem (2.1.3) and (2.2.57). 


ALMOST SURE BEHAVIOUR OF LINEAR FUNCTIONALS 


Let J, be the set of individuals of the nth generation and whenever k € I, 
let U; be the off-spring vector produced by k so that 


Zna = 2 Up, n= 0, 1, 2,... 
kEIn 


Let P', E', Var! etc. refer to the case where J, consists of one individual of 
type i. Letting Fn} = o(Uk; k EIn; m< n), it is seen that Z,4, is F ny 
measurable and the basic branching property states that, for fixed n, the U;, 
kel,, are independent conditioned upon F, with 

P(UU,E A| Fn) = P(Z,€ A), ACN’, 
i = i(k) being the type of k. Define m; ; = E'Z,(j), assume M =(m,,;) to be 
positively regular and p be the Frobenius-Perron root of M with associated 


left and right eigenvectors v, u. Consider throughout the supercritical case 
e> 1 and defining 


a-b = a(1) b(1) +...+ a(p) Bp), | a | = | aQ) | +... + La) |; 
for p-vectors a, b, normalize u and v such that, v-u=1,|v|=1. 
Since E(Zns | An) = ZM, the relation Mu = pu implies that 


{Wr} = {e" Zn u} 


is a non-negative martingale. Defining W = lim Wp, itis well known that 
lim e-"Z, = Wy (2.2.63) 
n 


and {W > 0} coincides with the set {Z, #0 for all n} of nonextinction under 
mild moment conditions. Also make the basic assumption, viz: 


E'|Z <œ, i=l,...,p. (2.2.64) 


In order to describe the asymptotic behaviour of the linear functional 
Zn'a, given any p-vector ‘a’ such that v:a = 0, introduce the Jordan canonical 
form of M. Consider a set of (possibly complex) vectors 


ij =le Vid = be JQ) 
and to each v an eigenvalue p,, such that 
Muy, = Prv 1, Muy) = Uy j—1 F Pvy, j» E iv) (2.2.65) 
Also each vector a has a unique expansion in the uy j, 
v jo) 


a= 3 2 Uy) [a]u,,j (2.2.66) 


y=) J=1 
and the asymptotic behaviour of Mra follows then from 


TION 
36 BRANCHING PROCESS AND ITS ESTIMA 


j aa | PZ 
M'u, = les Py j-t a (2.2.67 


saiti iour of Zna (a real) are i 
The known results on the limiting — ) are in terms op 
a — Ma) = sup { | ov |: Ms [a] 0 for some j}, 
0 for some v with | p, | = A(a)}. 


y= y(a) = sup {j: Uy,) [a] 
H,} of random variables such that 


If 42> pọ, then there exists a sequence { 
lim {x-"n- ONL a — Hy} = 0 (2.2.6 
If x? < p, it is easily seen that o? given by 


: y- Var: Zn'a T o 
g? = lim indy ss if i P» 

(2.2.69) 
aam Aar iti 

n p 
exists and that, except for special cases where o* = 0, 0 < o? < 00. Then it is 
known that 
Znr'a 


im P(e <7 [ZA 0)=Oy)if<p 2M 


. Zna ° 9 
im P (oz aaa <Il Z0) =O) ifp 22N) 


Here as usual, 


O(y) = (27)-12 [" exp (— z?/2) dz. 


Theorem 2.2.18 (S. Asmussen, 1977) 


Suppose A? < p, o? > 0 and 


Cn = oe log n)"!? if <p 
(20°Z,,-u log log n.n?’-1)1/2 if A? = p. 


Then on {W > 0} 
Tim 202 _ limZn4 _ 
Proof of Theor i eoor 
2.2.19, em 2.2.18 follows by using the following result and Theorem 


Result 2.2.1: Let Y = 

that E'Y=0, 7—1.. eas H be some functional of the process such 

ponding functional of the line of fie ts ar Y< oo, and let Y, be the corres- 
initiated by k € J,. Then on {W > 0} 


lim( = Y 
z ce xIC,) < 1 


GALTON-WATSON BRANCHING PROCESSES 37 


where Cy = (20Z,-u log n)"*, with the inequality replaced by equality if Y is 
F ,-measuable for some r < œ. 


Theorem 2.2.19 (S. Asmussen, 1977) 


Define A, = supy | Zna: M'a ||Cyn41. Then A, < œ. More precisely, 
A, = 0(0fr’-!) as r> o. 


Proof of Theorem 2.2.19: Let b,,..., b, be the set of all vectors of the form 
b= Rewy, or bj = Im u,,, with | p» | <A, j< y. Writing (2.2.66) and (2.2.67) 
in real form, there lies an expansion, 


M'a = aby +...+ asbs, where at =| of] +...4+ | a | 


satisfying, 
a’ = 0 (A’r?-1) 
as r—> œ, in particular, 
œo gntr 5 
Pol oe = Q(A"r?—1) (2.2.72) 


In definition of A,, we can replace Cy+, with 
Cnii = (P+! log (N + 1))14, 
since sup Cv+4/Cn+1 < 00. 
Use the expansion, 
| ZN+: M'a = Z, MN+ +a 4- È (Zin -MN +te-aa — Z,-MNtr-at1g} (2.2.73) 
Define 
B, = sup | Zn+1'b1 — Zn: Mb, | / Cp. 


Then B; < ©, trivially if v: Var: Z,- b; = 0, and otherwise by result 2.2.1 with 
Y = Z,:b; — Zo: Mb, 2 Yk = Zngy* dj T Za: Mb; 
kElIn 


Also B = max {B,, ..., B} < œ and inserting in (2.2.73) yields 


N 
Oe nt BE aN Mead 4 
iz 


N41 CN+1 
<—) N antr 
( CN+1 n=0 P"? 


Now (2.2.72) completes the proof. 
Proof of Theorem 2.2.18 


Case i; X <p. 
Define o = v-Var-Z,-a/pr, 
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VATE aa Z„: M'a 
Pror = (207o; Z, ulog n)!’ 
of Zn'u logn 1/2 
Yax Cama: (n + ») 
— 1 and, applying result 2.2.1 in a similar Manne 


Then for fixed r, lim Ya,r 


as in the proof of Theorem 2.2.19, lim Bnr = I. 


Now 
Zn+r’ alCnsr < (olo) Yn,r Bnr + p7"? A, Yn,r 


fim 2“ < a,/o +o? A, > 14+0asr -> o 


lim Ent > 1 is similar from 
n 


Zur" al Cn+r Z o|o ae 0-7 ArY ngre 


Case ii: = ?. 
The proof of the theorem in this case can be proved in three steps. 
The first step is to show that for any sequence {t(i)} such that 


lim (i) =1, 1<0< %, 
—— 2.2.74 
r Ciun ( 


= Ze Lypay Mi-i-Dg 1\7-1/2 
Lay- Anad Z -o 
lim Cun > {1 9 (2.2.75) 


i 


The proof is based upon normal approximations and the following 


result viz: 
Let {T,} be a sequence of random Variables such that 


S A, < © 


n=0 


where An= sup |P(In<y|Fn)— 20) |. 
—oo< yoo 


Then 
im —/" <il 
n (2 log n)? ~ 


with the inequality replaced by equality if Tn is 7,,,-measurable for some 


r< o. 
Next lin la'a i i i j 
xt lim -57 > 1 is easily derived from (2.2.75) and the following 


lemma with R(i) = {A(i + 1)}. 


LEMMA 2.2.17 (S. Asmussen 1977) 
Let a, y = y(a), o? = o%(a), and let for each i, R(i) be a subset of integers. 


Then 
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— | Za: Mra | (a 
lim sup — sa <1 D wp’ 
i on el? Cray + jul da 
where w? = sup o*(by,;)/6" < ©, 


u = lim sup |r |/:(i). 
i re R(t) 


Now the proof of the theorem proceedes. 
Remarking that 


it is seen that, 


1 \?7-1 1 
= (1 -=) ~ on (1+ 2 È w0- D=) 
Let 0 1 co. 


For lim k, < 1, it remains to bound the Z,-a with t(i— 1) << t(i). 


Approximate Zą„ʻa by Zn: M"—Oa. 
More precisely, a straightforward modification of the argument on p.p. 
286-287 of W.F. Stout (1970), yields the inequality 
P(M:” > £) < 2P(M;’ > £), where 
Zi) ° Mra 


R(i) = {0, —1,..., t(i— 1), —t(i)}, Mi’ aes pr? ottiy2? 


Lin? 
F ) , VM,’ = max | — (2A, a | 
i 2—1 i tli =a) p”? ( ) 


Letting E; = (26?Wig_y t(i)*”-1 log i), it follows that 


T M;” <p M y=1 i Py 
5 S 1 Ei j=l ( 7 7) i 
the right hand side inequality by Lemma 2.2.17 and the left hand side, by the 


argument used in the proof of (2.2.75). 
By using the following Lemma, viz. 


Z MO a 
A, = Var (F 


LEMMA 2.2.18 
As n, r > © 


| E'Z,,-M'a | — 0 (pt2 (n"¥-1), i = 1,...p 
Vari Ze Ma =0 (pntr n2v-1 r27—2) 
it can be easily proved that 
lim AME, = 0 (t(i— 1) <n < t(i)). 
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Thus Z,a 
—— Zna -12]im max ep 
am ©, ad aa ti —1)<n<K(i) P PE, 
TE M” y—1/2 (1 ee (1 ‘as zs). 
= 0-1/2 am E <6 T a J 0 
Let 0) 1. 


This completes the proof of Theorem 2.2.18. 


Generalizations l 
Instead of the offspring mean matrix M and its iterates, a semigroup {M}.5, 
with infinitesimal generator A, M, = e** is considered. The fact that the eigen. 
values of M, are of the form e*‘, with « an eigenvalue of A is needed. 

The following theorem due to S. Asmussen (1977) gives the limiting 
behaviour of Zp. 
Theorem 2.2.20 (S. Asmussen, 1977) 


Replacing n E N witht € [0, œ), Theorem 2.2.18 remains valid for any super- 
critical positively regular p-type Markov branching process. 


Proof 
It is clear that the proof for à? = p, more precisely the way to bound Z,-a 


when t(i— 1) < t < (i), Works equally well in continuous time. A similar 
argument yields 


lim <1 when Ke 


t 


(which is the only. problem since lim > lim = 1). Since e* + 0 and thus M, 
t n 


is one to one for any s and (M ahei is relatively compact, it is obtained 
that 


-—— Za = à 
lim a = lim sup Za A Cra 
t t n (a—1igteqnd Cno C; 


TA sup, Zar M'a Cao) 
AR o(Ms *a)] o(a) p?/2 
As ò 4 0, the right hand side tends to one. Hence the theorem. 
Theorem 2.2.21 (S. Asmussen, 1977) 


Suppose Ma = p,a with ey, a real and ey = p. Then the condition 
E |Z, < 0, i=1,..,p witht < B< 1 (2.2.76) 
is equivalent to 
Zn'a = 0 (pr) 
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Theorem 2.2.22 (S. Asmussen, 1977) 


Suppose Ma = p,a with Pv, a real 
Then (2.2.76) is equivalent to 

(i) Zy+a = O(or®) If B >a, ey Æ p. 

(ti) the existence of W* = lin Pr Zra If B = gy py 


and p < È <p? and let a = log |p, |/log 0, 


F 0. 
(iii) Zya— o W* = O(p”8) ife >Q. 

Furthermore if 0 < o? = y. Var wt < œ, then on {W > 0} 
lim Zn A’ ps w* 


n (20°Z, u log nji ia 


(2.2.27) 


lim Zra et Wt = = 1 
oZ, u log nj 


Proof of (2.2.77): Define 
or =v-Var o>" Z.-a, 


Zn-a — p, W* 
(20°Z,,-u log n)? 


Xn = 


Bc Py Znar A — Zn 
k (262Z,-u log n)?’ 


E ( Zau log n \" 
Yar = Zn+r't log (n+ rj ? 


From result (2.2.1) with Y = W* — Z,a, lim |%.| < 1 and similarly 


lim Pn,r = 1, 
Writing, 
(o°!?/ Pv) ntr Or B 
e nr 
Yn,r o 

and letting, n -> œ yields 

lim æn > — "l2! + G,/o 
As r+ œ, it follows that 

lim «, > — 0+1. 


This completes the proof. 


2.3 CRITICAL PROCESSES 


The fact that when m, < 1, Z, —> 0 as n -> œ makes the limiting inc look 
can - 
Uninteresting. In these cases, Yaglom (1947) noticed that one can g 
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trivial limiting distributions if we consider the conditional] distrib 
uti 
On of 


given that Z, # 0. 


For the critical Galton-Watson process, Kesten, Ney and S 
Pitzer 
(J 


have proved the following results using a direct estimation Procedur, ` 66) 
0, 


Theorem 2.3.1 (Kesten, Ney and Spitzer, 1966) 


If m, = l, 0° < œ, then 


lim | I | ] 2/9 
a> lI TETA ee a 
nli =h) sae (23. 


uniformly for 0< s< 1. 
In particular, when s = 0, we have 


P(Zn > 0) ~ 2/no*, as n—> o, 
(2,3, 


a result due to Kolmogoroy (1938). 
This leads to the following result proved by Yaglom (1947) under a th; 
ird 


moment assumption. 


Theorem 2.3.2 (Yaglom, 1947) 


If m, = 1, k” (1) < œ then 


lim P(Z,/n > x| Z, > 0) = exp (— 2x/o*), x > 0. (2.3.3 
n->00 oo 


Slack (1968) has studied the case when o? = œ and { Py} is in the domain 


of a stable law. 
Let {Z, = (Ze ss r Z9) denote a critical, positively, regular, non-singu- 


lar, d-type Bienayme-Galton-Watson Process. The matrix M of offspring 
expectations has maximal eigen value p = 1 and corresponding positive left 
and right eigen vectors v, u, respectively, uniquely determined by the normal- 
izations v-u—1 and 1-u=1. Let e; denote the unit vector in R¢ where (¢);=8), 
the Kronecker delta. A generic point in R? will be denoted by a = (dis. a), 
0 = (0,...,0) and 1 =(1,..., 1). For a, b E R4 write a*b = (a,b,...aaba); ajb = 
= (abis, aba) if b; 0 for all j; ag b if ajs b; for all j; a< b if a<b 
and a; < b; for some j; anda < b if aj < by, for all j. Let Æ denote the set of 
all d-tuples of non-negative integers, “, = | {0}, and for k € R4, let af denote 
the product aj’,..., a4. 

F(x) is the offspring probability generating function (p.g.f.), that is 
F(x) = (FO (x),..., F(x), where F(x) is the p.g.f. of Z, given that Zy =h 
The nth functional iterate of F(x) is F,(x). For notational convenience we shall 
usually abbreviate F,(0) as F,,. Under the stated assumptions there is a matrix 
R given as Ry; = u,v, such that lim M” = R. 


n->o0 

Let (Pali, k); i, k E X} denote the n-step transition probabilities. An in- 

varient measure {n(k)} is a non-negative solution, not identically zero, of the 
system. 

Ini) P (i, k) =n(k) ik eX, (2.3.4) 
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It is shown that in Hoppe (1975) if an invariant measure exists, its gene- 
rating function (g.f.) P(x) = n(k)x* satisfies Abel’s functional equation 

P(F(x)) = P(x) + 1,0<s<1, P(F0)) = 1 (2.3.5) 


and conversely, any g.f. satisfying (2.3.5) determines an invariant measure. 
Following theorem deals with this invariant measure. 


Theorem 2.3.3 (F.M. Hoppe, 1977) 


Let T denote the extinction time. Then for each positive integer k 
lim P[Z,=j| T=n+k,Z,=i]= u(j, k) (2.3.6) 
a->0o e 


exists, is independent of i, and 
i 


Moreover, we have the relationship 
m(j) = u(j, k) (F — F}-1) (2.3.8) 


The proof of the theorem depends on the following lemmas. 


LEMMA 2.3.1 
lim Ve (Fn42 = Fata) Y (Eng EEF Fa) = | (2.3.9) 
"->oo 


Proof 
Since 0 < F(0) <1, identify 0 with a and F(0) with b in the Lemma “If 


O<sa<b< 1. Then lim (F,(b) — F,(a))/v- (F(b) — Fa(a)) = u”, and from the 


result — | 
‘F'nz,(0) = Fn+1(@) = M n+y( F (0) — Falay 


we have 
F ets — n+l ar M n+i(Fn+y = Fa). 


So it is left to consider the limit of 
vV: Mnyi(Fnyi — Fn)/ Y: (Fant: — Fn). (2.3.10) 


But since (Fay — Fn)/¥- (Fat, — Fa) > u, Mn > M, Mu =u and v.u =1, 
(2.3.9) follows in the limit. 


COROLLARIES 2.3.2: For each positive integer k 


lim v-(Fn+kta — Fnye)/V* (Fati — Fn) = | (2.3.11) 
n->oo 
Fakti — Enek ~ Fa+1 — Fn (n > œ) (2.3.12) 
LEMMA 2.3.3 
f0<a<b<landk EM, then 
(2.3013) 


lim (E,(b)* — F,(a)*)/v (F(b) — Fa(a)) = k-u 
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LEMMA 2.3.4 
If0<b< l, then lim V: (Fn (b) — ZONAN a 
Fa) me | 


Existence of invariant measures: Consider the conditi (23, 
itlona|] Probab $ 4) 


anli, j) = P(Z, =j|T =n 4-1, Z=] 
= FOY Pai, DI Ensx(O! — F Op a5 
and associated measures 
E(t, J) = ani, /)/F(O)) 
5 Aas DAE ma (O)! — ECO 


defined fori, jE Xp and n > 1. (2.3.16 
We shall prove that 
lim &n(i, j) = 7 j) 


exists independently of i and {x(/)} is the required invariant Measure, In 
* intro. 


duce the g.f.’s 
G,(2; x) =2 Zn(i, j) x) 


= (F(x)! — Fr )/(Fig. — Fi), 
When p = 1; keeping x < 1 fixed, we show there is a Sequence {e(n) = e(n, x} 
of unit vectors each member of which is taken from among {€,,...€g} such that 


{G,(e(”), x} is monotonic non-increasing. 
Assume that 0 < x < F(0). Rewrite G,(i, x) as (a, — b! )/(1 — ba) where 
An = Fa(X)/Fn41s On = Fn/Frai1, and n has been chosen so large that b, <1. 


Letting on = max {a — bY/(1 — BY); 1 <j < d} by lemma 2.3.3, 
Sn > (an — bn)/(1 — 0), EL yy 


By the Markov property, for i, k € p 


Gn+1(k, x) — G,(i, x) = È P[Z, =m | T 
=n + 2, Z, = k]-[G,(m, x) — Gili, x)] 


Hence Gr (k, x) < G,(i, x), provided i is chosen in such a way that 
G,(m, x) — G,(i, x) < 0 


for all m. This may be achieved by selecting i = e(n) = ej, where the "a 
maximize the ratio defining o„. This procedure inductively generates the requ! 


sequence {e(n)}. Thus 3.18) 
lim G,(e(n), x) = G(x) eo 
n->oo 

exists. , 

We next eliminate the dependence of {e(n)} on x by showing that m 

(203. 


lim v- (Fa(x) — Fn)/ v (Eny — Fa) = G(x) 
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Define 
An = v-(Fr(x) — F,)/e(n)-(F,(x) — Fn), 
Bn = e(n): (Fai — Fn)/¥-(Fny, — F,), and 
n = €(n)-(F,(x) — Fn)/eln)- (Fnr = Fa) 
It remains to show that A,B,C, tends to G(x). By (2.3.18), C, tends to G(x). 


The sequences {4,} and {B,} need not converge separately, since e(n) can 


assume only finitely many distinct values. It is apparent that the product 4,B,, 


tends to 1 and the individual component ratios (F(x) — F®)/(F2., — F) also 
tend to G(x). 


The limit in (2.3.19) can now be shown to exist whenever 0 < x < F, for 
any k, because writing 
Dn = V-(F,(X) — Fn) | v- (Fryk — Fn) 
and 
En = V+ (Fnk — Fn) | ¥-(Fn—y — Fr) 
we first imitate the previous steps to deduce that lim D, exists, and then de- 
n->oo 
compose E, as 


k-1 
En = 2 Era -— n))/¥° (Fray a n)» 


which tends to k as n > œ by (2.3.11). 


Since Fp —> 1 from the interior of the cube [0, 1] the limit exists for all 
O<x< 1, and 


G(F(x)) = lim Ve (Fay, (X) = Fna)/v (Fay, — Fn) 
= lim [v (F(x) — Fa(x))/v: (Fn, — Fa) 


+ v- (F(x) — Fa)[V: (Fna — F,)). 


So, from the sequence (2.3.14) and (2.3.19), G(x) satisfies the functional equation 


G(F(x)) = 1 + G(x), G(F(0)) = 1 (2.3.20) 
Furthermore G(x) is a g.f., by 


G(x) = 2 x(7)x! where 
by lemma 2.3.3 that 


the continuity theorem. Thus we may write 
{7(j)} defines an invariant measure and it is obvious 


lim Ga-(i, x) = G(x) (2.3.21) 
I-30 
independently of i, which then proves (2.3.17). 
Proof of Theorem 2.3.3: Compute P[Z, =j | T=n+k, Z, =i] to obtain 
Pali, j) (Fp — FLD /(Faay — Flav) 
and from (2.3.11), (2.3.13), (2.3.16) and (2.3.17), the limit as n + co of this 
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è MAT 
IOs, 


expression exists and is given as 
ui, k) = nj) — FL) 


This proves (2 3.6) and (2.3.8). ue 
To show that the limiting probabilitics sum to 1, form th 

J ow -eE 
$ PIZn =j | T=n Lk, Ly = I] xs, 


E. f, 


Upon letting x> l, (2.3.20) shows that the last expression tends t 
continuity theorem then proves (2.3.7). It is then easily seen that ° and y 


Palis D = [a(i ) (i 1) + OCD] V Cnt — Fn) as n o 
Ran, 


2.4 SUBCRITICAL PROCESSES 


Yaglom (1947) with a third moment assumption proved the followin 
which is later simplified by Joffe (1967) and Seneta and Vere-Jones 65, 


Theorem 2.4.1 (Yaglom, 1947) 
Let g,(s) be the conditional generating function of Z, 0. Then if m, p 
lim g,(s) = g(s) exists. 241) 


Let g(s) be the conditional generating function satisfying the functional equation 


g(h(s)) = myg(s) + 1 — m, g(1) = 1. (2.4.2) 


Rubin and Vere-Jones (1968) have considered the situation where in the 
zeroth generation there are a random numbers of particles with probability 
generating function (s). They have obtained the necessary and sufficient con- 
ditions on x(s) which will ensure the convergence of g,(s) to non-trivial limits, 

Using a theorem of Szekeres, Darling (1970) and Seneta (1968a, 1969a) 
have studied the subcritical process with infinite mean. 

Fred M. Hoppe (1977) has considered a k-type Galton-Watson process 
{Zn}, positively regular, subcritical with offspring probability generating function 


F(x) = (F(x), ..., F(x)), xe[0, 1} 


where 


F'(X, Xoe Xe) = — ZO 4) Yq ee Ye) AP 98. XK 
Yis Yg, Yk=0 


An invariant measure is a non-negative solution of the system 
n(k) = Xr(i) p(i, k) where p(i, k) = pr[Z, = k |Z, = i] 


and i, k are k-tuples of non-negative integers excluding zero. j 
There is a one to one correspondence between invariant measures ag 
generating function solutions of Abel’s equation 
(2.4.3) 


P(F(x)) = p(x) + 1, x e[0, 1]*  P(0) =0. 
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The above one to one correspondence is valid under normalization P(F(0))=1. 
Harris (1963) has given a proof for k = 1 and Hoppe (1975a) for k > 2. Let 
A(x) denote the probability gencrating function of the conditional Yaglom 
limit distribution (sce Joffe and Spitzer 1967). It satisfies the Schroder equa- 


tion 
1 — A(F(x)) = pe — A(x), x E (0, 114, A(0) = 0. (2.4 4) 
We associate with {Z,} the single type Galton-Watson process with linear 
offspring probability generating function 1 ~po + os, so that the generating 
function of an invariant measure on this process satisfies 
Al — e+ es) = A(s) + 1, s E [0, 1], H(0) = 0. (2.4.5) 


Fred M. Hoppe (1977) has shown in the following theorem that there is 
a one to one correspondence between invariant measures for the non-critical 
multitype Galton-Watson process and invariant measures for the Single type 
process with a linear offspring probability generating function. 


Theorem 2.4.2 (Hoppe, 1977) 


There is a one to one correspondence between generating function solutions 
(2.4.3) and (2.4.5) given by 


_ P(x) = H(A(x)) (2.4.6) 
This means that if H satisfies (2.4.5) then (2.4.6) defines a solution of (2.4.3) and 


conversely, if P is a solution of (2.4.6) then there is a solution H of (2.4.5) giving 
representation (2.4.6). 


Proof 
The direct part follows by substitution. By using the following result I, we will 
Prove the converse part. 


Result J 
The function 


f(s) = lim P(F,(0) + s(1 — F,(0))) —n, se [0, 1] (2.4.7) 
exists, is a generating function and satisfies (2.4.5) where F, denotes the mth 


functional iterate of F. 

For the proof of the result I, see Hoppe (1977). Now we prove the con- 
verse part of the theorem. Let P(x) be any generating function solution of 
(2.4.3). Let x be fixed. First suppose that A(x) #0. From the Result I, it 
follows that for e sufficiently smal! the coefficients of 1—F,(0) lie in [0, 1) and 

F,(0) + [1 — (1 + e) (1 — A(x))] (1 — F,(0)) (2.4.8) 


< F(x) < F,(0) + [1 — (1 — e) (1 — A(x))] (1 — F,(0)). 
Consequently, 
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ma —(1+8) (i 40) < p(x) < Hil —(1 — e) (1 — Aes 


followed by e 4 0, we have H(A(x)) = P(x), If Ao) 
ay 


‘no limit as 7% > © A oye 
Taking by using the inequalitics 


we proceed analogously 
£40) < Fax) < Fy(0) + e(l — F(0)) 


x) = 0 = A(X) = x)). Thus in all cases 7 
to deduce that P(x) g 0 7 se H(A(x)) in all cases we obtain 24s 
Hence theorem 2.4.2 is proved. 


25 EXTINCTION TIMES 
Let T denote the extinction time for the Galton-Watson processes. That jg 
T= k if and only if Zk-1 > 0, Zk = 0 (2.5.1 

Explicit expressions for T can be easily calculated whenever h(s) is a frac. 
tional linear generating function (Karlin, 1966). In case m, > 1, we have from 


Theorem 2.1.2 that 
(2.5.2) 


P(T < o)=q<l 


and therefore E(T) = œ. 
It is some times stated that when m, = 1, E(T) = œ. A sufficient condi. 


tion for E(T) = œ is o? < oo. Then 
P(T > n) ~ 2/no?, as n —> œ 


by (2.3.2). 
The general case is treated by Breny (1962) in the following theorem. 
Theorem 2.5.1 (Breny, 1962) 


1 1% 
If on, = 1, then E(T | mao te or infini 
if Un, n E(T) and WG) — we finite or infinite together. 


Seneta (1967) has studied the asymptotic behaviour of 
P(Z,=j|T=n+hk), j,k =1,2... 
In non-critical cases, the followin l elou (1968) 
and Seneta (1969p). g result was proved by Papangelou ( 


Theorem 2,5,2 (Papangelou, 1968 and Seneta, 1969b) 


Let m Æ 1. Assume q > 0. Then 
li =j 
lim P(Z, j\|n<T < œ)= bj, 


a ili : : < 
probability function, exists and B(s)= £ bys/ is the unique solution of the 
J=0 


equation 
B(A(qs)/q) = m,B(s) + 1 — m, 
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We observe that when m, < 1, q = 1, the above theorem reduces to Theo- 
rem 2.4.1. 


Ericslud (1977) has studied the problem of determining the relative ex- 
tinction probabilities for two independent non-critical Galton-Watson processes. 
He also discussed the asymptotic order of the magnitude of conditional pro- 


bability P;; that X, is 0 before Z,, given that both processes eventually reach 
Zero. 


2.6 TOTAL PROGENY 


Besides Z,, another random variable of interest is 


Y,=14+2Z,4+..+2Z, (2.6.1) 


the total progeny produced in first n generations. Pakes (1971d) has obtained 
a Central Limit Theorem using triangular arrays. It has subsequently been 
obtained by Heyde and Seneta (1972) using a martingale central limit theorem 
and again by Pakes (1974a) using a Markov chain central limit theorem. 

Harris (1948) discussed the limiting behaviour of Yn for the super critical | 
branching process with a view towards estimation of the process. Good (1949) 
gave expressions for the probability generating function and moments of Yn 
Otter (1949) has examined the probability generating function of Y, the total 
number of individuals that have ever existed. If m, <1 and Y is finite with 


“ss 


probability 1, then the generating function G(s) of Y satisfies the relation 
G(s) = sh (G(s)) 
a result due to Hawkins and Ulam (1944). 

Mullikin (1968) gave an account of branching process on a study of weak 
convergence of Y, and defined q = P(Y < œ) to be the probability of extinc- 
tion. He showed that q has the properties obtained from usual approximation. 
Kendall (1948) has dealt with this problem for a birth and death process. 

Using methods from functional analysis, Karlin and Mcgregor (1966, a, b) 
have obtained some interesting results concerning the spectral representation 
of the n-step transition probabilities of this process. Dayanithi (1971) has 
shown that in the non-critical case the transition probability matrix induces a 


compact self-adjoint operator on a certain non-trivial Hilbert space. In 1972, 
Dayanithi has also discussed the critical case. 


SOME RESULTS FOR A BIVARIATE BRANCHING PROCESS 
(G.L. Ghai and E. Polluk, 1951) 


Probability of Absorption 


Let Z,=(Zn,1, Zn,2) Where Zan i=1, 2 be the number of individuals of type i 
at generation n. The individuals reproduce independently with progeny only 
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of their own type, according to the probability generating function 
h(S), j= l, 2. : 


Now describe the branching process whose state space ig the set . 
pairs y= (Ni N,) | My Ng = 0, l, 2, soo Using the terminology of C Order 
Nasser, the system is said to be in the set of transient states (S,) if bork ang 
are present, otherwise it will be in the sct of absorbing states 4 _ f thes 
where S, = {(Ni» Na) | Nis N, > 0}. "e 

Let 

Sa(, My) = P[Zn E Sy | Zo = (m, m,)] a. 
Ms F 


Cook and Nasser considered this probability for the Poisson y 
distribution. They overlooked the independence of the process {Zn} and 1 ny 
and obtained a complex recurrence relation for Sa (mm, m,) by consi det 

oN 


the events [Z, E S;]. 
If we consider the events [Zn = 0], i= 1,2, the COMPOSitions beco 


much simpler and we.use known results from the general theory of branching 


process. Hence 
Sn„i(M;) =P [Zn,1 # 0| Zo, = m;] 


=1—P[Z,14=9 | Zo, = zn] 
= 1 — (Gus) (2.7.2) 
Where gn, = /i(4n-1),1) is the probability that the line descended from a Single 


individual of type 7 becomes extinct within n generations. 
Rewrite the probability (2.7.1) as 


2 
Sn(M,, M) = aa P[Zn,i #0 |Zo, = m1] 
O | 
=a Sn (m) (2.7.3) 


and, consequently, the probability that the system is in set A within n genera- 
tions, if Zo = (m,, m,) is given by q,(m,, m,) = 1 — s,(m,, m,). 
Now assume that h,(s), i = 1, 2, is convex in (0, 1) and my = hy'(1) < œ. 
It is known that (Harris [1963], p. 7) as n> ©, Yni—>1 if my <1, and 
Gn > U< 1 if my > Í; | 
Using these results and from (2.7.3) 
Jim Sa(M,, mg) = 0 if min (m,, m,) < 1 


= 8(m, mz) if my, My > 1 (2.7.4) 


wh = 
ere s(m,, m,) = I (1-9) and 1 > qu — hi(q;). 


is in ae that the probability that the process is eventually absorbed of 
s(n, m) fn one of min (771, 145) < 1. Otherwise there is positive probability 
x M2) that both types remain in the population indefinitely. 
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Karlin [1968] has discussed a similar problem, but considered probabili- 
ties conditional on the total number of Offspring being fixed at a particular 
value. 


Expected Time to Absorption 


Let T = time to absorption for the first time | ultimate absorption certain 
Then, 


ET) = 2 PIT>n=1+ 3 PL >ns1+ E sm, m). (21.5) 
n= n= n=l 


There are the following special cases: 

(i) min (Mis Ma) > 1 
From (2.7.4), E(T) is infinite in this case. 

(ll) my = May = 1 

Suppose hi (1) < œ,i=1,2 then Kolmogorov [1938] has shown that 
qni ~ 1 — 2/nh; (1) as n—> œ. Thus for large n 


Sn(™,, Ma) ~ 4m,m,/ n*hy (1)hz (1) 
and therefore, È s,(m,, Mma) < oc. Hence E(T) is finite. 
(iii) min (Mis Myo) == l, max (m; Myo) > I. 
If, for example, m,, = 1 and, in addition, h, (1) < œ, then 


m 2m —qms 
SaM, m) nh, (1) (1 fa ) 
as n —> oo, and it follows from (2.7.5) that E(T) is infinite. 
(iv) min (M Ma) < 1. 
Without loss of generality, let m,, < 1. If we now assume that hy (1) < æ, 
then for large n, qn ~ 1—c mh [Kolmogorov.(1938)], where c, is a constant. — 
Therefore 


Sn (M) = 1—(Gn,3)™ ~ m cmi as n> oo. 


Hence, È s,(m4, Mma) < È Sn, (M) < œ which results in E(T) < œ. 
Now consider the second moment of T, which can be written, after 
simplification, as 


E(T?) =2 J nP[T >n] + E(T) 


=2 3 ns,(m,, m,) + E(T) (2.7.6) 


If min (m, ma) >1 or min (Mir UM) = 1 and max (M, Ma) > 1, E(T?) is 
Clearly infinite. Also if m,, = m,, = 1, nS,(m,, m,) = 0 (1/n), and, consequently, 
E(T?) is infinite. The latter result, which has also been obtained by Smith and 
Hsieh [1972] by means of a diffusion approximation, differs from what is ob- 
Served if the population always has a finite size. 
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< NSn, ,(,) ~ nm,cym for large n I 
ns Mis m) S sl À A 4 t ca 
h =. em) is convergent and hence E(T?) will be finite, © iy 
sho et Smi 
vesults will also hold if Ms < 1- onon e ded Milar 
the expected time to absorp’ ea Saal a 
Thus e variance is finite only if m, < 1 or m, oe l 


ms,) < 1, but th 


and 


min (Mis 


MULTI-TYPE PROCESSES WITH RANDOM PROBABILITIES 


(J.H. Pollard, 1968) 

There are many situations in which the conditional branching Probabilitie, 

multi-type Galton-Watson processes should be regarded as random variaby of 

The usual moment-recurrence relations require only minor Modification, i 
0 


allow for this additional source of variation. 


Some Results 

Let Z and Y be two random variables, generally not independent, takin 
non-negative integral values. Let Zi and Z be two- random Variables a 
ditional on Z having the conditional multinomial distribution mult (Z, P, P,) 
Let Y; be a random variable conditional on Y, having the conditional multi. 
nomial, in fact binomial, distribution mult (Y; Q,), where Q, + 1 — P.. The 
two conditional distributions are mutually independent; the probabilities p 
P and Q, are random variables, independent of Z and Y, having any joint 


distribution whatsoever. 
Consider the expected value of Z4, namely 
E(Z;) = 2 JPZ =i). 


© © , ; 
-fff JP(Z, =j |Z =n, Pi = Py, Py = Dg, Qı =q) 
P1 P3 91 


x P(Z =m, P = p, Py = py Q, = 4) 


= S > m j = — i 
JJ maJ (7 Jia- 'P(Z = n): P(P, = py, Py = Pa 0; =4) 


=| ff È mrz=m) P(P; = py, P, = Pa QO; = q) 
PBa 
Similar results hold for hi 
expected value of Zi Z, 7! higher-order moments. Consider, for example, the 


AZZI )= 335 kA _; y i 
1) 12% Uk PZ, =i, Z% =j, Y =p, 
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=| ffzzz EE ijk P(Z} =i, Z4 =j, Yi = k | Py Po We Z =m, 
Py Paqa 
Y=n)x P(P, = Py Po = Pys Q, = qı) P(Z = m, Y =n) 
= | [fz È Pi Pa qa m(im—1)n P(Pi =p, Pa =p, Q3= G1) P(Z=m, Y=n) 
Pi Ps G 
e E(P, P, Q,) E{Z (Z — 1)Y}. 
A comparison of these results with those given in Pollard, J.H. (1966) shows 
that the general moment recurrence relation needs only a minor modification. 


3 


Markov Branching Process 


3.1 DEFINITION AND PROPERTIES 


Galton-Watson processes dealt in the previous chapter are limited in that, the 
generation times are fixed. Although some phenomena fit this situation, most 
of the reproductive processes occur continuously in time. It js therefore of 
interest to formulate a continuous time version of the discrete process. Accord. 


ingly we determine the Markov branching process as follows. 
Consider an object existing at time ¢. Assume that there is a Probability 
b, At + o(A t) that the object is transformed into r objects between time ¢ and 


ftAt,r=0, 2, 3,.... Here 

b = ba + ba + bg +... <0. | (3.1.1) 
So the probability that the object not being transformed is 1 — bAt + o( At). 
We assume that the transition probabilities are independent of the age of the 


object and the number of other objects existing. 
In other words, each object lives a random length of time following an 


exponential distribution with mean 5-1. It Produces random number & of 
descendants with probability b,/b, k = 0, 2, 3,... on Completion of its life. Let 


h(s) =b E bysk, b, =0 (3.1.2) 
k=0 


be the offspring generating function and 
uls) = by — bs + bys? + ..., u(1) = 0, (3.1.3) 
a oo function of the infinitesimal Probabilities. From (3.1.2) and 
u(s) = b(h(s) — s). (3.1.4) 
Let 
u'(1) =A = B(h'(1) — 1), (3.1.5) 


The Markov branching process will be called supercritical, critical or sub- 
critical according as A > 0,=0 or <0. 
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Let Z(t) denote the number of particles at time ¢, starting with one particle 
at time t = 0. Let A(s, t) be its generating function, Then 


A(S, t) = E(s2) = x P(Z(t) — k)st. (3.1.6) 
From the fact that 

= P(Z(t) = J | Z(0) = i)s) = (A(s, t))! (3.1.7) 
We have the following interesting property 


A(S, ty + ty) = A(A(s, 4), t3). (3.1.8) 


Bartlett (1949) has shown that A(s, t) satisfies the Kolmogorov forward and 
backward equations 


DACS t) _ A(s, t) 

= = u(s) Fie (3.1.9) 
and 

“AGO L WAGs, 0). (3.1.10) 


By differentiating both sides of equation (3.1.9) with respect to s we get 
0 A(s, t)  GA(s, t) 


— 


ôt Os os? 
Set s = 1. Then 


u(s) + = Als, t) u'(s). 


om(t) _ 
ôt 


u'(1) m(t), since u(1)= 0. ` (3.1.11) 
Here 
m(t) = EZ(t) = AC D 


s=1 
The solution of (3.1.11) is 
m(t) = eM (3.1.12) 
since the initial condition is m(0) = 1. By using equation (3.1.10), we see that 
E Z?(t) satisfies the differential equation 
4 (E ZE) =u" e+ amg) 
with boundary condition E Z*(0) = 1. It is easily verified that the solution of 
the above is 
u’"(1)A-1(e*! — eM) if A40 
E(2?(t)) = (3.1.13) 
u"(1)t, à = 0 
Again from (3.1.8), we see that the sequence {Z,} = {Z(nd)} is Galton- 
Watson process with offspring probability generating function 


h(s) = A(s, 8). (3.1.14) 


G PROCBSS AND ITS BSTIMATION 


the Markov branching process with Galton-Wat, 
f the embedded discrete process to a, 
Ye 
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Thus we could identify 
process. We can use our knowledge o 
the limit Jaws of the continuous case. 


3.2 LIMIT THEOREMS 


Using the Markovian nature of the process and the representation 48 in Athrey, 
and Ney (1972). p. 105, Harris (1951), Sevastyanov (1951) and Karlin ‘ne 
McGregor (1968a) have proved the f ollowing theorem for the super critica] Case 


Theorem 3.2.1 
The family Z(t) e-™, t > 0 is a non-negative martingale and hence if >, 


lim Z(t)e = W (3.2.1) 
t-00 


exists almost surely. W has a continuous density function with E(W) = 1 if and 
only if Sj b; log j < œ. Further if ¢(s) = E(e-*”) then 


x [h(1)— 1 1 
ornd—ven( fe ]abecse. oas 
It may be remarked that if h’(1) = m, < 1, i.e. u’(1) =A < 0, then the process 
becomes extinct with probability 1. Hence 

PIW=0J = 1ifa <0. 
We have the interesting result that P[W > 0] = 1 or 0 according as 


2, j (log j) pj < œ or = œ 


(see Athreya and Ney (1972), p. 120), 
Now we give a theorem regarding the probability of extinction for the 


Markov branching process which is the analogue of theorem on the proba- 
bility of extinction for Galton-Watson branching process. 


Theorem 3.2.2 


Th oye . ° ° 
e probability of extinction q is the smallest non-negative root of the equation 
u(s) = 0, 3.2.3 
a = ] if and only if u'(1) < 0. 
e followi ti 
e. dee results for the critical and subcritical processes respectively 
astyanov (1951) with third moment assumption 


Theorem 3,2,3 (Sevastyanoy, 1951) 


Ifr = 0, Whe 0, then 


| MARKOV BRANCHING PROCESS 57 


; 2Z(t) i 
lim P( Sm > “| Z()>0) =e* u>Q0. 


Theorem 3.2.4 (Sevastyanov, 1951) 


(3.2.4) 


If <0, the random variable 


7 Z(t) conditioned by Z 
bution whose probability gene 


(t)>0 has a limit distri- 
ratins function g(s) is given by 


1 — g(s) = aip [ro i l (3.2.5) 


Let us now see the Central limit theorem analogous for this process. 


Theorem 3.2.5 (Athreya and Ney, 1972) 


If by = 0, 2 jb) < œ and W is defined as in Theorem 3.2.1 then 


Z(t) — e" d 
a — N(0, Var W), as t> œ. (3.2.6) 


In this connection we also mention the following theorem of Buhler. 


Theorem 3.2.6 (Buhler, 1969) 


If à > 0, m, = h'(1) and o? =b [( È j? by/by — 1) 
J=0 
then 


_ Z(t + u) — m Z(t) 

Y(t) = misy Z(t) (3.2.7) 
conditional on Z(t) > 0 converges as f —> œ to a process Y, with Y, = 0 which 
is normally distributed with independent increments. 

Reynolds (1972) derived an expression for the correlation function bet- 
ween Z(f,) and Z(t,) and obtained condition for the convergence of the cor- 
relation function to Zero or a positive value. 

He considered a population which evolves stochastically as follows. Each 
member existing at time f has a probability b(t) èt + o(èt) of dying during the 
interval (t, t+ St). If a member dies at time f, it is immediately replaced by r 
new members with probability p,(t), r = 0, 1, 2,.... When r=1, there is no 
change in population size and its evaluation. So without loss of generality we 
take p,(t) = 0. The behaviour of each member is assumed to be independent 
of that of all other members. 

Let Z(t) denote the population size at time t. Let h(x, t) = 2 p,(t)x' be the 
probability generating function associated with p,(t). Let 


Pij(t, la) — Pr[Z(ts) =j | Z(t) = iln>n>0). 
aC = KC, t), 20) = k”, D+ KC, t) e, D, 68.28) 


F(x ty 4) = 2 Pislty t)x!. 
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He proved the following theorem. 


Theorem 3.2.7 (Reynolds, 1972) 


The cavariance H(t, t| Z(0) = N) of population sizes at times li, tft 


2= 4 > ()) 


is given by 


H(t, fa | 20) = N) = NM(, &) | ee 
fi . 
4 f, b(u)h” (1, u)M(u, 1 )du | (3.2.5) 


where 


M(x, V) = exp l | by) [u(v) — 1] av |. 


Further the correlation function 
C(t, ta | Z(0) = N) 


M(0, t) | 1 — M(0, t) + [oqnra, u) M(u, t,)du | 
|e, t) l 1 — M(0, t) + | “p(uyh'"(1, u) M(u, t,)du l 


converges monotonically to a positive non-zero limit or to zero as fb2 > co for 


1/2 
(3.2.10) 


fixed t, according to whether 
t 
1 + | bwh" (l, u) M(u, Ùd 


is finite or infinite. The convergence is strictly monotonic if b(t.) > 0 for all 


l > h. 
Proof 
e joint probability generating function 


Let G(x, y, t, t, | Z(0) = N) denote th 
of Z(t,), Z(t,) conditional on Z(0) = N. Then 


OY by 4|Z0=N)= 3 F PAZ) 
i=0 jag 


=i | Z0) =N]-Pr [Z(t,) = | Z(t) = i] xiy) 
== F IxF (y, li» ty), 0, J”. 


é log G | 
Now, “oo a Le. yur Is given by 
(ti t | Z(0) = N) = NIF (1, 0, 4) FC, 4, te) +F,'(1, 0, t,) Fy’(1, t, te) 


T Fy‘, 0, ty) Fy, 0, f,)). (3.2.12) 
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— introduce the function b(t) and h(x, t). It is shown in Harris (1963) 


la fa 
Ea Cl, tay ta) = exp f b(t) [u(t) — Ide | 
By the same argument given in Harris (1963), Reynolds shows that 
t r t2 
Fy'(1, ti, ta) = F's ty, ty) f b(u)h” (1, u)Fi (1, u, t,)du. 


Equation (3.2.9) follows by substitution in (3.2.12). 
Now we consider the correlation function 
Cty |Z) =Ny= O Hal ZO=mD O 
ea AO =N= HE [ZO M HET IZO) = Nf” 

_ Ee 
plt) ` 
M(0, t) 


1 — M(0, t) + | "B(w)h'"(1, uiy M(u, t)du 
0 


Here 


f(t) = 


We note that this function is independent of the initial value Z(0). It follows 


that 
| dolt) _ MCO, ty) b(t») lult) — 1 — h'"(, ta) 
0 
— a M(0, ta) b(t) [o7(t,) F {u(t,) = 1}?] m 
[ 1— M0, ta) + [ou " (1, u) M(u, tau 


Since (i) M(0, t,) > 0 for all ¢,, (ii) o(t,) and [y(¢.) — 1] cannot vanish simulta- 
neously, d¢(t,)/dt, is strictly negative if b(t.) > 0 for t, > t,. This is impossible 
by hypothesis. Hence this establishes the monotone convergence of 


C(t t, | Z(0) = N). 


The last part of the theorem follows by considering wee (t). This completes 
the proof of the theorem. | 

We have seen in Chapter 2 that for a Galton-Watson branching process 
{Z,} with infinite mean there exist constants {C,} and a non-increasing function 
L which is slowly varying at 0 such that C, L(Z7*) converges almost surely to 
a non-degenerate random variable whose distribution function satisfies a func- 
tional equation. This result was proved by Grey (1977). | 
| Grey (1977) extended this result for a continuous time Markov branching 
process with infinite mean. He has shown that there is always a function $ 
such that e-‘¢(Z, *) converges almost surely to a non-degenerate random vari- 
able. A necessary and sufficient condition was also given for this convergence. 


Grey’s extension is given in the following theorem. 
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Theorem 3.2.8 (Grey, 1977) 


Let {Zj:>0 be a continuous time Markov branching process with Z, — 
object lives a random length of time following an exponential distribution Each 
with 


parameter b. Let the offspring generating function be h(s) = 2 Py 8! ang i 
= () e ity 


extinction probability. Suppose that h'(1) = œ and further that the Proce 

conservative. In other words that is to say 5S iy 
P(Z, < œ) = 1 for all ¢. 

We write u(s) = b(A(s) — s) for the infinitesimal generator. Fix y € (0,1 _ ‘ 


Let ; F 
X 
T, ud — 5) Jr yE, 1=0). (3.2.13) 


¢(y) = exp ( 


Then . 
(i) $(y) is a function which is continuous, strictly decreasing from infinity 

to zero and slowly varying as y decreases to zero such that as t + œ, 
e (Zr ) > (5s) a.s.n.e. | (3.2.14 


where S isa random variable with uniform distribution on (0, 1 ~ q), (ii) the 
convergence relationship equation (3.2.13) is equivalent to the existence of %>() 
and a random variable U, continuous on (0, 00) such that 

e-* Jog Z,-> U a.s.n.e. as t-> œ (3.2.15) 
if and only if 


Siz) d | <% (3.2.16) 


e 1 
f (a — x) ax log x 
for0<ex<l1—dg. | 
Here we use the notation a.s.n.e, to mean ‘almost surely on the event of . 
non-extinction’. This indicates that we are excluding the event of extinction 


completely. 


Proof | 
Let f,(s) = E(s*). Let g(s) be the inverse function of f(s), defined on (q, 1) 
and 

Gy) = 1—g(1 — y) for 0 < y < (1 — q). 


It is well known that the behaviour of the process is determined by the 


equations 


fs) dx 
— = 2.17 
| ue) tforq<s<l (3.2.17) 


S 


and 

IAS) = fans) for all t, 7>0, ¢<s<l. (3.2.18) 
_ Hence the functions {Jı} form a one-parameter semi group under composi 
tion. The same is true of {g,} and {G;}. The equation (3.2.17) may be trans- 
formed into 
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ia x =r forO ay <(1— q). (3.2.19) 


y u(l — x) 
We now check the analytic properties of the function ¢ defined in (3.2.13). 
Continuity property is obvious. The strictly decreasing property follows from 
the fact that u(1 — x) is negative for 0 < x < 1 — q. We know that the neces- 
sary and sufficient condition for the proccss to be conservative is 


A dx 
Doite eee aean Cec | — 3.2.20 
[ 7 © for0O<e=<Il—q ( ) 
and 

u(1 — x) ~ b(1 — h'(q)) (x — (1 — q)) as x—> 1 — q. (3.2.21) 
The limit of (y) as y | 0 and y ¢ (1 — q) follow respectively from (3.2.20) and 

(3.2.21). It is easily seen that ¢ is slowly varying. 

Definition of ¢ and the equation (3.2.19) gives that 

e~ A(G) =p) for0< y<1—qt>0. (3.2.22) 


Note that A'(1)=œ implies that f,’(1)=oo for all t > 0. Equivalently W (1) = œ 
implies that G,’(0) = 0 for all t> 0. 

We now turn our attention to prove the continuous-time analogue of 
Gr(¥1)/Ga(¥o) > 0 whenever O < y, < Yo < 1— q. That is to prove that for 
0<y<y<1-—¢g 


Gi(V1)/Gi¥p) > 0 as t-> œ (3.2.23) 
is always true. From (3.2.19), yı = Gr(y,) for some t > 0. Hence by using the 
semi group property, we have 

G(y,) — Gi+1(Vo) — G-(G:(Yo)) 
GA¥o) GVo) G;(Yo) 


We now prove the almost sure convergence in the same way as in the 
discrete-time case (Refer theorem 2.2.14). 


Now {g,(6)7+} is a continuous time separable martingale whenever g<9 <1. 
So {g,(8)**} converges surely to a random variable Y(6). By (3.2.23) 


P[Y(6) = 1]=0 

P[Y(0) =0] = 1 — 9. 
The threshold random variable Q is defined as O = inf {0: Y(6) = 1}. Whenever 
we choose qg < Q, < Q; < 1, we have 


] l 
e E A .2.24 
Gi ~0,) <4 SG — Q,) en 


— Q0 as f> œ. 


for large ¢ on the event {g < Q <1}. 
By using (3.2.22), (3.2.24) and the decreasing and continuity property of 
$, it is easily seen that e~! (27°) -> (1 — Q) a.s.n.e. For any «>0 we see 


that PY) /(— log y)"* converges to a finite positive constant as y {0 if and 
only if (3.2.16) holds. 


Suppose (3.2.16) holds. Then taking S = 1 — Q, 
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e~ A(Z’) -> A(S) a.s.n.e. 
=> e (log Z)” -> const. A(S) a.s.n.e. 
= clog Z, >U, (say) a.8.n.c. as 1 -> o, 


Conversely suppose (3.2.16) does not hold. Then for each 4 > 9 th 
a l ’ Mere 


are two possibilities 

(i) either A(y)/(— log »)/* ->0 or co as y 10 
or 

(ii) it oscillates slowly. 
In case (i) 


e~ d(Z-") Ea 
~ (log ZJ -> 0 or 00 a.s5.n.e. 


Thus e— log Z, —> 00 or 0 a.s.n.e. 
For case (ii), write L(n) = ¢(n-}) (log n)¥. We have easily seen that it is 


impossible for the sequence of values taken by Z, say {X;}, to be a.$.D.e, a 
sub-sequence of integers for which L(X;) converges (see Grey ( 1977)). 
Thus the theorem 3.2.8 is proved. 


INHOMOGENEOUS PROCESSES (SUPERCRITICAL CASE) 


The Model 


According to H. Cohn and H. Hering (1983), a Possibly inhomogeneous, 
discrete—or continuous—time Markov process {Z(t)} on the non-negative inte- 
is a branching Process, iff its generating function 


F(x) = Ex”, |x| <1, 
satisfies 
F(x) = FF, (x), OSs <tea 
Where {F,,,;0<s<te< oo} is a triangular array of probability generating 
functions. 


Given such a Process, there is an equivalence process also denoted by 
{Z(t)}, such that 


Z(s) 
Z(t) = Z, ZO (s, t) as, 0< s St<o 
where for fixed s, f the ZS, t) are iid, conditional on 


F= o(Z(u); u < s). 


Su at; , , 
POr et car 4 non-negative, measurable function k, on the non-negative 
Negative inte te (), SANIE Ri} of Probability distributions on the non- 

bers, with p,(t) measurable as a function of ¢ are given. . 
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Define 


Idx) = 2 x'p,(t), | x l<1 


mi; =f —) = = rp,(t) 
feel 
and assume 
sup k, + sup m, < œ, te R. 
St sx 


Then {k;, (pr(t))} uniquely determines a continuous-time Markov process 
constructable to the following rules: 


All particles behave independently, the probability that a particle under- 
goes branching in the time interval [t,t + A] is k,A + O(A) and the probability 
that it is replaced by exactly r new particles, given that it undergoes branching 
at t is p,(t). 

Define 


Mar F (1 —), the first moments 
and 


M$} = F;a (1 —), the second factorial moments. 
Also define 


t 
Toye = exp (— | ku du), 0< s<: 
Then the linear perturbation equation for the first moment is 
t 
Ms, = T,,, + | Tss kym,M,, t av 
i | 


which has the unique solution, l 
t 
Ms, = exp | kulmu —1)du ) 


The corresponding differential equations are 


OM,, 
— ai s(Ms — 1)M 55 t Ms, = l 


Higher moments can be handled similarly. 


Limit Theory 


Let {Z(t)} be a Markov branching process with discrete or continuous time 


Parameter, possibly inhomogeneous. 
Let 


P(Z(0) = 1) = 1. 
Suppose (Z0) =1)=1 


M: = Mou < 0O, t > 0. 


E N 


Then (Z(t) Mr F,) is a non- 
i ch that 

variable W su a pe na 

M: = x) — Rs (xX) — xX), it can be seen that 


Expanding | — Fy *) 
n(x) J0, xf I. 


M, > R 


Cohn and H. Hering, 1983) 


Theorem 3.3.1 (H. 
fa > 0. Then E W > 0, iff for some (and thus all suff. 


Suppose § > 9 and inf À 


ciently small), € > 9 


S MG-1)3,ve R-1)0,78 (1 — E/M) < © (3.3.1) 
p=l 
Proof 
Define 
$s, (x) — Fst [exp (— x/M;,1)I, or = po, 
Then 
$s (M s,uX) =f sul Pu,t(X)]> sgust 


Sufficiency Part: Without loss of generality set $= I. 
To show that lim 9,(x) < 1 for some x. 
N->oe 


1 — 9,(x) = 1 — Fy[94,n(x/M,)] 
= M,(1 — %4,n(%/M,)) [1 — Mr*R,(91,n(%/M,))] 
Iterating this procedure, 
] — n(X) = M,-_,(1 = Pn-140 (x/M,,-,)) ear = M; à Ry~1,v(Pv,n(x/My))] 


B (3.3.2) 
x < inf M, 
Ry-1,» (9»,n(x/M,)) < Rp1, (1 = M,n (1 —— exp [= x/Mz))) 
| < Ry-1,y (1 = x/M,) 
If (3.3.1) is satisfied with e — x < inf M,, then 
ys 
lim inf x f1 — 
n j kaL M,R,- (Pr,n(X/My))] >0 (3.3.3) 


Now 
M,_,(1 ~ — 
ı( Pn-1,n (x/Mn_1)) = M,(1 exp ( x/M )) 


di [Mz 
Given inf M, > 0 and (3.3.1) bn Roan (exp (—x/M,))] (3.3.4) 
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lim inf M,(1 — exp (— x/M,)) >0 (3.3.5) 


-l 
Main Rn-i,n (exp (—x/Mn)) < M 


n—inRnaan(l — x/M,) > 0 a8 n-> 00 (3.3.6) 
Combining (3.3.2)-(3.3.6) 


lim (1 — 9,(x)) = lim inf (1 — Pn(X)) > 0. 
Necessary part: If EW > 0, then 


lim (1 — 9,(x)) >0, x > 0, 

Since 
M,-,(1 — Pr-1,n (X/Mn-1)) < My(1 — exp (— x/M,)), 
which is bounded, if M, > 0, (3.3.3) is obtained. 
Now fix x > 0, 
If EW > 0, then for some c > 0 
(1 — E exp (Wx'))/x' > 2c > 0 

and thus for some n, E N 

(1— 9,(x/))/x! > 0, n> my. 
Since 1 — 9,(x) is concave, (1 — n(X))/x is non-increasing so that 


(1 — 9,(x))/x >e>0,n>m,0<x<x' 
Hence 


(1 — %y,n (x/M,))/(x/M,) > (1/M,)(1 — F(@p,x(X/M,)))|(2/M,) 
= (1 — 9,(x))/x>e,n>nm,0<x<x' 


Ry-1,y (%y,n(X/M,)) > Ry, (1 — xc/M,) 
so that (3.3.3) implies 


Thus 


E M2R,- (1 — xe/M,) < 00 
yal 

This completes the proof. 

Theorem 3.3.2 (H. Cohn and H. Hering, 1983) 


Suppose lim M, = œ and EW >Q. Then EW =1. 
t 


—>0o 
The following lemma proved by H. Cohn (1982) is needed for the proof of 
Theorem 3.3.2. 


LEMMA 3.3.1 E B 
Let {Xn} be a sequence of real-valued random variables converging in probability 


to a non-degenerate (not necessarily a.s. finite) limit X. If for small « and all 
§>0, 


P(X E (a—8, a +8))>0 


TION 
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an} converging to a, suc 
sequence of r eal numbers {%n} > SUCH thay for 


then there exists a 


all £ >O, = an) = 1. 


lim P(X E(&— e, 4+ e) | Xn 


n-poo 


3.2 
ied aA oreeibly homogeneous, Markov branching process {Z(¢)}, there ig 
iven j 


an equivalence process, also denoted by {Z(t)} such that 


Z(t) = 2 Zs, t) a.s., OSSI O (3.3.7), 
j=0 


This implies on 
a 

W=M > WË a.s., 
jel 


where the W?, j= 1, 2,...; Z(n) arei.i.d. condition on ¥,. Taking expecta. 
tions, 

EW = EW,? | (3.3.8), 
Given that EW> 0, Lemma (3.3.1) guarantees the existence of a sequence 


{a,} converging to some real « > 0 such that 


-1 Ma ay? 
Mn 2 Wn —_—_—> a, n -> CO. 
` Jml 


As the WY are i.i.d conditional on F», 


_, [Mn&n/e] P 
1 D Why, 1, n—> œ 


Mn 
j=1 
where [«,/,/«] stands for the integral part of «,M/,/«. 
But 
(Mn(an/a—1)} 
2 
ieee wo Pp Wp j=l Wr n>a 
j=1 j=1 ~ | [Mn(1—an/a)) U) 
= 2 We? on <a 
so that even p 
_, [Mn] P 
M- V) 
n Fd Wi —> 1,n +e (3.3.9) 


( SB Athreya and P.E. Ney, 1972) 
ince a a 
subsequence P a a verging in probability always has an a.s. convergent 
, Ws Irom (3.3.9), Fatou’s lemma and (3.3.8) that EW > 1. 


Applying Fatou’ 
| S lemma to t . 
that EW <1, Hence the theorem he Martingale {Z(n)/M,, F,} it.can be seen 
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Theorem 3.3.3 (H. Cohn and H. Hering, 1983) 


Suppose that lim M; = 00 and that there exists a sequence of normalizing cons- 


tants {c} such that 
lim c,/M,=0 and 
{pee 


lim Z(t)/c, = W a.s. 
{->oo 
with 


P(W> 0) > 0 and P(W < œ) =1, 


then 
EW = E sup Z(t)|M, = œ. 
t 
Proof 
From (3.3.7), 


7 Zt). 
Wace > WY as, 
j= 
where W are i.i.d. conditional on F,. Taking expectations, 
EW =c M, EW). 
Following the same argument as in Theorem (3.3.2), applying Lemma 3.3.1 
again, it is seen that 
q > WY —+1 (3.3.10) 
Suppose E W < œ. Then 
[cr] ~ os 
Ec! > WY — ¢7) [c] EWS 
j=l 


= [c] M;* EW +0, t> o 
which contradicts (3.3.10). 
In conjunction with Fatou’s lemma, this proves 


EW =o. 
Next suppose E sup Z(t)/M,;< co. Then by dominated convergence 
t 


theorem, the limit of Z(t)/M, must have expectation 1, which contradicts the 
assumption that 


Theorem 3.3.4 (H. Cohn and H. Hering, 1983) 


Suppose that lim M, = 


= œ and that there exists a sequence of constants {c} 
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6 
í . | 
an Jim Z| = W a.s. 
f-poo 
h pe g (0, 0}) >° 
wit | i 
Suppose further shat cither for some t> 0, 
sup (7: PIZ) — j) > 0} = 00, 


0 < ty $ 0, as k t 0; 


{ty} with 
1)= 0, ty CS L t< Ík+1» 


or for some sequence 
P(Z®Xs, t) > 
> 0, ty = S < 1 = fk+1 


and ; 
lim sup he (Nil Ms, tas) = 0 
k = 


where | 
N; = max {j : P(ZO%( ths tk+1) = j) > O}. 


Then the distribution function of W. is strictly increasing and continuous on 
(0, œ). 


Proof | 
en 3.3.4 is a direct consequence of K.B. Athreya and P.E. Ney (1972), 
bs Sa 3, if it is taken into account that in continuous time, the part of 
threya and P.E. Ney (1972), condition A requiring lim inf i,/C, = 0 i 
trivially satisfied, since l, = k for some k with «2 
P(Z(t) =k) > 0, 


which then ensures that 
P(Z(t') = k) > 0, 


for all t’ > z, 


4 
Bellman-Harris Branching Process 


4.1 FORMULATION OF THE MODEL 


Bellman-Harris (1948, 1952) initiateď the next stage in the study of the branch- 
ing processes which we discussed in the previous two chapters. 

In this model, a particle born at f= 0 has a random life time T with 
distribution function G(r). At the end of its life time it is replaced by r similar 
particles with probability p,, r = 0, 1, 2,..., each particle having the same life 
Jength distribution and offspring probability mass function {p,}. The probabili- 
ties p, are assumed to be independent of time ż, the age of the particle at the 
time it dies and of the number of other particles present. One can refer to 
Harris (1963) for a rigorous construction of the probability space on which the 
Process lives. 

This model is also known as age dependent branching process. The reason 
for the term ‘age dependent’ is that the probability are 2o that a particle liv- 
ing at age t dies in the interval (t, t+ At) is a non-constant function of the 

age t. When G(t) is negative exponential and p, = 0, we get the Markov 
branching process, discussed in the previous chapter. 

Let Z(t) denote the total number of particles at time f, Starting with one 
Particle at time t = 0. In general Z(t) is not Markovian. Let 


A(s, t) = 2 AO =k)sk . (4.1.1) 
If the initial object is transformed into k objects at time y < t, the generating 


function for the number of objects at time t is (A(s, t — y))*. Thus we see that 
A(s, t) satisfies the integral equation 


A(s, t) = s(1 — Gr) + f h(A(s, t — y)dG(y), | s| <1. (4.1.2) 


Here h(s) is the offspring generating function as defined in (2.1.3). When 


G(t) is a unit step function i ; 
i , the integral equation reduces to a functional itera. 
“on formula (2.1.4) for A(s). | tera 
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w, then (4.1.2) gives 


If Gt) = 1 —-¢ 
-i 4 he? | h(A(s, u)) edu. 
a 


A(s, 1) = 8 e 


ith respect to f, we have 


Differentiating W 
b’) e> J " nA(s, u)) "du 4- beh A(s, tY) eri 
0 


BACS 1) a a DI o 4- (— 
ar 
— — p(s, t) + BAGS, t) 


— bth A(s, 1) — ACS OI 
which is the Kolmogorov backward equation. 

We say that age-dependent branching process is super Critical, critica] , 
subcritical according as m, = /’(1) > 1l,=lor<l. and 
Levinson (1960) and Harris (1963) have proved that if G(0 +)= 0 
ded solution A(s, t) which is a generating functi ae 

oF 


(4.1.2) has unique boun 
1.2) with respect to s and letting $ increase to 1 
» We 


each 4. Differentiating (4. 
see that 
m(t) = E(Z(¢)) wis 
is the unique bounded solution of = 
t 
m(t) = 1 — G(t) + | wilt = 
) (t) + my amie y) dG(y). (4.1.4) 


Let R,(t) denote the proportion of the i 
| ‘ population belonging to nth 
generation at time t. Samuel (1971) has shown for the super-critica] ion th 

i at 


the distribution of R,(t) is asymptotically normal for large ¢ with mean 
>nR,{t). 
Let R, denote the number of i j 
particles in the nth generati 
| tion. 
haha a Gaiton-Watson branching process with off sae m 
ces 1 (s) and probability of extinction q. It is easil a oar 
oe 04 in 0 < s < q, decreases to qing<s<las vd ie i 
lim (Zt) =0=7. S — oo. In particular 
Crump and Mode (1969b 
) have studied t i 
number of cells alive at time t' by suitable sain —ae 
. zation. 


4.2 RENEWAL 
THEOREMS AND SUB-EXPONENTIAL FAMILY 


We will be usin 
& the followj 
The Malthus; wing definition in l 
aeo husian parameter q for y B hore Sear 
Is the unique root of the 


r J, =” day) = 
J Y)=1 42 
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1 1 it 
provided it exists. We note that when y > 1, « > 0 always exists. ma a i 2 
may not exist (if it exists, it is negative). Let us now study the equation (4.1. 
in detail. 


Let us consider the renewal equation of the type 
2 
H(t) = U(t) + RG — y) dG). (4.2.2) 


For given U(t) and G(t), we are interested in the asymptotic behaviour of H(t) 
as ~> 00. 


A function A(t) is said to be directly Riemann integrable if Lhm,{h) and 
Shm,(/i) converge absolutely for sufficiently small 4 > 0, and if 


hz m,(h) — 5 m,(h)) —> 0 as h —> 0. eaa 
Here m,() and m,(h) are respectively supremum and infimum of A(t) in 
nh < t< (n+ 1)h (see Feller (1966), p. 348). 


Let us now state the following renewal theorem as given in Athreya and 
Ney (1972), p. 147. 


Theorem 4.2.1 (Athreya and Ney, 1972) 


If the Malthusian parameter « exists, e~** (1 — G(t)) is directly Riemann integ- 
rable and if G(t) is non lattice then the solution H(t) of (4.2.2) satisfies 


eal Ren 


»t> oo. (4.2.4) 
Y |. ye% dG(y) 

If « does not exist, the above theorem fails. In this connection Chistyakov 
(1964) introduced a class of distributions known as sub-exponential family, 
tails of which decay at a slower rate than exponential. This class was later 
generalized by Chover, Ney and Wainger (1973). 

Let G(-) denote a probability distribution function on [0, œ), G(0) = 0. 
Let G,(-) denote the n-fold convolution of G with itself. Chover, Ney and 
Wainger (1973) have considered the following condition for G. Let ((d), for a 
fixed d> 1 denote the class of all distributions G(t), which satisfy the following 
conditions. 


l= G,(t) 


lim ;——A?\ exists and is equal to C(< o) (4.2.5) 
t->oo | — G(t) 

and 
lim I~ Gi — 5) exists and is equal to ẹ(b) (4.2.6) 
t->00 J = G(t) 


for all real b. From (4.2.6 
Convergence is unifo 
that the third condi 


) it follows easily that Ņ(b) = e for some s > 0 and 


rm for b in compact sets. In terms of s, they formulated 
tion 
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i ’ 00 
e i dG(t) exists and is equal to d(< œ) ay 


l 2,5) and d in (4.2.7) are related necessarily by 
(4.2.5) i 


, tants C in | 
The consta ad a4 
- d (4.2.7) for the Case d 
inger (1973) have prove l =| 
ue ina hoy when G i a lattice or an AP PAN a distri, 
he case d 2 | _ i. 
a eh ae to show that if (4.2.5) or then C > j en Sq) 
in (4 2.6). Also (4.2.6) does not imply (4.2.5). 


Here are three examples of densities whose distributions are in G(1): 

(i) g(t)~ata>0,b>1 

(ii) g(t)~e*",a>0,b>1 

(iii) g(t) ~ exp {—#/log*t)}. 
One way to construct densities whose distributions are in ((d) for d >I is to 
multiply densities whose distributions are in (1) by negative exponentials. 


4.3 SUPER CRITICAL PROCESSES 


we obtain the following 


Since ef1 — G(t)] is directly Riemann integrable, 
uation (4.1.4), 


theorem by applying Theorem 4.2.1 to the renewal eq 


Theorem 4.3.1 


fh‘) = m £ l, and G is non-lattice then 
m(t) ~ce”, t-> o. (4.3.1) 
Here a > 0 is the M althusian parameter and 
c= m-l 
amè J, temat dG(r) 


(4.3.2) 


einer (1965) has show When m = 
W n that whe >1, G’ i > 
and -a 1 » O (t) = E(t) > 0 for t>0 
, f e~t El) dt < ©, M(t) e—t iş de 


if and only if kt ( > G(t))(m, — 
proved a 1l g(t) '8 €Xponential with mks, (em — 1), Further m(t) e = 
ar o aat with se meter a/m, — 1, Chistyakov (1964) 


"TS Dem=1234 (4.3.3) 
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M,(t) e-"™ increases to da < œ as t-> œ for n > Di (4.3.4) 
For 


W(t) = Zece (4.3.5) 
we have the following result duc to Athreya (1969b). This result was proved 


earlier by Harris (1963) with finite second moment assumption and by Levinson 
(1960) with slightly more than the existence of the first moment. 


Theorem 4.3.2 (Athreya, 1969b) 


f and i 
ifm, > l Hi ip) ies 4.3.6) 
then W(t) converges in distribution to a non-negative random variable W having 
the following propertics 
(i) Hs) = Efe) (4.3.7) 


is the unique solution of the equation 


g) = [7 Mese) dao) (4.3.8) 
0 
(ii) The distribution of W is absolutely continuous on (0, œ). 
(iii) = EW)=1. 
(iv) P(W =0)=4q. 


If (4.3.6) does not hold, then W(t) —>0 in probability as t > œ. 

Athreya (1971a) has also found a necessary and sufficient condition for 
E(W | log W |r) < o and Doney (1973), a necessary and sufficient condition 
for E(W1+®L(W)) < œ where L(x) is a slowly varying function, 0< B< 1. 


Athreya (1969a) has proved under certain conditions on the bounded convex 
function K(t) that 


E(K(Z(t))) < œ if and only if E pjK(j) < œ. (4.3.9) 


Dean H. Fearn (1976) examined the asymptotic behaviour of a population 
Z(t) which is a function of t. Here Z(t) is just like the ordinary Bellman- 
Harris age-dependent branching process except that the number of offspring 
born to an individual in the nth generation is allowed to depend on n. He has 


Studied (i) the behaviour of E(Z(t)) as t approaches oo and (ii) the conver- 
gence of Z(t)/E(Z(t)) in quadratic mean as t-> oo. 

Let Z,(t) be the number of cells alive at time t, having started with one 
cell in the nth generation. Let Ta, denote the life time of the cell in the n-th 
seneration with distribution function G. A cell in the nth generation splits into 


random number 6, , of baby cells in the (n + 1)th generation. It is assumed 

oo that G is non-Lattice and G(0) = 0. Each of these cells respectively 

om lengths of time Ints, i +++» Tantas tna and split respectively into 

n+p i> +> ntt» Cn Cells in the (n + 2)th generation. | | 
For some finite number B, let 
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Mn = Eon, k) < B, n = 0, l; seo ó k — 1, 2, ecee (4.3.10) 


Let 
Mult) = E(Za(t)), n = 0, 1, 25 - (43.11 


He has proved that | 
? (1 — Guje du 


M(t) A 

converges to = = 

e%tPL(t) . u | (1— G(u)) du 
0 

as £> co when gi and G areas defined in Theorem 4.3.3. We establish the aboye 

result in the following theorem. 


Theorem 4.3.3 (Fearn, 1976) 


Ifm> 1, m, >m for all n, 
n—1 
( m* ) nen -> l as n—> œ 


where mš =m,/m for all n, ọ > 0, L(n) is a slowly varying non-decreasing 
function and « is the (positive) number satisfying . 


mf? e-t dG(t)=1, 
0 


then 
M,(t) = J 0 pba) lai 
e%tP L(t) — fo — as t —> ©, (4.3.12) 
BL d= Gi) du 
where 


t 
0 


am f te= dG(t) and G(t) = m | eu dG(u). 
By establishing the following lemmas we prove the Theorem 4.3.3 


LEMMA 4.3.1 
Let | j 
et Y, be a sequence of functions uniformly bounded on finite intervals, such that 


Y% G) (Í) exi 
bbe idea oo aul ®. Suppose Xn is a sequence of functions, uni- 
e intervals and for all t satisfying the renewal equations 


X(t) = Yat) + (X 
n a4 ntl * G t , N = 0 
Then, for all t ) (8) »1,2,... (4.3.13) 
X,(t)= X ( T, 
ren \ jay 1) (Ke * Gr-n)(t), n = 0, 1, 2,..., (4.3.14) 


Here G,(t) = ] and k—-1 
7 Tl m= 
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Proof 
This lemma follows from Theorem 1 of Feller (1966), P. 183. 
LEMMA 4.3.2 
For n = 0, 1, 2, ... 
M(t) = K — G(t — u))dH,(u) (4.3.15) 
0 
where 
co /(k—1l 
H,(t)= 2 (7 my \Cr-at) (4.3.16) 
ken \j”n ` 


k=l 
Here G(t)= 1 and TI m; = 1 for all integers Ke 
j=k 


Proof 
t 

Here 1 — G(t) is bounded and | (1 — G(t — u))dG(u) exists. Hence by lemma 
0 


4.3.1 and Fubini’s theorem, (4.3.15) is true for n= 0, 1,2, .... Here 1 — G(t) 
plays the same role as Y,(t) does in lemma 4.3.1. 


LEMMA 4.3.3 
If ma > 1 for all n; 


n—1 
A m,|(n?L(n)) > 1 as n> œ, (4.3.17) 


where L(n) is slowly varying and ọ > 0; and if p = [i dG(t) < œ then 
0 


Mo 
Oa 1g? as t> œ. (4.3.18) 


Proof 
Take the Laplace transform of each side of (4.3.15). We then divide the result- 
ing equation by 


(1 — YG(d))-PL (ea) r(e+1) 
where L(G(A)) = | j e-dG(t). 


We then obtain 
= HMA) 
PEF Iieur > 1 8S 240 
by using Theorem 5, page 423 of Feller (1966) and from the facts that 
£(G(A))t 1 as AgO, (1 — L(GA))/A>p as alo 
and L is slowly var ying. 


If My 
Of Feller 


196€ e e 1 ] W I li . 
‘ à \ { a 


TION 
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Sell to split i 
function of t by forcing each nth generation pete = ts atl 
monotone functio ration cell, while splitting into Mpa ie © aver 
one (a#-+-1)th gene ad right continuous nature of M(t) allows M(t 
The non-decreasing and rig 


Cast 
age, 


) to 
define a measure. Hence (4.3.18) is truc. 


4.3.4 , sap Í 
a h be any positive, continuous, non-decreasing function such that for 
LC . i 


cvery number a, 


Mita) | as tt oo. 
it) 


Let H be a right continuous function non-decreasing on [0, 0). Assum 
h(t) =O) ift <0 and H(t) =0 ift < 0. Then for every e > 0, 


e that 


H(t) ae SS! EE (4.3.19) 
if and only if X is directly Riemann integrable implies 
Te oe [xed as t > oœ. (4.3.20) 
Proof | 
By using the methods found in Feller ( 1966), page 348-356, it is easily seen 


that the Lemma 4.3.4 is true. For details of the proof one may refer Fearn 


(1976). 


7 j 00 k-] 
(ii) Hi (t)= 5 ( IT m;) Gx_,(t), n = 0, 1, 2,... and 


k=n+1] jun 


h(t) 
i= HG =) ce 
A(t) Fao —$—— as ts 00 
f(u) du (4.3.21) 


whenever f iş any ri 
Y right COntinyo 
uncti i 4S non-negqti ; ; , 
Junction, with Kt) = f0) s O for t <o and a a if eae ini 
isf ying 


O siy o, 
th >?Cast>oy 


Jor some number ey 9 


From the hypothesis 
of L 
“mma 4,3,5, WE See that A(t h(t) is bounded in ¢ 
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ose a number A > 0 


, boat ; can cho 
by My < œ (say). Since fis right continuous we 0<uK<A. 


sufficiently small such that f(u) > f(o)/2 = è >0 whenever 


Hence 
"fit — udi ; 
Mr MAO S Ei ki 5, Mi () = HB (t= ¥) (4.3.23) 
S l Sat) = Sh(t) 70 


forO<y<Aandallt>0. 
We define for any function Æ, and any finite interval / = [a, b] 


E(t +1) = E(t 4- b) — E(t + a). 
From (4.3.23) and the fact that any finite interval J can be broken up into 
sub-intervals of length less than or equal to A, we see that Hg (t+ J)/A(t) is 
bounded in f¢ for all finite intervals J. 

By using Theorem 2 in Feller ((1966), p. 263) and the fact that m, —> 1 as 

n—> oo, we have 

MoH (tk + I) 

(tk) 

where V, is a measure and {t4} a sequence such that V:,—»V,. For further 
details, one may refer to Fearn (1972). 


Now suppose a is a positive number and A is continuous function vanish- 
ing outside the interval [0, a]. Then we have 


>V,(D ask>oo, 


[7 A(t —u)d H*(u + t) =m, i A(t — u)dG(u + ty) 


d j (r. I" A(t — u — v)dH¥ (v + ty) ) dG(u) (4.3.25) 
for all t and tx. 


Dividing both sides of equation (4.3.25) by h and letting k > œ, we have 
the functional equation | 


¢(t) = Í i E(t — uydG(u) 
where , 
g(t) = i A(t — u)d V (u). 


By using the result in Feller ((1966), p. 351), we obtain the result (4.3.21). 
Hence the lemma 4.3.5 is true. 

Proof of the theorem 

By lemma 4.3.2, M(t) = f (1 —G(t — u 


equation by exp (— at). Then 


M(t) = M (t) exp (—at) — fa- 
0 


)d H,(u)). Multiply both sides of this 


G(t — u)) exp (— a(t — ud H (u), 
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| 7 p 
aiei A,(t)= ŞS (1 m? ) G,(t) and G,(t) =m j exp (— au) dG,(u) 
n=0 j=0 


forn=0, 1, 2.... l 
To determine the behaviour of M(t) as t > 0, we determine the behay;. 


our of 
Bt) = fa — G(t — u))d H (u) as t > oo. 


n=l 
Eaa ition ( I m,)/n? L(n)—> 1 as n—> œ. Hence 
Now m* satisfies the cond GA j 


B(t)jt? L(t) -> 1/p’ as t-> œ. 
Since -1/(t°L(t)) -> 0 as t—> œ, it is true by lemma 4.3.3 that 


(1— Gt) «HS (NHL) >E AT ET 


Here Äi (t) = H(t) — 1. 
Now let 
t i — 
fit) = 1 GU), Me) = PL), XA) = | — Bee — wa Hs 
c= I/y? and Ho*(t) = Hj (t). Then f, h, c, Hi, Xp satisfy the hypothesis of 
lemma 4.3.5. So by (4.3.21), we have 
Hv (t)— Hi(t—2) _ e 
P 2 n 
EUI P | (1 — G(u))du 
0 


for eache > 0, ast> œ. 
Since (1 — G(t)) exp (— 


at) is directly Riemann integrable, it follows from 
lemma 4.3.4 that . 


((1 — G(t)) exp (—at))*H* (t) f (1 — G(u)) exp (— au)du 
=- PO — >~ e ~ a tn. 
p’ | : (1 — G(u))du 


Now 
U — G(t) exp (—at) 


tPL(t) > Oast+0. 


So p result (4.3.12) follows. Hence the theorem is proved 

ne ik bounded a prove the following theorem thatm, and On=E (Can )— Mn 
our of W(t) = Z(t) i As esp Pi number B independent of n. The behavi- 
the-asymptotic behaviour of quadratic mean will be determined by considering 


C,(t, t) = E(Z,(t) Z,(t + t)), as £ > œ. 


We now first S 
ee the : ; ; 
theorem as f- o. asymptotic behaviour of Co(ć, t) in the following 
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Theorem 4.3.7 (Fearn, 1976) 


Ife >0orm> 1, then 
0 í k-1 ) 
Dy c*o, ( m m 
C,(t, Tt) _k=0 Gu : 


h(t, +) (m*)k+1 | T (m)/m)P 


—_—- 
— 
— 


as t> ©, uniformly in t, where 
h(t, t) = exp (2at + at) tP(1 + T)PL(t) L(t + 7), (4.3.27) 


c= lim M,(t)/t? L(t) exp (at) (4.3.28) 
f->00 
and 
œ —1 
m* = | exp (— 2at)d a(t) | (4.3.29) 
0 
Proof | 
We establish this theorem by using the following three results. 
Result I 
For 2 —6, I, 2.,.... 
M,(t) = 1— G(t) + m,(M,4, * G)t (4.3.30) 
Result II 
The following renewal equation holds for n = 0, 1, 2,... and for t, t > 0. 
t 
Ca(t, t) = F,(t, 1) + m, | Cn} (t — u, t)dG(u), (4.3.31) 
where 
t 
F,(t, t) =o, | Masi(t — u) Maaa(t — u + 2)dG(u) 
t+ 
+ mn | Mniy(t + t—u)dG(u) +1 — G(t ++) 
| (4.3.32) 
Result 11] 


For all n, z, t > 0, 


By result ITI, we ma 
Colt, T) 


h(t, z) ~ P(t, 1) + 


y define D(t, t) by 


oo k—1 i 
=, a TT m) f Mra (t — a 9) ON 


CO. 
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It is easily seen that (4.3.26) follows by applying the Lebesgue domi nateg 
convergence theorem to (4.3.34) and using Theorem 4.3.6 for the case ms] 
Next suppose pọ > 1 and m = 1. By using Theorem 5, page 423, Theor 


2, page 421 of Feller (1966), Lebesgue dominated convergence theorem dit 
jemma 4.3.3, we sce that (4.3.26) is true (sec Fearn, 1976). 


Theorem 4.3.8 (Fearn, 1976) 


Under the hypothesis of Theorem 4.3.7, the quantity 
W(t) = Zo(t)/M(¢) 


converges in quadratic mean to a random variable W as t —> œ. 


Proof 
First we note that 
C(t+7,0) 2C,(t+ 7) C(t, 0) 4 
E(W (t -+- 7) B W(t))? = MtF: ck. T)? M(t) M(t + T) T (M,(t))? ( -3,35) 
Using Theorem 4.3.7, we see that the righthand side of (4.3.35) approaches 
zero uniformly in t as t > œ. By the completeness of L,, the Theorem 4.3.8 


follows. 
We now establish the first and second moments for the random variable 


W in the following theorem under some conditions. 


Theorem 4.3.9 (Fearn, 1976) 


Under the hypothesis of Theorem 4.3.7, if W is a random variable as in 
Theorem 4.3.8 and m* is as in Theorem 4,3.7 then 


E(W) =1 (4.3.36) 
y o0 k=1 k+l k 
ar W = [ = op ( pit m;)/m ( II (m sen) | — 1l (4.3.37) 
and a 
Var W >0 if Var Gn, > 0 for some n. (4.3.38) 
Proof 
Now we consider 
EW() — EW = EWE) — wy. ` (4,3.39) 


vergence implies Lı conver ence. Thi 
Minkowski’s inequality, we have "This means that 1 = E(W(t)) = E(N). By 


(Var Wt))y2 _ E(W(t) — w) < (Var Wye 
S War WO + (Ewe) — we, 
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Letting £ -> 00, we have 


|) 


Var W= lim Var W(t) = Jim Cro 


by Theorem 4.3.7. Hence the result (4.3.37). Now assume Var Gy,, > 0 


Then 
kti 
E(W?) = o +- Emm) yx mil ma) 


where 
oO one k 

o= S [Var (Ley) r mjllonteHt ( (m/m). 
k=0 j=0 j=0 


0, o is positive. By Jenscn’s inequality, 


co 2 oo 
m*|m? = ( J e~at ac) / | e dG(t) < I 
0 0 


Thus 1+ Var W= EW’ Do + 1. 
Hence Var W is positive, since o is positive. Thus the Theorem 4.3.9 is 


Since Var €y,, > 


proved. 
NORMING CONSTANTS FOR THE FINITE MEAN PROCESSES 


4.3.10 Theorem (H. Cohn, 1982) 


a as P 
(i) (n/m) (W, + ... + Wice)! ——> 1 as t > œ, where {nx} is a sequence 
of integers, P is the probability measure corresponding to a sequence of i.i.d. 


random variables {W;} assuming distribution function F}. 
(ii) {z(t)/c(t)} converges in distribution to F as t > œ. 
The proof of this theorem depends upon the following results due to 


Harry Cohn [1982]. 

Result (1) 

From any subsequence of {z(t)/c(t)} say {z(t,)/c(t,)} with lim t, = œ one can 
n=>00 


extract a further subsequence, {z(tn )/c(tn )}, converging in distribution toa 
Proper, non-degenerate distribution function F, with F(0) = (lim z(t) = 0). 


$, the Laplace transform of F, satisfies the functional equation 


(u) = [7 h(g(ue**)) dG(x) 


Result (2) 
F is continuous on (0, 00). 


Proof 
Choose t, >t fora given t. By the Markov and branching property of {z(t)} 
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ice ry PCS zul, x(t) < C(t) x| F 
P (Z(t )/C(tn) S X |F) = a Z(tn , X(t)) < C(tn) X| Fi) (4.3.49, 


where Z(t, , X,(4)) is the number of individuals at time ta in the line of desce 
Nnt 


of the individual aged x(t) at time f and 
F, = o (At) Z (the X(t), s Z (ths Xen (tn) 
are, conditional on Z(t), independent random variables, 
For w E {Z(tn') > 9}; 
Z(t) , Z(t) i ; 
PCS Ltn’, X) < C(t’) |F) = PC 2 Atm » AZn) Z(t’) C(t," 
j=l — ` 
<*|Fi). (4.3.41) 


Moreover we note that the ith individual alive at time ¢ was born at time t— x 
and by time ¢,’ his line of descent has evolved for time t, + (t — x,(t)). Using 
this and Theorem 3.5.2 of Kuczek, T. [1980] and passing to limit in (4.3.41) 


we get that for any continuity point x of F 
F (4.3.42) 


, Z(t) 
lim P(Z()/C(tr') < x | Fi) = P ( E e(si0-9 W, < x 
N->CO i=l 


for almost all © € {Z(t) > 0}, where {W;} are, conditional on *,;, independent, 
identically distributed random variables, distributed according to F and inde- 


pendent of {x,(t)}. 
Let us assume now F has a jump point x. Then there exist positive numbers 
{€n} with limit e„ = 0 such that 


n->%0 


lim P(Z(t’)/ Clin") E (Ens Xp + En)) = F%)—F(%—) = 8 > 0 4.3.43) 


By (4.3.42) 
F, ) 


(4.3.44) 


lim P(Z(tn')/C( tn’) = (Xp — En, Xp 4 en) | F)) = (= eX(xj(t)—t) W; = Xo 
j=] 


for almost all w € {Z(t) > 0}. 
W ° ° 
e can find some constants {B(t)} with lim B(t)= œ such that lim P(Z(t)E 
f->00 f->oo 


(1, B(t))) = 0. Then (4.3.43) and (4.3.44) yield 
F.) dP (4.3.45) 


$= lim | 0) _ 
free d (Z0) > BCN) P(È CO W; = xo 
The proof . . 
ofthe Aa oof of (4.3.45) with ò > 0 is impossible by using some properties 
Let Q(X, x) ae Pre > sums of independent random variables. 
n <S y + x) be the concentration function of 
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CL 
O(Sh, L) < o Pa ~ ina 
| 20-90% 20) | 


{X;} being independent random variables, 

trary number in the interval (0, L). 

It is easy to see that, for Q(S,, L) to be bounded away from 0 it is neces- 

sary that Q(X), 22) goes to 1 as i-> œ. However this is not the case for the 

sums that appear in the right hand side of (4.3.45). 
If we assume g> 0, then Qer- WM, L) < 

fact that eet*)-) > 0, 


If q = 0, the logarithm of 


where S,=X,++...4.X,, 


Cis a universal 
constant and A an arbi 


max (q, 1 — q) using the 


exl- Wy, 
turns out to be a sum of two independent random variables 
a(x(t)— t) + log W;. 


It is known that concentration function of a sum of independent variables 
is smaller than the concentration function of one of its components, say log W;. 
Since by result 1, W, is a non-degenerate random variable, this property 
implies that the concentration function of 
log {et@@—-*) Wi} 
stays away from 1 and so does the concentration fu 


nction of e—Na p, 
Thus 
Z(t) 
lim P ( E eD- W, = x, ¥,) =0 
too i=] 


almost surely and (4.3.45) is invalidated. 
Thus we get a contradiction, and this finishes the proof of Result 2. 


Result (3) 
For any s>0, lim C(t + s)/C(t) = ew 
f->00 


Result (4) 


Suppose that F,’ is the c-algebra generated by {Z(s): S < t}. Then for any 
continuity point x of F 


lim P(Z(th’)/C(tn') <x | F) 
n->oo 


= PEW, +... + Eao lt) Way < xe" | F,) 
almost surely, where &;(t) = e-*7i), yi(t) being the excess life of the ith particle 
alive attime 1, i.e. the time elapsed from ¢ to the death of particle aged x,(t) at 


time t; W,,..., War are identically distributed random variables assuming the 
distribution F,, where 


s AND ITS pSTIMATION 


ANCHING pROCES 
KOX) = 1 and F* (x), 


84 BR 
co . 
s g POP I 
H Š x d 
e ~ g are con e,e 
kth convolution of F. Wo e” Wzit) iona N 
for kei is the | 
dom variables. 


independent ran 
defined by the equation 


> 
Result (5) ne a random variable 
n(t)(Wi +: + Wz) 


Let »(1) . 
AOLA oo ee Eecr(t) Wzn = 
Then nN 
lim EM Fi) = Z any 
o< (f) < land lim A H12) = m 
where 
n= f” e — G0) dum f; uasta), 
0 
Result (6) 
n< œ: W,1<j< ©} are nonnegatiy, 


Suppose that {Xni 1 < i <”, 1< 
for any n and i, and {W}} are iid 


independent random variables, Xn < 1 

Write 

Ur = p> Wi, i,= >> Xni Wis a — > Xni 
j=1 i=1 i=1 


and A(n) = {Vn > na} for a certain à > 0. Then there exists a constant ‘a’ with 
0<a<na such that for any x >0, P({Tn > x}/A(m)) > P(QU ny) > x), where 


v = (à — a)/(1 — a) > 0. 


Result (7) 
pacar m I < i<nl<n< _0;W;, 1 <j < co}are nonnegative 
random variables, X,;< K for any n and i, K being a positive 


constant, and {W} are i.i 
: t, and {W;} are iid. Assume further that there exist a sequence of 
_ Integers {n,} and a positive constant c such that V [My -> c as k -> œ and 
that for a sequence j l 
of norming c = 
g constants {by}, Un,/b, > u as k—> œ, p being 


a positive constant. Then T,,,/b Á 

the class of rand i nk/bk —> cu as k—> co uniformly with respect to 

she class of random variables {Yn} defined above (i y p 
uniformly for any e > 0). le. P( | Tn [bn — cu| >) 


ial of the Theorem (4.3 10) 

onsider two arbitrary sa, 

a 

e ry sequences of positive numbers {ta} and {sn} with lim fn = 

n->oo and then extract a sub i t 
sub-sequence of {fa}, say {t,'}, such thal 


{Z(tn’)/C(t,’)} co . 
fee) auchiha: pai In distribution t 
i CA , oF and 
F = H and this naa )} converges in distrib = subsequence of {sn} say 
l clearly imply (ii). 10ution to H. We shall prove tha 
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Since the proof of (ii) involves expressions of the type considered in (i), 
(i) and (ii) will follow simultaneously. 


We know that F and H are proper non-degenerate distributions and by 
Result 2, are continuous on (0, œ). Choose a number y > 0 with the property 


HY + 3,) — H(y— 8) > 0 
for any 8,, 8, > 0 and write 
Au = {Z(u/Cu) E Y — èa y + 8,)} 


and 
T Ziu m E1(u) W, ere F Ez(u) Wz) 
By result 4 
lim PZC) > x} Any) = | Pz > xexp (ast) Fay) AP 
Ay, 
(4.3.46) 


for any x > Oands>0 


lim PEZ V/C) > 23 Aguas) = | P(Taoyess) > x exp (alst S) | Foz) AP. 


Asp its 
(4.3.47) 
Result 2 and the continuity of H imply 
lim P(As, AA, 45) = (4.3.48) 
k->co 


for any s>0, A being the symbol of symmetric difference of two sets. 
(4.3.46), (4.3.47), (4.3.48) and Result 5 yield 


lim | | P(T2(s,) > X exp (ask Y| F sy) dP — | P(n(s;’ + 5) SZ(sprts) 
=>00 


Sh’ As prts 


> X EXP (A(S + I)|F sy+s)dP J- O (4.3.49) 


where S, =W, +...+W,,. 

Extract now from {sę} a further subsequence, say {sk}, such that 
{S1c(sy2)]/EXP (asx’’)} converges vaguely, under P, to a limit distribution D. F rom 
(4.3.46) through (4.3.49) one gets 


lim PQZ(ty’)/C(tn’) > x} Asy) 


> | PCs” -F s) SiCCspor+si(u-31)1/EXP (Sk) exp (as) > x | P ii ae s 
A | 


Sts 


(4.3.50) 
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roper distribution and assumes 
finite 


(as) C(SK Vy ss 81). If 3 is ch 
distribution of Ste “Osen 
5h+8) 
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sve that D is a p 
yt s\(y— 5,) ~ exp 


(4.3.50) will help to pré 
r, the limit in 


mean. By result 3, C(s 
such that exp (as) 18 an intege 

ow 4 
"exp (as) as k» oo, under P, turns out to be Sfoxzp (arxy-syy/exp a 


m of niid. copies of a random variable assuming distri ; 
stribų. 


f sve 
arge numbers we sec that (Serp (an) Exp (asy 
D (as); 


Take s — ©. ; 
converges almost surely to â constant v. This implies that {S* exp (as)(y—2 
y=} 

exp (as)} converges almost surely to (Y — 5,)v. Next we show that y js fini 
| , le, 
Since lim EMCS +S) | Fares) =n, almost surcly and the variables {NCI +5) | 
->00 ) 

by 1 we can deduce that there must exist £ wi 

with, 


(may 


exp (a8) 
where Sf is the su 


tion D. 
By the law of | 


are positive and bounded 


0O<B<n,andy>0 such that 
lim inf P(n(se’’ +5) > B | F spits) > ¥ 


k—>oo 
almost surely. 
This is a simple consequence of the elementary inequality 
E(X) < z + P(X 22) 
for any random variable X with 0 < ¥ < landO<z<l. 


It follows that 
lim inf P@(Sk” + S$) Sporspetsy(y—sy1/eXP (ASK) exp (a5) | F spritsa) 


> y almost surely. (4.3.51) 


If v = œ, (4.3.50) and (4.3.51) imply that for any x > 0 
lim inf lim P((Z(te!)/C(ty’) > N Asu) 
> YH (y + 8,) — H(y — 8,)) (4.3.52) 


From (4.3.46) and (4.3.49) we get 
lim sup lim P({Z(tn')/C(tn') > X} N Asy) 


< lim su 
< lim sup PCn(sk” + 8) SIC( serns)(y-404)1/ 


Asarts 
EXP (asg) exp (as) > X|F prs) lP. 


e [1s 
k-roo [C(syrr4-s)(¥4g)]/OX 7 
Anons 3 p (aS, ) exp (as) > x | F ,pn4s)dP. 


= P(St p (as) ( 
l exp (as) (y48,)}/EX 
Since Serp (as)/exp (as) LE P) > 2) (HO 3) — H(y—3)) (4.3.53) 
¥ aS S > œ with y finite we deduce that 


* 
S [oxp (43) (y4dg))/eXD (as) > vy +8 ) 
+ 84). 
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Thus for x > v(y + 8,) the last term in (4.3.53) is null and 


lim lim P({Z(tn')/C(tn’) > x}N Aspe) = 0, (4.3.54) 
k->œ0 n>% 
for x > v(y + 8,). (4.3.46) and (4.3.54) together imply 
lim | P(Tz¢syn)/€XP (28¢"") > x | Fqqn)dP = 0. (4.3.55) 
k>oco 
A 
Spit 


Assume, by way of contradiction, that D(x) > 0 for any x > 0. If 
A= n/m — e, 


e being a positive number with n,/m — £ — a > 0, then by Result 6, 


| P (Tz(s,1)/€XP (aS,7) > x| F eat 


As), 


> | P(Teapalenp (ese) > XI MZise)) | Fsy)dP 


Assis 


> | P (aS tc¢syey(r-any XP (aSk) > x) P(A(Z(Su") | F syn P 


A rji (4.3.56) 
Since E(E(t) | Fi) = V(x (t), 


Z(t) a.s. 
E(> Ei(t) |F.) |Z) = V,/mZ(t) ——>n,/m 
=] 
as too. By the law of large numbers 
| z(t) 
P |E EDIZ) — n/m > E17.) > 0 a.s. 
i=1 


for any e > 0. This implies that P(A(Z(sx”)|F,,,,) => 1 as k> œ and by 
(4.3.56) 
lim . ti 
kow Int | Pie (sgr) EXP (aSk ) >x | F syu)dP 
Asin 


> lim P(aSicisymo-amlexp (287) > x)(H(Y + è) — H(y—8,)) (4.3.57) 


We know that {Sicjs,,»)/exp («5,,,)} converges in distribution to D under Ë 
and since the sum Sicis,~)] Consists of i.i.d. random variables, it follows that 
D(x) >0 for any x >0. This implies that the last term in (4.3.57) is positive 
for any x > 0 which contradicts (4.3 55). Thus D has finite interval support 
and since it is infinitely divisible it has to be constant (Feller (1971), p. 177), 
Therefore D is the distribution of a positive constant vy. 


Next it is to be proved that v does not depend on the choice of the sub- 
sequence {s,}. For this assume 
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(FO + £) — FOE) — FUL — £)) > 0 

for all e > 0, by a reasoning already uscd in the proof of Result (2), 

Result (4) and the total probability formula yicld 


F1 + 8) = lim [PeT zewnlexp (as) <13 | F dP 


= jim ( [+ J+ f) nm 
Bk C Dk 
rhere | 
where By = {Z (sl WC(sx'") < (vm/m)(1 + 8) — £} 


Cr = {(¥n,/7)(1 + 8) — € < Z2(5,"")/C( 54") 
< (vam) + 3) +a 


and 
Dp = {Z(SK" )/C(Sk”) > (vn,/m)(1 + 8) + £} 
By result (7) 
lim [P(Tzek/exp (ask) < 1+8 | Fay) 1B, — ls] = 0 a.s. 
k->oo 
l z, (4.3.59) 
where I, is the indicator of the set B,, and 
lim [P(T. ZisplCXP (asp) << 1+ 8| F, 
k->æ 
By the continuity of H 
lim lim sup Í P(TzZesynlexp (ask) < 1+8 | F 5 n)aP = 0. 
e>0 k->œ 


Ck 
and (4.3.59), (4.3.60) and (4.3.61) used in (4.3.58) yield 


FA + è) = H((vn,/m)(1 + 8)) 
We can take è = + 7 with y > 0, so that F(A — 9) < F(1) <F(1+ n). By 
result 2, F and H are continuous, and hence 
F(1) = H(vn,/m). 
But F(1)=H( 1) by the definition of {C(t}. It follows that vn,/m=1. Thus 
v=m/n, and since v is independent of the subsequence {S,}, Theorem 4.3.10(i) 


follows. 
On the other hand, vy = mjn, implies F(x) = f(x) for any x> 0 and this 


finishes the proof of T heorem 4.3.10. 


y)1p,] = 0 almost surely (4.3.60) 


(4.3.61) 


Theorem 4.3.11 (Harry Cohn (1982)) 
Let {Z(t)} be a Bellman-Harrigs process with lifetime distribution G, G(0) = 9, 
offspring distribution {Pr} and | < z "Pr < 00. Then there exist some norming 


constants {C(t)} such that lim 7 
{C()} such that tim Z(t)/C(t) = W a.S., where W is a random variable 
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where h is the generating function of the offspring distribution {p,}. 


Proof 

We first prove that for an arbitrary sequence {fy}, {Z(tn)/C(tn)} converges 
almost surely. By Theorem 4.3.10(ii), {Z(t)/C(t)} converges in distribution to F. 
Hence we can replace f, by ¢ in (4.3.47), 5;/" by s in (4.3.58), (4.3.59), (4.3.60) 
and (4.3.61) and deduce that 


F(x) = lim lim PQZ(O/C(t) < x} N{Z(s)/C(s) < x}). 
f->00 §-P00 
If An) = {Z(tn)/C(tn) < x}, we have a situation identical to that described 


in the proof of Theorem 1 of Cohn, H. (1977) (p. 75). Thus there exists an 
event A(x) such that 


A(x) = lim {Z(ty’)/C(ty') < x} a.s. 


for a subsequence {t,'} of {fa}, where a.s. convergence for a sequence of events 
{Cn} to C is defined by the property P(CA lim sup C,) = P(CA lim inf C,) = 0. 
n-> %0 n->oo 
By result (4) and result (7) 


r 


lim P(A(x) (F in) = lim P(m/n,)( W, Sees Waeu,»)/e%tn <x|F,,) (4.3.62) 
It is easy to see that by the Markov property of {Z(t)} 


P(m/n,) (W, +... + Wap) lerta < x | he) 


= P((m|n,)(W, + ... + Wzq,)lettn < X|F in) a.s. 


where h,, is the field generated by the random variable Z(tn). Also by the 
martingale convergence theorem 


lim P(A(x)|Fi,) = Lay a.s. 
n->oo 
Therefore, 


lim P((m/ny)(W, +... + Wem) [e%!n < x | Ren) = Lag a.s. (4.3.63) 
n=>09 


Thus we have reached a situation of the kind considered in the proof of 
Theorem 1 of Cohn, H. (1977), (4.3.63) being a sort of asymptotic Markov 
Property that suffices to prove a.s. convergence. 

In view of Theorem 4.3.10(i) and remark 1 p. 80 Cohn, H. (1977) the 
Conditions of Theorem 1 of Cohn, H. [1977] are satisfied and it follows that 
(Z(t,)/C(t,)} converges almost surely. 

Take {n3, n > 1} for the sequence {fn} for any è> 0. The almost sure 
convergence of Z(t + s)/Z(t) to e as t -> o implies 


lim Z((n + 1) 8)/Z(nd3) > 1 as. n-> œ 


Which in conjunction w 


ith Result 3 yi 
Surely as t-> œ. This c tes the roar ca eed} converges almost 


ompletes the proof of Theorem (4.3.11). 
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(Harry Cohn (1982)) 
the assump tions of Theorem (4.3.11) are satisfied. Then 
then E(W) < © and C(t) ~ e, a 
( y being t he 


Theorem 4.3.12 


Suppose that 
(i) If E rlogr Pr< 
rei 
Malthusian parameter. 
then L(x) = | POV > 4) du is a sl 
( owly Varying 


(ii) If Er log r Pr < ©, 
oo, E( WP) < oo for any B < 1, and C(t) ~ e” L(e%y, 


function, E( W) = 


Athreya (1971), 27 log rp, <œ if and only if 


Proof 
dom variable whose distribution satisfies th 
e 


According to a result by 
EW)<0, W being a ran 


functional equation 


gt) = | he uee) dG). 


But E(W) < œ implies E(W) = mE(W) < œ and combini 
4.3.10(i) with the classical law of large ae C(t) ~ pag ney: eile 

On the other hand E(W)= œ in the case Fr (log r) p, = œ is an alee 
consequence of ¢(t) and the above mentioned result by Athreya (1971 ediate 

Choose now a sequence of positive numbers {t,} with C(t) = n am 


Result 8(i) implies 
(n/m) (W, +... + Wa)lerin 5 l as n —> © 
a property which is usually referred to as relative stability of the seque 
nce 
{W}. By a result of Feller (1971), (Theorem 2, p. 236, see also the foot note) 
5 note 


the relative stability of {W,} is equivalent to the slow variation of 


L(x) = | udF yu). 


(4.3.64) 


But 
L(x) = 5 i (r) 
( ) Bo f uaF Pr 


Z > plr) {~ . 
= Fx) rp, f udF(u) ~ mL(x), 
on using the Laplace tran 
sform. Thus L(x) i 
same result of Felle 5 a(x) is also slow! 
The a a above {W} turns out to be bine —— 
p. 236 of Feller ( 1971) yi i tne norming constants given b Panen 
yields in this case that C(t,) = ext ‘Lin glory hey 
n) = e*'n/L(m|n, e*n). Since 


C(t + 5)/C(t) > es ag ty 5 
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C(t) = e*/L(m/n, e) ~ e/L(e“) for t > 0. 
l Finally it is seen that L(x) < x(1—F(x)) implies E(WP?)< œ for any B<1. 
This completes the proof of Theorem 4.3.12. 
The property E(W®) < œ for B< 1 parallels a result given for the simple 


branching process by Dubuc (1971). An alternative proof can be found in 
Seneta (1974), 


The methods of Dubuc (1971) and Seneta (1974), however, do not seem to 
apply in the setting of a Bellman-Harris Process. 


4.4 CRITICAL PROCESS 
For the critical case, Chover and Ney (1965) have shown that if hn’) < œ 
and 1 — G(t) = o(t-§), then 
lim t P(Z(t) > 0) = 22,/h'(1), (4.4.1) 
where ov 
RE | tdi). (4.4.2) 


| 
Goldstein (1971) has improved the above theorem by assuming that the 


second moment is finite. His results under second moment assumption are 
stated belcw. 


Theorem 4.4.1 (Goldstein, 1971) 
If m = 1, œ = h''(1) < œ, M < œ and t?(1 — G(t)) > 0 as t-> œ, then 
ik Exe —sjyt+ | =E] = (4.4.3) 
uniformly for O < s < 1. Here A(s, t) is defined as in (4.1.1). 
Theorem 4.4.2 (Goldstein, 1971) 


Under the hypothesis of the above theorem 


lim |? (Fay) >x|Z(t) > o] =e*,x>0. (4.4.4) 


Weiner (1965) proved the following result assuming the existence of all 
the moments. 


Theorem 4.4.3 (Weiner, 1965) 


Let m, = 1, h''(1) > 0, h(1) < œ, n =2, 3, ... and 0 < N < ©. Then 


|] 
lim Mali =r’ (4.4.5) 
n->oo 
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where 
b == 22,/h'"(1). 
Esty (1975) has shown for 0 < c < | that {Z(ct)/kt| Z(t) > 0, conve, 


distribution to the sum of two independent random exponential Variable E ip 
means c and c(l —c) as t -> 0. Here k = 0°/2)4. S With 
Recently David L. Quigg (1978) has proved for a critical age-depeng 
è if 
branching process Z(t), that there exists a constant A, > 0 such that “nt 
1? P(Z(t) = k) = A, as t > œ fork > 1. 


Let Z(t) denote the number of particles alive at time ¢ of a critica] age 
dependent branching process with Z(0) = 1. For the Galton-Watson procen 
it was shown by Kesten, Ney and Spitzer (1966) that hii 

n?P(Z (n) = k) > cp as n—> œ 
and that the c,’s form the coefficients of the power series solution to a certain 
functional equation. David bas considered the critical age-dependent branchiny 
process Z(t) and proved the local limit theorem for it by analysing the asymp- 
totic behaviour of the probability P(Z(t) = N) for any fixed N > last o, 

Let G(t) represent the distribution function of the life length concentrated 
on (0, œ) with density g(t). Let p, denote the probability that the dying 


parent particle will branch into k offspring particles. Let h(s) = 5 D% and 
k=0 
A(s, t)= È P(Z(t) =k) s* fort > 0 and |s|<1. Assume po + p, < 1. 
k 


David L. Quigg has proved his main result in the following theorem. 


Theorem 4.4.4 (David L. Quigg, 1978) 


Consider an age-dependent process generated by h and G. Suppose the offspring 
distribution has period 1, mean one, and > p;,k?*® < œ for some § > 0. Suppose 
G has mean u and second moment V. The density function g(t) has a continuous, 
integrable derivative, bounded at 0 and is o(t-*). Further, assume that the integral 
over [1, œ) of t? (log t) g(t) is finite. Then there exists a sequence of constants 
A, such that 


lim t? P(Z(t) = k) = Ag, k = 1, 2, 3, «.. 
t->0o 


Proof 
The generating function A(s, t) satisfies the following integral equation 


A(s, t) = (1 — G(t)) + f h(A(s, t — y)) g(y) dy. (4.4.6) 


Differentiate (4.4.6) N times with respect to s,0<s< 1. By putting 5=0 
and dividing by N!, we get 


P(Z(t)=N) = v(t) + | WCAC, t — y) PZC — y) = N) g0) D 
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where vy(t) depends on P(Z(t) = 1), ..., P(Z(t) =N — 1). By using equation 
4.4.6 we can show that 


h'(A(O, t)) = 1 — 2u(t + 2u) + O(t-2-*) (4.4.7) 
provided 1/5>8>0. 
We put Wy(t) = h'(A(0, t)) P(Z(t) =n). We see that Wy has the same 


first order asymptotic behaviour as P(Z(t) = N), and satisfies an equation of 
the form 


O(t) = U(t) + (1 — 2p(1 + 2u)! + f(t)) (0*2) t (4.4.8) 
where f(t) = 0(¢-1-®) and U(t) is a bounded forcing function. The integral 
equation (4.4.8) has been considered by Quigg (1978) in a separate paper and 


we have stated his final result here. For further details one may refer his pape 
(1978). . 


Theorem 4.4.5 (Quigg, 1978) 


Suppose g(y) = O(y) is the probability density function of a distribution on 
[0, co) with finite mean u, second moment and third moment. Also g has a conti- 
nuous integrable derivative, bounded at zero. Suppose U(t) = 0(t-*) is a bounded 
forcing function with (i) t? log t| U(t)| integrable on (1, œ), (ii) U(t) is continu- 
ous (iii) U is of local bounded variation. Suppose f is continuous and of local 
bounded variation and further f is such that 


0<y(t)=1— y(t + 2+ A <1. 
Let 6 denote the unique bounded solution to (4.4.8). Then there exists finite A 
such that t?0(t) > A as t > œ. Moreover if U is non-nega:ive and if 
{t: y(t) > 0} and {t: U*g(t) > 0} 
are two Sets whose intersection is non-empty, then A >0. 
For the proof of Theorem 4.4.5, one may refer to Quigg (1978). 


By using Theorem 4.4.5, we now prove the Theorem 4.4.4. Since g is 
differentiable, A(s, t) is differentiable in t. From (4.4.7), we see that 


y(t) = k (A(O, t)) 


satisfies the conditions of Theorem 4.4.5. i 
The hypothesis on g in Theorem 4.4.5 are weaker than those of g in 


Theorem 4.4.4. Hence to apply Theorem 4.4.5 to Wy(t), we need only to show 
that : 


Un(t) = h'(A(0, t)) v(t) 


is a forcing function satisfying the condition of Theorem 4.4.5. We prove this 
by induction. | 


Case 1: For n= 1, we have 


W(t) =h'(A(O, t)) (1 — G(t) + (AQ, t)) (W, *2)(t)). (4.4.9) 
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Let U, be the forcing function in (4.4.9). Since 
i t3 log t g(t)dt < ©, 
1 


we have . 
f 13 log t U,(t)dt < | 2 (log t)(1 — G(t))dt < 0. 
J 1 
Also 
0< lim £2U,(t)< lim 1771 — G(t)) = 0. 
f->co t->0o 


As both /'(A(0, ¢)) and 1 — G(t) are differentiable, U, satisfies the other condi. 
tions on the forcing function. Finally y(t) = hk'(A(0, t))>0 for those ; for 
which G(t) >0, and U, *G is positive on a subset of {¢:G(t) — G,(t) > 0}, By 
Theorem 4.4.5, there exists 4, >0 such that £? W,(t)—> A,. Hence 

t?P(Z(t) = 1) > A, as t—> œ. 


Case 2: Suppose the statement S; holds for k= 1, 2,..., n— 1, where S, jg 


such that 
(1) p(t) = P(Z(t) = k) is differentiable in ¢ 
(2) there exists Arx > 0 such that t?p(t) > A, as t -> œ. 


We prove that the statement S; holds for k =n. Eaa 
Let D(n, i) denote the set of sets of i distinct positive integers adding to 


M, [X = (Xs Xp,..., X) is a typical member of D(a, i)]. Now v,(t) can be written 
in the following form 


n i 
va(t) = [, 80) EH) (A(0,t—y)) È as È px(t—y)dy (4.4.10) 
0 i=2 D(n, i) j=l 


for some positive constants a,. Thus we have 
W(t) = U,(t) + h'(A(O, t)) (Wn * g)t (4.4.11) 


for U,(t) = h'(A(0, t)) v,(t). 
We can easily see that U, satisfies the other conditions of forcing function 


in Theorem 4.4.5. Therefore we see | 
oo co t/2 t 
[je logt vdt < T, [tose ([ +f sone —»+ 1+ ay) at 
1 0 t/2 
<T, | t log t(16(¢ + 2)-#+ 1 = G(t/2))dt < œ 
1 
and 


O Şt? U,(t) < t? T,[16(¢ + 2)-4 + 1 — G(t/2)]>0 as t > o. 


Where 7, is a suitable constant depending on hs) and A(s, t) [see Quigg, 


1978]. 
Finally, v, is a convolution of differentiable functions. Hence vn, Un, Wn 


are differentiable. Applying Theorem 4.4.5, the inductive statement holds. 


Hence the proof of the theorem is complete. 
It can be noted that Quigg (1978) has proved the main theorem 4.4.4 by 


using the following result due to him. We now establish his result in the 


following way. 
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Theorem 4.4.6 (Quigg, 1978) 


Consider the age-dependent branching process generated by (h, G). Suppose the 
offspring distribution has mean one, variance o?, p, Æ 1, and for some 8, 1/5>8 
>0, E p; k+? < 0. Suppose further G has finite first three moments u, Y and p. 
Then 


h'(A (0, t)) = 1 — 2p(t + 2p)-* + o(t-*”). 
Proof 


By using comparison lemma due to Goldstein (1-71) given in p. 141. Athreya 
and Ney (1972), it is easily seen that there exists M < œ such that for all t, 


—M < t+°[1 — A(0, t) — (2u/(o?t + 2u))] < M, (4.4.12) 
(See Quigg (1978)). 
Thus 1 — A(0, t) = 2u(o? t + 24-1! + o(t-}-). 
If we show that 
e(t) = h'(A(0, t)) — 1 + 6%1 — A(O, t)) = oft“), 
then the proof of the theorem is complete. But 


e(t) = È rp, [(4(0, t))"-? — 1 + (r — 1)((1 — AQO, £))] 
= (1 — A(0, t) 2 rp, 7 (1 — (A(0, t))). 


We split the sum into two sums from 2 to [t] and from [ft] + 1 to œ denoted 
by S; and S, respectively. Then 


(t) r—2 i-1 
O< S, = t (1 — A(O, t)? Erp, È = (AO, 0Y 
r=2 i=l j=0 
(e) 
< t148(1—A(0, t)? (1/2) È p, (r — I(r — 2) 
r=2 


Q 
<t —4(0, t)? 2 p, P” 
r=2 


which remains finite as f—> oo. 
In S, we have for t >r, 


0 < th? Sa < t1+3 (1 — AO, £)) > Prr(r — 2) 
r=(t]+1 


<«1—A(0,t)) = p,rt?->Oast>o. 
r=[]+1 


Hence e(t) = o(t-!-*), 
Thus the Theorem 4.4.6 is proved. 
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THE AGE-DEPENDENT SINGLE AND MULTI-TYPE PROCESSES 
(Single Type) Process 
nt process with offs p 
ith a no 


11 — G(t)) = 0. 


The Age-dependent 

Let Z(t) be an age-depende de p function . 
satisfying A(1) = 1 h(l) < i n-lattice Hie ume distributiop 
G(-) having mean p and such that lim 7 


Let 


oo and W 


Fis, f) = Es2©), 


Then 
Fs, t) = s(1 — G(t)) + f, h(E(s, t — y)) dG(y) (4.4.13, 

This equation has a unique bounded solution which is necessarily a generati, 
d Ney (1968) or Goldstein (1971)) 


function. Furthermore (Chover an 
lim 1(1 — F(0, t)) = 2 h” (1 


Goldstein (1971) further proved that 
. fA") 1— F(s, t) | _ 
lim [> a-9:+1]| l- s |=: (4.4.15) 
uniformly for 0 < s < 1; from which it follows easily that 
(4.4.16) 


P{(Z(t)/t) > Z| Z(t) > 0} = exp [—{2p/h’’(1)}Z] 
A proof of (4.4.16), which does not rely on (4.4.15) is given below 
Following Lemmas are needed for this purpose. | 


LEMMA 4.4.1 

(a) Leth bea ti j j , — ” 

Se vinin. Phim dine sot function with k'(1) = 1 and h'(1) < œ, and let «> 0 

l . 1 there exist polynomial generating functions f and 

f'a) =2'(1) = 1 nd g such that 
(b) Ifh 6S I) < HN) <8") <A) + 

PAP va g ae any generating functions such that h'(1) = g'(1) = 1 and 

) < œ, then there exists an So < 1 such that os a 
h(s) < g(s) for s <s <1. 


Proof 
Part (a) involves e] i 
elementary manipulations. From the Taylor series for h and 
i ies for 4 a 


g, it is seen that 
g(s) a h = ” 
‘plying b). (5) 4(s— 1)? [e" (1) — h''(1)) + o(s — 1)? 


LEMMA 4.4.2 
Let H(s, t) and G 
i (s, t ) be th ° 
© generating functions of age-dependent processes 


associated with 
offspring generating functions. h 
» A and g such that 


h'(] = , a 
(1) = g'(1) = 1, 0< k”) < 91) < o: 
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each having definite distribution F(-). Then there is an s < 1 such that 
A(s, t) < G(s, t) for s5< s<1,0<t. 


Proof 
Let Ho(s, t) = G,(s, t) = s > s, and define the iterates 


Anes, 1) = stl — FO) + |Ý hE, t=) FQ), n > 0. 


and similarly for G,(s, t). It is known that (see A.N. Chapter IV) that H,(s, t) 
converges (uniformly on compact f-sets) to the solution of (4.4.13). Similarly 
for G. By lemma (4.4.1) (b) for So < s < 1 it is seen that 


So < H (s, t) = s (1—F(t)] + f h(s)dF(y) 


<s[1—F()] + | (AFO) 


= G(s, t) 
Proceeding by induction, suppose that 
So S FA,,(s, t) < G,(s, t) for WISI, 0< t. 
Then for such s and t 


So S Any,(S, t) = s [1—F(t)] + j h{H,(s, t—y)] dF(y) 


< s[l—F(t)] + | “AIG,(s, t—y)) dF(y) 
< s({l—F(t)] + f g[G,(s, t—y)] dF(y) 
= Gnz,(S, 1). 


This proves Lemma 4.4.2. 


Proof of (4.4.16) 

Suppose that / is as given in the first paragraph of this title and any given 
e > 0, let g(s) be the function whose existence is guaranteed in Lemma 4.4.1(a). 
H and G are again generating functions of the associated processes. Since the 
G-process has moments of all order, one can (following Weiner (1965)) differen- 
tiate through (4.4.13) n-times, obtain a renewal equation for M,(t) = E(Z"(t)), 
and conclude that 


M(t) ~ n! [g"(1)t/2u]"*; 
and using (4.4.14), that 
i 2u 20" } — yn! 
lim E ¢{ ——~.—-} | Z(t) > 0} =n! 
um (ran > (t) 
This implies that the distribution of Z(t)/t, conditioned on non-extinction, 
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‘converges to an exponential with parameter 2p/g"(1) (refer Weiner’, Paper 


for details). 
Expressed in terms of the generating function, G, this says that 
Saia G0, t) -( 48 y, 1 > 0 
lim i eon TUTA 2 d (4.4.17 
But for h and g in question, A(s, t) < G(s, t) for 5% <3 <1 and hence 
for such s, a little manipulation shows that 
G(e-', 1)—G(O, t) t[1—G(0, t)] 4 1 — TG, ty 
<S 1—G(0, t) t|] —/1(0, £)] t= HO, t) 
(4.4 1%) 


H(e>>", t)—H(0, t) 
1—A(0, t) 


Recalling that (1) < g"(1I) < A") + £, (E arbitrary) and using (4.4, 14) 


(applied to H and G) and (4.4.17) in (4.4.18), it is obtained that 


, H(e-™', t)— H(0, t) 1—2 A'"(1)\- 
lim sup —_HO,t) t) 2p 


A similar argument applies to the lim inf, and this implies (4.4.16). 


LEMMA 4.4.3 
Under the hypothesis of Lemma (4.4.2) there exists a ty < © such that 


H(s, t) < G(s, t+%4)for0qs<10<t. 


Proof 
Since G satisfies (4.4.13) with 4 replaced by g 


G(s, t + t) = s [1—F(t + to)] + |, ++ Ai g[G(s, t + t—»)] dF(y). 


Since G(s, t) > s, the last term is > s[F(t + t,)—F(t)] and hence 


G(s, £ + 4) > SI-A] + | 816l, t + ty) dFO). 


Now let sọ be as determined by Lemma 4.4.1 and choose t, such that 
G(0, to) > 5p. 


Then 
G(s, t) > G(s, to) > GCO, to) > s for t > th. 


Take H,(s, t) = s < G(s, t + t). Proceeding by induction, suppose that 


H,(s, t) < G(s,t+%) fr 0< s< 1,0 <t 
Then 
t 
Anu(s, t) = s[1—F(t)) + | hIH,(s, t—y)] dF(y) 
0 


< s{1—F(t)] + f AIG(s, t + t%—y)] dFO) 


= sl Fr + th + [sary + [f AGG, t+ 4-9] FO) 
i (4.4.19) 


j 
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But if 0 < y < t, then G(s, t + t)—y) > s% and hence 

h[G(s, t + t—y)] < g[G(s,t + t.—y)] forO< y SF. 
Also, s < G(s, t + t—y) < g[G(s,t + to—y)] 
Substituting these facts in (4.4.19) it is easily seen that 


Hass, t) < SIEC + ty) + [8160s t + y) dF) 


Ei | eG(s, t + t)—y)] dFO) 


= G(s, t + 4) 
This proves Lemma 4.4.3. | 


The multi-type age-dependent process 


LEMMA 4.4.4 
Let H and G be the generating functions of critical processes having the same 


lifetime distributions F(i) and having offspring generating functions h and g with 
the same mean matrix M and with second moments satisfying 


qi, j; h) < q*(i, j; 2), i,j,%=1,...,p. (4.4.20) 
Then there is an 55 < 1 such that 
So < H(s, t) < G(s, t) for <s <1,0 <t. 


Proof 
Let s, be the point whose existance is guaranteed by Lemma (4.4.5)(b) which 


goes as follows: 


LEMMA 4.4.5 
(a) Leth be an offspring generating function mean matrix M, e = 1, and finite 
second moments q\*\(i, j, h) and let e > 0 be given. Then there exists polynomial 


generating functions f and g with the same mean matrix M, such that 
Qi, j, Ne < gi, j; f) < gO, j; h) 
< Qi, j; 8) < qi j, h) + e 
(b) Zf h and g are generating Junctions having the same mean matrix M 
with ep = 1 and if 


qi, j; h) < qr, j, 8), i j, & = 1, 2,..., P, (4.4.21) 


then there exists a point (Sas Sa.» Sop) = So <1 such that sy < h(S) for 


S<s<1;0< n. 
Then So < h(s,) < h(s) < g(s) for S Ss < 1. 
Let H,(s, t) = G,(s, t) = s, and define the iterates H,(s, t) and G,(s, t) as 


before. 
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Then for 55 <s< 1, 
Sa < A,(s, t) = s[1—F()] + f h(s)dF(y) 
0 
< s{I—F(] + |  8()dF() 
= G,(s, t). 


Proceeding by induction, suppose that 
Sa < Ha(S, t) < Gils, t) for So S $ <S 1,0 < £. 


Then for such s, 
t 

s < Hla, t) = R] + f h{H,(s, t—y)] dF(y) 
t 

< s[1—F(t)] + i M{Gys, t—y)] dF(y) 


t 
< SILFO] + f elG,(s 1—9) FO) 
0 
= Gnp (s, t). 
Hence the Lemma 4.4.4 is proved. 
Theorem 4.4.7 (P. Ney, 1974) 


Assume that h has finite second moments, that F® is non-lattice with mean u; and 


that 
t? [1—FO(t)] > 0 for i = 1,..., p. 


Then 
lim P{Z“(t)/t > Z | Z(t) > 0} = exp {-—Z-(u—pyv)? max Z;/vjp) 
t=>00 1Sj<pP 


where Z = y-Q[u] with 
leer. 
Qos] = 5 È È qO, j) sisp a = Lye P 


i=1 j=1 
and 
Ols] = (QMI[s],.--, QPS) 
Proof 
Goldstein (1972) has shown that 
(4.4.22) 


lim ¢ P{ZO(t) > 0} = F(u- vuu; 
t->0o . 
For h as given in the theorem, and given any £ > 0, take 8 to be wv end 
nomial generating function whose existance is guaranteed by Lemma i y 
Then all moments of the corresponding process exist and Weiner (1970) 
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shown by his renewal and moment argument that 


. GeNt, t) — GMO, t) (A- vu) I ee 
re 1— GOO, t) =|: + Z(8) (u. vu)? ( STe ) 


Finally take są as determined by Lemma (4.4.4). Then for e™! > So, 
H(e-™', t) < G(e-*#, t) 


and | 
HO eM, t) — HMO, t) — Ge, t) — GO, t) tH — GOO, )) 
i—H*0,) <  1-G®O,n) “ql —A%,D) 


t[1 — G0, t)] | 


Thus by (4.4.22) and (4.4.23), 


Het, t) — HOO, t) 
lim sup 1— HOO, 1) <jl+ 2 


But 


k N Z (8) (2) 


¥(h)/ZF(g) > 1 as e > 0. 


Similarly a lower bound can be obtained for as € —> the lim in f. Thus 


He", t) — HOO, t) =|1 + 2h) — QP) 


lim T= HOO, t) um] 


t-> 


This proves the theorem. 


EXTINCTION PROBABILITY FOR A CRITICAL GENERAL 
BRANCHING PROCESS , 


Crump and mode introduced a general branching process that serves as a 
stochastic model of a reproducing population. It starts with a single individual 
born at time t = 0. Each individual J appearing in the population lives a ran- 
dom length of time ZL; and at random ages tfh, t... gives birth to offspring 
that behave in a similar fashion, but independently of all the other individuals. 
N(x), the number of offspring born to J in the age interval [0, x], is determined 
by randomly stopping an arbitrary counting process K;(t) at t = L;. The pairs 
(K;(-), Lr) are assumed to be independent and identically distributed for 
different J’s but L; is not required to be independent of K;(-). 
Let 


N; = Ni(o), 
F(t) = END}, 
G(t) = PIL < t] 
Z(t) = population size at time ¢, 


= number of individuals in the nth generation, 
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m = Ef{ě%1}» 
g? = Var (&1)> 
u(s) = {s*}. 

When J is the initial individual, the subscript Z will be Omitted fr 
above notations. Note that {čna} is a Galton-Watson process, Ņ on. the 
m= E{N) = F(0o). . . Sı and 

When m = F(co) = 1, the general branching process is called critical, 
that in this case F is a probability distribution on [0, oo). ‘ Note 


Theorem 4.4.8 (John M. Holte, 1974) 


Assume that F(o) = 1, o < œ, and that 
a =Z j tdF(t), 
vee I. (2) (4.4.25) 
t?[1 — F(t)] > 0 as t -> œ (4.4.26 
t?[1 — G(t)] > 0 as t -> œ. (4.4.27) 


lim tP[Z(t) > 0) = 2ac~. 
t->00 


Then 
under the additional hypothesis 


This theorem was proved by Jagers [1973] 


that for some constant c, 
1—G(t) < c{1 — F(t)], t > 0. 


Proof 
The proof of the theorem is got by suitably modifying the proof of M. Goldstein 
[1971] (Theorem 1.1). The important steps are stated in the following results 


(1), (2) and lemma (4.4.6). 
Let K) = PIZ(t) = 0), dn = Plén = 0). 
Let + denote convolution and F*® be the distribution which puts mass | 


at t = 0, and let 
t+ 
p**a) == | F*(t 2 y) dF(y), n > 0. 
Jo- i 


Result (1) (Jagers, 1973) 


For n= 1, 2, 3,,.. and t> 0, 


=E) < t= 41) <= GN E F'O): 


Result (2) 
If F is probability distribution on [0, œ) such that 


0<a=s k tdF(t), 
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fe] — F(t)]) > 0 as t > œ, 
and if 0 < e < 1, then: 


(a) If n = {1 + e)t/a], then 
lim 4F*”(t) = 0. 


[-po0o 


(b) If n = [l—e)t/a], then 
lim *(1—F*"(t)) = 0. 
{->co 


LEMMA (4.4.6) 
Suppose F and G are probability distributions on (0, œ), 


0<ae | ” dF(t), (4.4.28) 
0 
t?[1—F(t)] > 0 as t> œ, (4.4.29) 
t?[1—G(t)] > 0 as t > ow. (4.4.30) 
Suppose 0 < e < 1. If n = [(t/a)(1—s)], then 


t[1—G(-)] * E F*(t) > 0 as t > œ. 
j=0 


Proof 
l—e 
= —] 
Let =] fe’ t = 40, 


Then F(t) < 1 and 0 < at <t—7 < t for sufficiently large t. Write 


[1—G(-)] ney F*i(t) = T F [1—G(t—y)] dF*/(y) 
j=0 j=0 J0- 


n=] (at+ n=] ft-7 4+ a—l ft+ 
-EEI 
j=0 Jo— j=1 Jatt j=l Jt—at 


= S, +S, +S, 
n=1 fat+ 

Si =E (C -60-9 dF") 
=0 J0- 


< n[1—G((1—«)t—)] 
= 0 (t-!) (t > œ) 


when n = [(1—e)¢/a], by (4.4.30). 
Next note that if M is a positive integer, t > t > 0 and F(t) < 1, then 


M-1 ; _ F*M(t) . 
Ff {F* (t)—F*i(t—r)} < TF) (4.4.31) 
M=. (t+ 
because [1—F*™(t) = > | [1—F(t—y)] dF */(y) 
J=0 Jo- 
M-—1 ¢t+ 
z [1—F(t—y)] dF*(y) 
ah 


imQ Jt—@ 
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| M—1 (t+ 

> [l—F(t)] 2 | dE *)y) 

j=0 jJt-r4 4 


n=l (t+. 
S, =<: 2D | l—G(t— df *s 
3 ; 4 [ 1( y)\ Í (y) 


j=1 -r 


Hence 


— Í t-+- 
T dF *i(y) 


j=0 (—-T+ 
|—F*"(t) 7 
= -—— Z 0 í J t —> 0 


when 7 = [(1—e)t/a], by Result 2(b). 
Let 1 < p < 2, and note that (4.4.30) implies 


Lp = F tP dG(t) < œ. 
0 


Similarly, (4.4.29) implies a < œ. 
By Markov’s inequality, 


1—G(t—y) < ——— 


(= P 
and so, letting k = [(t—«t)/t], 
s S t—T+ dF 
< TJ 
"jai | a+ (f— J 0) 
n—1 k t—rr+ 
< Up >> >> | (t—y)-? dF*i(y) : 
J=1 ral J t=—(r+1)r+ 
St k F*{t—rr)—F*(t—(r £1)9) 
< D ee ee a 
a r=] (rt)? 


k l 
= up 2 TF 2 ' (F*{t—r1)— F*i(t—rtr—1)} 


k 1 1—F*"(t—rr) 4.4.3] 
e agp i OAD 


2 1 IE at) O OaE o) 
Se? mP IAA o=) (t > 


when n = [(1—e)t/a] = [(1—}e (at)/a], by Result 2(b). 


/N 


Proof of Theorem 4. 7 8 By — (1) 
4.432) 
-  (l- ~Gn)— = T pant) < = 1—0), l 


o*t o*t ot _ n=l jit). (4.4.33) 
7g [1 —4(t)] < aa (1—@n) + 7a [1—G(-)] he? F*i(t) 


Let n = [(1 + £)t/a] in (4.4.32), and let n = [(1—e)t/a] in (4.4.33). 
Using Result 2(a) and Lemma (4.4.6) and the result 
lim $ o°n (1—q,) = l. 
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of H. Kesten [1966] yields 


2A < lim inf ot ` ott 1 
moo mma (1—q(t)) < lim sup Ja (1—q(t)) < I: 


from which the theorem follows. 


Critical Multi-type Branching Process 


For N denote the positive integers, let S = {1, „d3 XN, S° = {1, ...d}x {0}, 
S” = the nth cartesian power of S, and % = U S”. FJ is the set of possible in- 


n=0 
dividuals : (i,, 74; ...3 ix, mc) E J labels the nth type i; offspring of ... the nth 
type i, offspring of the initial individual. A may be decomposed as PUUS 
where £; is the set of possible type i individuals. 

We assume that to each I € ¥ is associated a triple (Ay, Éz, Xr) of a random 
entities: àz, a non-negative random variable, represents the lifespan of J; €z, a 
vector of d point processes ér, j on [0, œ), represents the birth process (Éz, ;([0, t]) 
=€, j(t)=the number of type j offspring born to J during age interval [0, t]); and 
Xz is a stochastic process giving a ‘measure’ or ‘count’ of J as a function of age 
Xı(t)=0 for t < 0). We assume that the triples (àz, Ér, X7), I € J, are stochasti- 
cally independent, and that for i=1, 2, ...d the triples (Ar, Ér, Xr), I E€ 4;, are 
identically distributed. Let P’ denote probability, given that the initial individual 
is of type i, and let E’ denote the corresponding expectation. For random varia- 
bles, write A! for Ag, o)» Ej or &; for Eu o,j, x(t) for xu,o(t) etc. Assume that. 
P'(yi(t)=0)=1 if i Æ j, so that the type j count of a type i individual is 0. We 
also make the following assumption: each x; is a nonnegative stochastic process: 
Pi(y(t) = 0 | N < t)=1, so that we do not count individuals after their deaths; 
and Pi(E;({A‘, 00)) = 0 = 1, so that individuals cannot give birth after death. 

The Process we study is X‘\t)=(X,(t), ..., Xa(t)), where ' denotes transpose, 
and 


y(t) = È y(t — or) 
IEj 
where o; is the time of birth of J. If <0} is of type i, i.e. if the original indivi- 
dual is <i, 0>, then we may write Xj(t) for X,(t). One important special case is 


the case where Xy is the indicator of [0, Ay]; then X(t) = Z(t), the population 
size process. 


Let mi (t) = E¥(E,(t)) and m(t) = [ni (t)], a dxd matrix of distributions. 


Theorem 4.4.9: (J.M. Holte, 1982) 


Let (i) m(0o)? > 0 (component wise) for some p © N. 


(ii) m(œ) has largest eigenvalue 1. 
(iii) mi(0) < mi(œ) for some i, j 
(iv) m(co) — m(t) = o (t-?) as t -> œ 
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(v) each mt) is a non-lattice distribution 
Let Efst} = m(oo)s, 
qik = E"E,(00) & (00) — Sér) i, hk, 


Assume that E'(xi(-)), i = 1, 2, ... dis directly Riemann integrable, Ei(yicyypy , 
bounded and tends to 0 as t > œ, “and X(t) is almost surely almost evens. is 
re 


continuous. Then for i = 1, 2, ...d. 
lim P! {7X0 < shed = exp | — max = 
t-> l<j<d € 


where e =wOl Ewo, 
8 = vuu = ZS Viu uj, 
Q =v- q[u] 
qi (u) = EX qip wur. 


Renewal Theory 
Notation: If A and Bare matrices of measures and f is a vector function, 


then 
— | k i k _ k 
A«B(t) T [2 ak *b, (t)], a, *b, (t) =|, b, (t— y) a, dy 


and 


Axfit) = E d + HO 4 +H =| He») ai dy) 


Renewal theorem 4.4.10: Let A = [aj] beadxd matrix of measures Satisfying 


the condition 


(i) A(co)? > 0 (Componentwise) for some pE N 1 

(ii) (00) has largest eigenvalue 1 | 

(iii) Aj(0) < Aj(co) for some i, j $ (4.4.34) 
(iv) A(0)— A(t) = O(t-?) as t> œ | 


(v) Each A;(t) is a nonlattice distribution 


and | tA(dt) < oo. Let f(t) be a direch Riemann integrable d-vector function. 


Then the renewal equation r(t) = fit) + Axr(t) hae a unique solution r(t) which 


is bounded on finite interval, 
This solution satisfies 


r(t) > 6 |" fo) dy as t > œ 


where B = B-"[u/v;], where u and v’ are the unique right and left eigenvecto! 
of A(co) with eigenvalue 1 such that v-1 = 1 and v-u = 1, and 
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B= y’ | ” tA(dt)u. 
| J0 l l 
Let U(t) = 2 Ant), the renewal equation U(t) < œ ¥t by lemma 4 of 
Ryan (1976). 
COROLLARY (4.4.1) Under the assumptions of the renewal theorem 
U(t) — U(t — h) —> hB as t > œ y h > 0, and (4.4.35) 
t-1U(t) > B as t > œ (4.4.36) 
Renewal Lemma (4.4.7) Let A be a matrix of measures on [0, ~) satisfying 
the condition (4.4.34) and F tA(dt) =u < œ. Consider f is a bounded measur- 


able vector function on [0, œ) such that f(t) -> 0 as t > œ and lim | Ñy) dy 
0 
exists. Also assume r(t) as the solution of the renewal equation gi 


r(t) = f(t). + A*r(t) (t > 0) 


that is bounded on finite intervals, and that lim r(t) exists finitely. Then 
t->00 
eS t ea 
lim r(t) = (v'pu)-v! lim | f(y) dy u. 
l->39 t->oo 0 


Proof : 
Let r(00) = lim r(t). From the renewal equation, we get r(0o) = A (œ) r(co), 


whence r(co) = ku for some constant k. 
From the renewal equation again we get 


v'(r(t) — A*r(t)) = v' f(t) 
Writing A(t) = A(oo) — (A(t) — A(œ)) and using v’ A(co) = v’, we get 


v't) = v'(A(00) — A(+))*r(2) 


By integration, 
f foray = f va) = ADO) dy = v f (Ao) — dQ) ax- Ño) 
Therefore, 
v lim | jo) dy = v F xA(dx) r(co) = v'pr(oo) 


upon integration by parts. 
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Since r(oo) = ku, this implies 


k = v lim f I) dy 
sendin 16 v'pn 
Whence the formula for r(co) follows. 
CorRoLLARY (4.4.2) Under the same hypothesis as renewal lemma, but With 
the vector fand r replaced by matrices F and R so that ii 
R(t) = F(t) + A+ R(t) (t 2> 0) 


we have 


j 
lim A(t?) = B lim | F(y) dy, 
[—co t->% 0 


where B =[w'v,]/v'pu. 
4.5 SUB-CRITICAL BRANCHING PROCESS 


imit 


In the sub-critical case because of ultimate sure extinction we have a | 
tiii, 


theorem only for conditional probability. 
In this connection we have the following theorem due to Ryan (1968). 


Tbeorem 4.5.1, (Ryan, 1968) 


If m, < 1l, ÈZ jp;log j < 0, «exists and Malthusian parameter « exists and 
, | 
| e dG(t) < œ 
0 


then 
(4.4.7) 


lim P(Z(t) = k | Z(t) > 0) = br 


exists for all k > 1,2 kb, < œ. S by 7 © 
1 


If the Malthusian parameter « does not exist, the limit distribution of 
(4.5.1) will be degenerate (i.e. b, = 1). This was shown by Chistyakov (1964) 
for small m, and by Chover, Ney and Wainger (1969) for any m,. Kurtz and 
Wainger (1973) have constructed an example for the case when « does not exist 
and further shown that the Yaglom limit need not exist at all. 

Earlier we have introduced, in section 4.2, the sub-exponential family 
S(d): Chover, Ney and Wainger (1969) have proved that when m, < 1 and 
G(t) E G(d) then 

EZ) = m(t) ~ EO i a o (4.5.2) 
=m, 

In this connection the following theorem due to Ryan (1968) is relevant, 
though it is obvious for botb sub-critical and Super-Critical cases. 
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Theorem 4.5.2 (Ryan, 1968) 


Let m Æ 1,0 < y = k'(q), | e- dG(t) = 1, G(t) is nonlattice such that 
Jo 


N t e% dG(t) < œ, then 


0 


lim e-*"(q — A(s, t)) = Q(s) (4.5.3) 


exists for 0 < s < 1. O(s) =0 if and only if m, < 1 and jp; log j < œ. 


4.6 INTEGRALS OF BRANCHING PROCESSES 


Recently attention has been given to the study of integrals of the form 
t 
Y(t) = | Z(y) dy. (4.6.1) 
0 - i 


If a virulant bacterium is injected into a host at time t — 0 and Z(y) denote 
the number of bacteria living at t, then Y(t) can be regarded as total number 
of toxine produced in (0, t). 

Puri (1969) has studied the integrals of a Markov Branching process and 
Jagers (1967) studies integrals of Bellman-Harris branching process. In this 
context Pakes (1972a) has proved the following theorem. 


Theorem 4.6.1 (Pakes, 1972a) | 
Suppose m, = 1, h"(1) < œ, A, = [i dG(t) < œ and t?(1 — G(t)) +> 0 then 
0 


P(Y(t) < PZ | Z(t) > 0 > Fe), (4.6.2) 


forz > Oas t > œ, where 
| i e-ozdF(z) = 24/y0/b cosec h(2/y/b), (4.6.3) 
J0 


b = 2h" (1)/M and 2y = h'"(1). 

Puri (1966) observed that the total amount of cell segrations, either depo- 
sited or remaining in the medium on the depth of the cell is proportional to 
_ the life length of the cell. Wainger (1969) has studied the asymptotic behaviour 
of the sum of ages of those cells whose life time is A 2 


4.7 CONVERGENCE OF THE AGE DISTRIBUTION IN THE ONE 
DIMENSIONAL SUPER-CRITICAL AGE-DEPENDENT 
BRANCHING PROCESS 


An important and useful aspect of age-dependent branching process is the 
limiting behaviour of the distribution. If for any family tree w 
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Z(x, t, w) = number of objects living at time ¢ with age <x a 

and Tl) 
A(x, t, w) = Z(x, t, w)/Z(00, t, w), 47 

then the asymptotic behaviour of the random distribution function 4 k 


(.,¢ n) 


as t-> œ is of practical interest. This is well defined only if Z(t, w) =. Zlo., 
ae sW) 


does not go to zero as f > œ. 
Because of ultimate sure extinction for the sub-critical and critica c 


the age distribution A(., t, w) does not exist for these cases. That js why, th, 
interest is centered only on the limiting behaviour of age distribution for the 
' the 


super critical case. 
Harris (1963), page 154 has studied the asymptotic behaviour of the ran 


dom distribution function A(., t, w) as £ -> œ for the super-critical cage. He 
showed that if the off-spring distribution {pj} has a second moment ang the 
life time distribution G(.) satisfles certain regularity Conditions then A(., t, w) 
converges to a deterministic distribution 4(.) with probability one. AN 
(1969) improved this by dropping regularity conditions on G(.) but having a 
second moment condition on {p;}. 

Athreya and Kaplan (1976) have studied the age distribution fora super- 
critical Bellman-Harris process and proved that it converges in probability to 
a deterministic distribution under the assumptions slightly more than finite 
first moment. If the usual j log j condition holds then the convergence can be 
stregthened to hold with probability one. The theorem proved by them are 


given below. 
Theorem 4.7.1 (Atbreya and Kaplan, 1976) 


Let {pj} and G(.) satisfy the assumptions:1 < m == j Pj <0, p, = 9, 
G(0 +) = 0 and G(.)non-lattice. Assume either of the two additional conditions 
given below hold 

(a) inf ~=V(y) > 0 (Supp G = Support of G) 


ye SuppG 
or 

(b) 2 pj log j < w. 
Then 


Sup | A(x, t, w) — A(x) | > 0 as t > 0 


where A(x, t, w) = Foy if Z(t, w) > 0, (4.7.3) 


V(y) = mı | i ean dG;(u), (4.7.4) 


G ne 
G,(x) = EE 0), x>0,y>0 (4.7.9) | 
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and 


f e~ auc] yini G(u)) du 


A(x) = oo 
f e-(] —G(u)du 


Theorem 4.7.2 (Athreya and Kaplan, 1976) 
When È p;j log j < œ, the convergence stated in Theorem 4.7.1 can be streng- 
thened to hold with probability 1, i.e. 
Sup | A(x, t, w) — A(x) | > 0 with probability 1 as t > œ. (4.7.6) 

Since A(.) is continuous and A(co) = 1 we can always find è > 0 and a 
positive integer N such that 

Sup | A(x, t, w) — A(x) |< € + Sup | A( JÈ, t, w) — AC jè) |. (4.7.7) 

x l<j< F 


Hence the Theorems 4.7.1 and 4.7.2 are consequences of the following 
two theorems. 


Theorem 4.7.3 (Athreya and Kaplan, 1976) 
Under the hypothesis of Theorem 4.7.1 


P 
A(x, t, w) ——> A(x) as t > œ (4.7.8) 
for each fixed 0 < x < œ. 


Theorem 4.7.4 (Athreya and Kaplan, 1976) 


Under the hypothesis of Theorem 4.7.2 
A(x, t, w) > A(x) as t > 00 with probability 1 for fixed 0 < x <oo. (4.7.9) 


We first prove the Theorems 4.7.3 and 4.7.4 then the Theorems 4.7.1 and 
4.7.2 follow immediately. 


We use the following three lemmas to establish Theorem 4.7.3. For the 
Proof of last two lemmas, see Athreya and Kaplan (1976). 


Lemma 4.7.1 
Let m, = N e—(1 — G(t)) dt/m, k e—“dG(t), 
0 
Then 
sup ( | My(x, s) e-* — m, V(y) A(x) | (4.7.10) 
Y 


| M (0, s) e~s — m, V(y) |) > 0 ass > o. 


where My(x, s) = E{Z,(x, s, w}. 
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Proof . 
By using the integral cquation satisfied by M,(x, $), namely 


M,(x, 8) = I(x — y = 9X — G(s) + f mM, — ud Glu) (45, 
(8 s 4.1) 


where J(u) = 0 if «<0 and equal to one if u 20, we see that the n, 
(4.7.10) is truce. sult 


LEMMA 4.7.2 
Fix0 < $ < œ. Then 


~ 1 
= Zin [Zi(x, 8) — Mui(x, 5)] > 0 (4.7.19) 


in probability as t > œ. 


LEMMA 4.7.3 
Assume that either 
(a) inf V@)>0 
yEsuprG 
or (b) 2p;jlogj < œ. 
Then for every « > 0 there exist an y > 0 such that 


lim inf P(V,| Z(t) >n) > 1—e. 
t> 


Proof of the Theorem 4.7.3 
By additive property of branching process we can write 


Z(©,1, w) 
— Z(Xx,t + s, w) = > Zx (t, w) (X, sS, W). (4.7.13) 
i=l 


Here {x,(t, w); i = 1, 2, ..., Z(oo, t, w)} is the age chart at time ¢ and Zs» 
(x, s£, w) denotes the number of object of age < x at time (t + s) in the line 
of descent initiated by the particle of age x,(t, w) at time t. It is well known 
that {Zxr w(x, S, w); i = 1, 2, ..., Z(o, t, w)} are independently distributed. 
Further if x(t, w) = y, then the conditional distribution Zaict, w(x» S, W) 18 the 
same as Z,(x, s, w). We shall rewrite (4.7.13) as 


Z(t) | 
L(x, t+ 8) = È Zx(x, s) (4.7.14) 
=1 


From (4.7.14) we have the identity 


-as ,. 1 4, | 
eUZ) Zx, t + s) = Zt) 2, Fa, 9) — Mx, (x, s) e 


1 z“) | | i 
+ zp, 2, Marx, ser —n, You ADN VZO 


= a(x, s) + b(x, s$) + c, A(x), (say) 
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where (i) n, is a suitable constant, (ii) M(t) = E(Z(t, w)), (iii) M(x, t) = 
E(Z(x, t, w)) and (iv) V, = i V(x)d Z(x, t, w) = “Ss” V(x1). 
0 ec 

Trivially, = 
a(x, S) + b(x, s) + c; A(x) 
aco, $) + boo, s) + c; 
Using (4.7.16) and lemma 4.7.1, 4.7.2 and 4.7.3, the Theorem 4.7.5 follows 
Immediately. 


The proof of Theorem 4.7.4 depends crucially on the following two lemmas. 
The first lemma is got by strengthening lemma 4.7.2, 


A(x, t -+ s) = 


LEMMA 4.7.4 l 
Let ÈX P; log j < œ. Then for each $ > 0 and integer m. 
j=l 


LS iz 3) — Mz, (x, mè] > 0 
Zn a | x; (x, ms) — xı (X, ms)] > 


with probability 1 as n > oo. 


Proof fy 
The above lemma follows immediately from the theorem due to Kurtz (1974) 


and Borel Cantelli lemma. 


LEMMA 4.7.5 

Let È p;jlogj < œ. Then for every ò > 0 lim zn 0 with probability 1. 
n->00 

Proof 

Let 8 > 0. It follows from the Theorem 4.7.7 that lim e-*"® Vaa = W’ exists 


i n—->00 
with probability 1. 
In lemma 4.7.3, we see that P(W’ > 0) = 1. Hence it is enough to show 


that 
lim sup e-*”® Z(n8) < œ with probability one. 
N->oo 


By using lemmas 4.7.1 and 4.7.4 and the fact that lim eV, converges with 


n=>oo 


probability one, we have the result (4.7.18). Hence the lemma 4.7.5 is proved. 
From (4.7.16) and by using lemmas 4.7.1, 4.7.4 and 4.7.5, we have the 
following theorem. 


Theorem 4.7.5 7 
Let > p,j logj < œ then fix0 <x < 0,8 >0. There exists a set E of pro- 


J 
bability one such that 


A(x, n3, w) > A(x) as n > © (4.7.19) 


for every w in E. 
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Taking 8 and x range over positive rationals and noting that A(x) 
tinous in x, we get the following theorem. ) is Con, 
Theorem 4.7.6 
Let È p; j log j < 0 
everyw E E 


then there exists a set E of probability one SUCh th 
at for 


p(A(., 75, w), A(.) > 0 (4.7.29) 


for every positive rational §. Here ọ is the usual Levy metric. 
From Theorem 4.7.6, we have the following corollary. 


COROLLARY l. Let Xp; j log j < oo. Let R(-) be any bounded real valy 
function [0, 00) and continuous almost everywhere (with respect in sein 
measure) on the support of G. Then there exists a set E of probability One jet 


that for w € E 
| j h(x)d A(x, nò, w) > | S h(x)d A(x) 
0 0 


for each positive rational 8. | 
The following corollary 2 is got by strengthening of corollary 1. This 


corollary is an immediate consequence of Theorem 4.7.2. 


COROLLARY 2. Under the hypothesis of 4.7.2 
I h(x)d A(x, t,w) > | s h(x)d A(x) 
0 9 


with probability one for any A(-) bounded and continuous almost everywhere 
on the support of G. 


Proof of the Theorem 4.7.4 
We now give the proof of the Theorem 4.7.4. Wecan easily check the following 


inequalities. For è > 0, nẹ < t < (n+ 1)8, 8 < x < œ 
Zínð) Z(nð) 
Z(x — $, nd) — 2. ni S Z(x, t) < Z(x + č, (n+ 18)+ Ff ww 


where ni = number of objects that die by time (n + 1)8 in the line of descent 
initiated by a particle of age ‘x; at time n8 (x,, Xa» -.-, Xzins) are the ages of the 
particles at time nò). 
Thus 
Zo + 5 (n + 198) Z(n+ 198), 1 2 
A(x, 1) AOEDD Z ZB) ™ 
Z(nd) ° 
Dee 
Znd) 2, 7 


From lemma 4.7.4, we see that 


7 Z(n8) 
(2(n5))"[Z((n + 1)8) — Z Mzi(c0, 3)] > 0 with probability 1 
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and 
1 os ) 


Z(nd) t= 
By corollary 2 of Theorem 4.7.6 


l 
lin =< 
ae (nŠ) i= 


2 ni E(ni)) -> 0 with probability 1. 


= Mx,(8) = | M,(8)d A(x) = (1 -+ 1,(3)). 


Since E) < cGx,(8) for some constant c independent of x,, we have 


| ZOP 


lim n SUP Z) 2 E(ni) < ef G(3)d A(x) = r,(8) with probability 1. 


Here (8) > 0 as ò 4 0 for i = 1, 2, .... 


Thus 
lim sup A(x, t) < ANE EnA + n) with probability 1. 
t-> 2 


Letting 5 | 0 we get 
lim sup A(x, t) < A(x). 
f->30 


By similar argument, we get 
lim inf A(x, t) > A(x). 


Hence the Theorem 4.7.4 is proved. 
They have also shown in the following earen that V,(w)e-™ isa martin- 
gale. Hence V,e~“ converges with probability one. 


Theorem 4.7.7 (Athreya and Kapalan, 1976) 
The family {V{w)e-*', t > 0} is a martingale. 


Proof 
It is enough to show that 


ett V(x) = E{V,(w) | the initial particle was of age x}. (4.7.21) 
Let us denote the right side of (4.7.21) by A(t, x). Then 


h(t, x) = V(x +t) (1 — G,(t)) +m] h(t — u, OdG (in). (4.7.22) 


Consider (4.7.22) to the case when x = 0. We write h(t) = e-* h(t, 0). Then 
we get 


h(t) = V) (1 — Ge- + RC — u)d G(u), (4.7.23) 


116 BRANCHING PROCESS AND ITS ESTIMATION 


where dG(u) == mje" dG(u). 
Since å = 1 is the only bounded solution of (4.7.23), we conclug 
h(t, 0) = e*. Hence (4.7.22) gives (4.7.21). Thus the Theorem 4.7.7 ic i thay 
3 Proy 
ed, 


Theorem 4.7.8 (Athreya and Kaplan, 1976) 


Under the hypothesis of Theorem 4.7.2 
lim Z(t, w)e* = Ww) exists with probability | 


{—> oo 


and P(W(w) > 0) = 1. 


Proof 
The function V(x) has the same discontinuity set as G(.) and hence satisfies 


the hypothesis of corollary 2. 
Thus under the hypothesis of Theorem 4.7.2 


V/Z, = | V(x)d A(x, t, w) > | V(x)d A(x) = n> w.p.1. (4.7.24) 


By Theorem 4.7.4, V,(w)e-“ isa non-negative martingale and hence CONVerges 
with probability 1. We call this limit W’(w). From (4.7.24), we have 

lim Z(t, we = no W’(w) = W(w). 

t-> 
This proves Theorem 4.7.8 in view of known result due to Athreya (1969a) 
that W(w) is non-degenerate at zero if and only if X pj log j < œ. 


SINGLE- AND MULTI-TYPE GENERAL AGE-DEPENDENT 


Branching Process 


A general age-dependent single-type branching process is a random process 
{Z(t, w), t > 0} which can be taken intuitively as follows: Z(t) represents the 
number of individuals alive at time t ina population descended from a single 
individual born at f= (the ancestor) and which evolves according to the 
following rules; each individual <75 appearing in the population lives for 4 
random length of time L; and at random times during its life and possibly 
after its death gives birth to offspring; the behaviour of each individual is in- 
dependent of all others; if individual <I> is born at time Tr, the random func- 
tion N;(x) r Cpresenting the number of offspring born to (J) in the time interval 
[t1, t+ x] is a regular counting pocess, possibly dependent on L; but inde- 
a of q7; the joint distribution of (Li, Ni(x); x > 0} is the same for every 


The a , 
ena. rgument of Doney, R.A. (1972) shows that F(s, t) = E(s )} 
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t N(t) 
f(s, t) = [ace F(s, t—t)| L = y} dG(y) 


Jeg f E Nii) 
, ue Fs, t—t))| L = y} dG(y) (4.7.25) 


where G(y) = P{L < y} and 1) — inf (x: M(x) > j}, j= 1, 2.. 


.. Assume 
(a) G is anon-defective probability distribution on [0, œ) with G(0+)<1; 
(b) F(A) = E(N(A)) is a Borel measure; 
(c) F(t) = B{N((0, t])} has F(0+) <1. (4.7.26) 


It follows from (4.7.26, c) that Z(t, w) is regular. Let M(t) = E(Z(t)); 
then from (4.7.25) it is seen that M(t) satisfies the renewal equation 


M(t) = f M(t—u) dF(u) +1—G(2). (4.7.27) 


Consider the supercritical case, when 1 < m = F(+00) < œ and assume 
that the Malthusian parameter « exists which is the real number such that 


j e% dF(t)=1. (4.7.28) 


LEMMA 4.7.6 | 
If Z(t) is supercritical, F is non-lattice, and « exists, then 
(i) a< o> M(t) ~ ae“ as t—> œ, 


where a= F (1—G(t)) e-* dt/e is positive and finite. 
0 
(ii) po = œ > M(t) = 0(e*) ast > œ. 
Theorem 4.7.9 (R.A. Doney, 1976) 


Suppose Z(t) is a supercritical g.a.d.b. p. such that « exists, ua < œ and define a 
random variable Y by Y = i e-%* dN(x) so that E(Y) = 1. Then W(t) ——>W 
not identically zero iff i l 

E{Y | log Y |} < œ (4.7.29) 
When (4.7.29) holds W has medi 1 and ¢$(s) = E[e"] is the only Laplace- 
Stieltjes transform of a non-negative random variable with mean one satisfying 


A) =E R (se) | (4.7.30) 
jul | 


When (4.7.29) fails W(t) + 0. 
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Proof 
The proof follows by the arguments of Doney, R.A. (1972), Ganuza, £. and 


Kaplan, N. (1975). 


Multi-type processes 


A p-type g.a.d.b. p. Z(t) can be described as follows. The jth. component of Z(t) 
represents the number of individuals of type j alive at time ¢ in a Population 
which consists of individuals of p-types and which evolves according to the 
following rules: 

The population consists initially of Z, individuals of type j, for j=], 
2,..., p, each being of age zero; the behaviour of each individual is independent 
of all others, an individual ¢7> born into the population at time 7, lives a 
random length of time L; and at random times throughout its lifetime and 
possibly after its death gives birth to offspring of various types; the random 
function N;,; (x) which represents the number of offspring of type j born to 
<I in the time interval [t,, tr +x] is a regular counting process; the joint 
distribution of {N7(x); x > 0, Lı} (where Nz; (x) is the jth component of N;(x)) 
is the same for every individual <Z> of the same type. 

Denote a typical {N (x), x < 0, Lr} by {Ni(x), x > 0, L} when <I> is of 
type i and N;;(x) = jth component of N(x). Assume 


(a) Gi(t) = P{L; < t} is a non-defective probability distribution on [0, œ) 
with G(0+) < 1, fori=1,..., p; 

(b) F(A) = E(N;;(A)) is a Borel measure for i, j = 1,..., D; 

(c) Fit) = E(N;,([0, t])) has F,(0+) <1 for i, j = byes De 


Introduce the matrix m with entries 
mj = E{N,;(00)} = Fi;(00) < œ. 
Make the assumption that m is strictly positive. 


Definition 1 

Z(t) is supercritical if either 
(i) ||m||< œ andp>1, 

or : 


(ii) ||m||= + œ. 


Definition 2 

Suppose the real number « is such that m(x) has finite entries and a simple, 

maximal eigenvalue 1. Then « is called the Malthusian parameter for Z(t) 
Also consider the matrix u(s), whose entries are given by 


U4y(s) = f test dF, (t) < o0 
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When «@ exists w;(s) = — mS) for s > a, 


Ui (@) = lim — m;,(s) 
S-> Q 


Clearly when (i) of Definition 1 holds I| u(a) || < œ, and when (ii) of 
Definite 1 holds || u(«æ) || can be finite or infinite. Set A( ) = {1 — m(s)} (I being 
the identity matrix). Then A(«) = 0. In fact « is a simple root of A(s) = 0 and 
A'(S)s=x > 9, So A(s) > 0 for all s > a. Thus for s > a, I — m(s) has a unique 
inverse denoted by A(s) and A(s) can be written as 


A(s) = y(s)/A(s) 
where y(s) is the adjoint of J— m(s). 


Since I is a simple eigenvalue of m(a), it follows from the Perron-Frobe- 
nius that y(s) is positive and moreover, y; (œ) = cni}, where ) and ~ are the 


left and right eigenvectors of m(«) normalized so that n> = 1, andcisa 
positive constant. 


When the initial population consists of one individual of type i, write 
Zt) for Z(t) and denote by K}/(t), the total number of type j individuals born 
in [0, t] which are of the nth generation and whose ancestors in generations 
I to n— 1 are not of type j. Then set | 


K;;(t) == K® (t)and <= inf {x: K(x) > n} n=1, 2,... 


and H;(t)=E(K;j,(t)]. Under these notations, Doney (1976) proved the follow- 
ing theorem. | 


Theorem 4.7.10 


Suppose Z(t) is a supercritical p-type g.a.d.b.p. such that « exists, ll x(a) || < © 


and F;; is nonlattice for j = 1, 2, ..., p. Let W(t) = e~“'Z(t) and define random 
variable Yi by 


v=" e~%x IN, (x), i, | = P cosy D 
Jo 


D 
Then W(t) —» W not identically zero iff 


sup  E{Y; | log Y; |} < œ; (4.7.31) 


l, j=1, cory P 


P Š 
when (4.7.31) fails, Wt) —> 0. Furthermore, let W(t) be the vector with 
components W,,(t) = Z, i(t)/a,; eœ. Then, when (4.7.31) holds, W(t) converges 
in distribution to W, = np’ Wil, 1,..., 1), where E(WF) = ni and 4(u) = 


E [exp (— uW ;)] is the unique Laplace-Stieltjes transform of a non-negative 
random variable with mean ni Such that, fori = 1, 2, ..., p and u = 0. 
Nik(oe 


(u) = E{ i1 n "bul exp [—ati(n)]) (4.7.32) 


=1 
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Proof p E | 
7.31) is a NASC for Wilt) ——> Yu not identica 

To show that (4% ‘ew of the following results viz. ly Zeto, 


for i= L 2, so pdn YI 


eT is a one-type g.a.d.b.p. specified by 
{Kji(x), x > 9, Lj}, i = 1,5 D 

(i) Forj#i Zu) = Ž Zet — th) 
n: tiy St | 
where {Z‘"(x), x > 0} are i.i. d. copies of {Z (x), x > 0} 


Result 2 
Let v;;($) = | j te-! dH;;(t); then 
0 
(i) lle) || < © => vila) = Aa) yi) < 0,7 = l, p; 
(ii) || (a) || = 0 > via) = ©, i, j = 1, .. p, 
the required result follows from Theoremi (4.7.9) if we can Show that (4.7.31) 


is equivalent to 


sup E{Y;; | log Ý; |} < œ, (4.7.33) 
í 


where Y;; = j exp (—ax) dK;(x). The proof of this fact depends upon the 
0 


following result due to Doney 1976. 


Result 3 
Let {N(x); x > 0} denote the cluster process {N, ® N,(x), x > 0}, and Y, ty 
Y, be random variables defined by Y= | j e-s*d N(x), etc., where s is such that 
E(Y,) and E(Y,) are finite. For x > 0 wits f(x) = x log (1 + x). Then 

O EYY < EY) EY) + E(Y,) ECY); 

(i) EY) > 0, EYD = + o 
or ECY.) > 0, KAY} = + © > E{ f(Y)} = + o. 


4.8 CRUMP-MODE PROCESS (A G ae 
Branching Process) eneralisation of Age-Dependent 


In this section, we discuss a ` 
? eneral ? . rou 
lated by Crump and Mode. & age-dependent branching process fo 
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4.8.1 Formulation of the Model 


Let Z(t) represent the number of individuals alive at time ¢, who are descen- 
dents of a single individual born at time tf = 0. Each individual <71> appearing 
in the population lives for a random length of time /,, and at random times during 
its life <I> gives birth to offspring that behave in a similar manner. The 
behaviour of cach individual is independent of all others. Let N(x), be a 
random function representing the number of offspring born to <I>in the age 


interval [0, x]. Then N(x) can be determined by randomly stopping an arbitrary 
counting process K;,(t) at Ir; i.e. 


K(x) if X < li 


X (4.8.1) 
Ki(I;) if x > l; 


N(x) = 


The joint distribution of K;(x) and /; is the same for each individual </>. 
We first give an explicit description of the probability space on which the 
random quantities to be investigated are defined. 


For each positive integer n, let J, be the set of all n-tuples i,, ..., i, of posi- 
tive integers and let 


I= 0U U n| 


Ci ing «++ n> denotes an individual and the sequence i, ..., i, denotes its line 
of descent. For example, <32> is the second child of the third child of <0). 
Thus all individuals descends from (0). The individual <O> comprises the Oth 
generation; otherwise an individual of the form <i;, ..., i,) is said to belong to 
the nth generation. | 

For each I € Æ, let T; denote a sequence of the ly, at, ©), ..., Where 
each element of the sequence is an extended non-negative real number and 
tP <t?<.... The quantity l; represents the life-span of <I> and t?’ repre- 
sents the time that elapses from the birth of </> until the birth of <J,>, the 
jth child of <7). 

Next we shall define the term ‘family history’. By a ‘family history’, we 
mean a sequence w = {To To Ty, To ...}, Where the subscripts run over all 
elements of A in some specified order. Let Q be the set of all such family 
histories. If for each I © A, Z; represents the set of all sequences Ty, then 

= j z Pá r. Each w € Q represents a complete development of the family 


ka — 


Composed of <0> and its descendents, but each w contains much additional 
information, since it is possible that t? > ly for some J and j and hence, ‘births’ 
may occur after the death of the parent. The inclusion of such ‘births’ helps 
us to represent Q as a simple product space. 

For each I € Y, let P; be a probability on Jr, with all P; having a 
common law, and P be that probability on Q, which is uniquely determined by 
the product probability theorem of Loeve (1968), page 91. Thus we infer that 
Individuals live and reproduce independently. 
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note the distribution function of a lifespan /,, We shal 
that “ys ra a from the right, G(0 — 0, G(0) < 1 and Glen) “i 
Now, we shall define the random functions Introduced earlier in this 

tion and other random quantities as functions on the space, Q i e 
represent the number of point ¢;”in the interval [0, x]. Each realization © 
Kı(t) is non-decreasing, continuous from the right and assumes non-ne 
integer values only including possibly infinity. With this definition of Ko) 
equation (4.8.1) defines N;(t) also as a function on Q. Equation (4.8.1) implies 
that a birth is counted even if it occurs at the exact instant as the death Of the 
parent. For simplicity let us denote N;(0o) as Nz. This random Variable te. 
presents the total number of offspring born to <J). S 

-= Hereafter, we shall drop the subscript 0 on the quantities K,(t), N,(t), N, 
lós and t, j = l, hs ibe _ l i 

. Let Z(t, œ) represent the number of individuals alive at time t. Let B(t, «) 
represent the number of individual born D(t, œ), the number of individuals that 
have died by time ¢, and the random variables &,, k = 0, 1,2, ... Tepresent the 
number of individual in the kth generation that actually appear in the popu- 
lation. 

The individual <i;, ..., i,> in the kth generation appears in the population, 

if and only if, 


Bative 


i S N, i < IN PETE E Nn.. that (4.8.2) 
The individual <i, ..., i> is born at time ¢, if and only if, (4.8.2) and the 
inequality 
tiD d L, i <t (4.8.3) 
hold. 


The individual ¢i,, ..., i,> has died by time t if and only if (4.8.2) and the 
relation 


BE Se ot EO td gp SE (4.8.4) 
hold and is alive at time ¢, if and only if, (4.8.2) and (4.8.3) hold and (4.8.4) 
does not hold. 
It is an implicit fact that <0> is born at time ¢ = 0. Clearly, 
Z(t, ©) < Bt, w); D(t, ©) < Bt, w) (4.8.5) 
and 
Z(t, œ) = B(t, wo) — D(t, w) (4.8.6) 
for all w € Q such that 


D(t, w) Æ œ. 
For each 


= {To, Tı, Tiis Tae} E Q 
let Wg = To and 


Oj = {T;, Tns Tni Tiz} 
i= 1, 2,..., 


BELLMAN-HARRIS BRANCHING PROCESS 123 


jet Q; be the set of all such a, and P; 


It follows that be the probability measure on Q,, i = 0, 
i Dees | 


and each (2, Pi), i= 1, 2,... is a replica of (Q, P). Also, 


N(t) | 
Z(t, w) = 2 St—, w) +131) (4.8.7) 
j£ 
where 
l if ¢>0 
S(t) = (4.8.8) 
0 if t<0 


and the sum is zero if N(t) = 0. 

Equation (4.8.7) expresses the fact that, if k offspring have been born to 
0» by time ¢, then the size of the population at time t is the sum of the numbers 
of individuals alive that descend from each of these k offspring plus a term that 
takes into account the possibility that <0) may still be alive. 


4.8.2 Regular Bellman-Harris Process 


Let 
A(s, t) = È PIZ) = nls", |s] <1 (4.8.9) 
and 
As, t) = È PEBE) = nls", |s <1 (4.8.10) 
n=0 
Definition | 


The process Z(t) is called regular if B(t) < œ a.s., t > 0. Otherwise, it is said 
to be non-regular. 

Now let us prove the following two lemmas, which are useful in establish- 
ing Conditions under which Z(t) is regular or non-regular. 


LEMMA 4.8.1 
Let A(t) = E[K(t)]. If A(t) < œ, t > 0 and A(0) < 1, then 


S Ak*(t) < 00 for allt >0 | (4.8.11) 
km1 


Where Ak*(t) stands for the kth convolution of A(t) with respect to itself. 


Proof 
From the definition of A(t), we infer that A(t) is non-decreasing and continu- 


®us from the right and A(0—) = 0. 
Let t be fixed. If A(t) < 1, then 
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co = l 
Z aas I AMON = ray I<? (4.8.12) 


kel 
If A(t) > I, then there exists an a > 0 such that 
R= fer” dag) < 1 0<u<t (4.8.13) 
0 
Applying the results for the case A(t) < 1, we have 


Z A(t) < o (4.8.14) 


keny 


It can be easily shown that 


A**(u) = j! e= dA**(y) (4.8.15) 
0 
Applying (4.8.14) and (4.8.15), we have 
S ae E A(t) < o. (4.8.16) 
kel k=1 


This completes the proof of the lemma. 


LEMMA 4.8.2 
If A(0) < 1 and A(t) < œ, t > 0, then 

E [B(t)]< œ forall t > 0 (4.8.17) 
Proof 


For each / = iei E I. Let 


1 if t&d + tdp... pE [Kt 
b(t) = ý aea (4.8.18) 
0 otherwise 
Let us assume that 
ba(t) = 1. (4.8.19) 
The event ‘**¢/> has been born by time ¢” is a subset of the event [b,(t) = 1]. 
Hence, 
Bt) < 3 b(t). — (4.8.20) 


IEJ 
Taking expectations on both sides of (4.8.20), we have 


E(B) < = E[b,(t)] 
Ie J 


=1+2 2.. 2 PE... <t] (4.8.21) 


k=li=]1 ipod telke 


& 
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if we take 3 
A(t) = P 7 < 
then, it follows that (2) Wn <1] (4.8.22) 
2,00 = % PIKO > j) = EIKO = A(t) (4.8.23) 


since 2 < ft, if and only if, K,(t) > i. 
Hence 


y co oo oo 
EBON S 1+ k=1 a ne fnt Ault) = 1+ a AN, 4.8.24) 


which is finite for all t > 0 by Lemma 4.8.1. 


This completes the proof of Lemma 4.8.2, 


Now, let us state and prove the principal result on the regularity of Z(t) 
in the following theorem. 


Theorem 4.8.1 (Crump and Mode, 1968) 


If A(t) < co, t > 0 and A(0) < 1, then Z(t) is regular. If A(0) >1, then Z(t) is 
non-regular. 


Proof 


The first assertion is a direct consequence of Lemma 4.8.2. To prove the second 
assertion, we have only to investigate the process at time ¢=0. The equation 
for B(t), corresponding to (4.8.7) is 


N(t) 
Bit, o) =1+4+ È Btt—t, o) (4.8.25) 
j=1 


Putting t = 0, raising both sides to the power s, and taking expectations, w 
get 


E[s] = f(s, 0) = sE f(s, ONO) (4.8.26) 

(We interpret s” as 0, |s| < 1 even if s = 1). Hence, f(1, 0) satisfies the equa- 
tion, 

fl, 0) = EKL, 0%). (4.8.27) 


Equation (4.8.27) always has f(1, 0) = 1, asa root. If A(0) > 1, then it has an- 


Other root say, p such thatO<p<l. 
The proof of the theorem will be complete, if we can show that f(1, 0) 


“tually corresponds to this smaller root. 
Let, for k = 0, 1, 2,... 
co if an individual has been born into 
Bt) = | the kth generation by time ¢ Pere 


B(t) otherwise. 
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Then, it can be shown that the functions B,(t) satisfy the relation, 
| P Bit —tY, 0) 
Bray (ts w) = | -+ Fay Al 9 92) (4.8.9 


side of the relation is finite, then 
Mig 


) 


Relation (4.8.29) means that if cither 


{ 
is the other and then they are cqual. So 


fils) = E[s?O). (4.8.39) 
satisfies the relation, 
feaa (S) = SELS) N O] (483) 


By definition of B,(¢), we have 
K(s) =0<p0<s<l (4.8.39 


Using (4.8.31) and (4.8.32), we can show by induction that 
f(s) < p, k= 0, 1, 2,...,0<5< 1. (4.833 


But for each w € Q, 
B,(0, w) N, B(0, w) as k > oo. 
Hence, 
Fils) A f(s, 0) ask —>00,0<s<1. 

This completes the proof of Theorem 4.8.1. Next, we shall obtain the pro- 
bability of extinction for the process considered in this section. 

Since individuals are assumed to behave independently, the sequence {E,} 
is a Galton-Watson process. The proof of this fact is analogous to that of the 
proof of Theorem 5.1, p. 127, of T. Harris (1963), except for the difference in 
notation. 

The probability of extinction 


q = P[Z(t) = 0 for some t] - (4.8.34) 
is the same as the probability of extinction of the imbedded Galton-Watson 
process {&}. The proof of this fact is given in the following theorem. 


Theorem 4.8.2 (Crump and Mode, 1968) 


Let A be the event (£, = 0, for some k) and B be the event (Z(t) = 0 for some t). 
Then P(A) = P(B). 


Proof 
For a fixed k>0 and a fixed t> 0, we have 


Pe > 0; Z(t)—O< $.. 2 PK... i actually appears in the 


i1=1 


population; Z(t) =% 


S aa ey PUO HP bat he <A] 4839 


l1=1 ipc 
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oad the ne tY expresses the fact that if an individual <I> is actually 
orn an rocess 1s extinct by time ż., th is ti 

By applying ( 4.8.33), we bei » then </> must have died by this time. 


PIE. > 0; Z(t) = 0] < G*Ak*(t) (4.8.36) 
Therefore, by Lemma 4.8.1, , 
PIER > 0; Z(t) = 0) +0 as k 00 (4.8.37) 
for each fixed t. 
Now, it follows easily that, 
P[A’B] = lim lim P(E. > 0; Z(t) = 0] =0, (4.8.38) 
where A’ means A complement. 
Hence 
P(B) < P(A). (4.8.39) 


To prove the reverse inequality, we proceed as follows: 
If I; < 0 and k(t) < œ forall I € S and t > 0 and Ek = 0 for some 


k, then only a finite number of individuals are ever born and they all live for a 
finite amount of time. 


Obviously, 


Z(t) = 0 for some t. 
So, | 


P(AB) < E E Plk(t) = o] + 2 P= wo) =0 40 
IEJ t=1 IE J 


since A(t) < œ for t > 0, and G(oo) = 1. 
This completes the proof of Theorem 4.8.2. 


COROLLARY 4.8.1 

Let h(s) = E[s%]. Then q is the smallest non-negative root of the equation 
s = h(s). If h'(1) < 1, then q = 1 (except in the case h(s) = s), while if 
hl) > 1, then g < 1. 


EXAMPLE 4.8.1 (An application of Corollary (4.8.1)) 


Simple birth-and-death process | 
Let K(t) and l be independent, K(t) be a Poisson process with A(t) = At and 
G(t) = 1 — exp (— uf). By conditioning on l, we can easily show that 


H 
= ey 


By Corollary 4.8.1, we obtain the result that 


and 


q=p/r,ifa>u 


128 BRANCHING PROCESS AND ITS ESTIMATION 


| First Moment 
Now, we shall find an expression for the first moment of the process Z(t) 
Let is 
M(t) = E[Z(t)] and F(t) = E[N(t)] 


(4.8.40) 
Theorem 4.8.3 (Crump and Mode, 1968) 
The function M(t) satisfies the renewal equation, 
t 
M(t) = 1 — G(t) + | M(t — u) dF(u) (4.2 41) 
0 0,4] 


and M(t) is the unique solution of (4.8.41), that is bounded on every finite interya| 
We also have l 


M(t) = 1 + F(t) — G(t) += Fee x(F— G) (4.8.49) 


Proof | 
By taking expected values of both sides (4.8.7), we obtain, 


Nit) 
M(t) =| dP, a | dP Z(t; — t, œj) + 1—G(t) 
2 f dP, f M(i — u) dN(u) + 1 — G(t) 
= | " M(t —u) dF(u) + 1 —G(t) (4.8.43) 


This proves (4.8.41). 

Lemma (4.8.2) implies that M(t) is bounded on every finite interval, and 
the uniqueness can be deduced from results of Feller (1966). By Lemma (4.8.1), 
we find that (4.8.42) is also bounded on every finite interval. By direct substi- 
tution, it can be verified that expression (4.8.42) satisfies (4.8.41). 

This completes the proof of Theorem 4.8.3. 


Criteria for M(t) to be monotone 

If F(t) — G(t) is non-decreasing (non-increasing) in the interval [0, t] and 

F(0) — G(0) > 0 (F(0) — G(0) < 0), then M(t) is non-decreasing (non-increasing) 

in the interval also. l 
This follows directly from equation (4.8.42). This criteria is applicable in 


many situations. 
For instance, in the birth-and-death process considered in example (4.8.1), 


S (F(t) — C(A = exp (~pt) @— u) 


By the criteria, M(t) is non-increasing for u > and non-decreasing for u <» 
We can deduce from (4.8.42), that 
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E(N) = F(œ) > 1 
is a necessary condition for M(t) to be non-decreasing. 


Asymptotic properties of M(t) 


The behaviour of M(t) as t > oO may be determined from known results from 
renewal theory. 


Result 


Let « be the unique solution (provided.a solution exists) of the equation 


j exp (~ au) dF(u) = | (4.8.44) 
If 1 < F(œ)< œ, there will always be a positive æ satisfying (4.8.44), (4.8.44) 
may or may not have a solution if. F(œ) = oo. If F(co) = 1, the solution is 


obviously «=0. If F(co) < 1, there may be no « satisfying (4.8.44), but if such 
an « exists, it must be negative. 


Deftnition: Lattice Function 


A Lattice function is one that is constant except for jumps located at integer 


multiples of some fixed number. Otherwise, the function is a non-lattice © 
function. : 


Theorem 4.8.4 (Crump and Mode, 1968) 
Let F(t) be a non-lattice function and let 


| [L= G(t)] e~ dt 


= 2 (4.8.45) 

| te-*t dF(t) 

0 

Put b = 0, if the denominator of (4.8.45) is infinite: Then 
(i) If F(oo) > 1 and (4.8.44) has a solution, then 

M(t)e-** + bas t > œ (4.8.46) 
(i) If F(co) = 1 and j td G(t) < œ, then 

n 
M(t) > b as t > œ. ` (4.8.47) 


(ili) If F (o)< Lif (4.8.44) has a solution (necessarily negative) and if the 
numerator in (4.8.45) is finite, then (4.8.46) holds again. (4.8.48) 
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l The proof of this theorem follows directly from results in renewa] 
found in Feller (1966). s theory 


Note: « is called the Malthusian parameter of population growth, 
(4.8.4) Process that begins with an individual of age x atr—0 


Now, let us study the development of a population that consists of an i 

dual of age x > 0, at time t = 0, rather than a newlyborn individual, 
Let Z,(t), be the size of a population at time ¢ that begins with a sin 

individual of age x at time t = 0. This can be defined on the Space Q ag the 

function which represents the number of individuals <i,D> alive at time fa. : 

for which ttd > x (In addition, Z(t) counts <0 if {0 is alive at time t + x), 
Let 


Ndiy;. 


P+) = PC. [1 > x), Ex) = EC |1 > x), 

M(t) = E,{Z,(t)] 

KA) = KE + x) — K(@x—), N(t) = NG + x) — M(x-) 
G(t + x) —G(x—) | 


Gt) ~~ T= =) 

F(t) = E,[N,(t)], Nx = N0) 
and 

h(s) = Efs'=}. 
Also 


Z(t) = Z(t), E[:] = E[.] ete. 
Using a formula for Z,(t) similar to (4.8 7), it can be shown that 
t 
M,{t) = 1—G,(t) + | M(t — u)dF,(u) (4.8.49) 
0 
Equation (4.8.41) along with Theorem 4.8.4 can be used to investigate the 
asymptotic properties of M,(t). 


If F(t) is not a lattice function, F(co) > 1, there exists an « satisfying 
(4.8.44) and , ! | 


[° e* dF t) < œ, 
i 
then, 


eM (t) > b r e—*t dFX(t) as t > œ (4.8.50) 
l n 


Similarly, by extending Theorem 4.8.2, we can show that 


qx = P,[Z,(t) = 0 for some t] = Paing = 0 for some k] 
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where ng is the number of individuals of the form <i,...4,> that appear in the 
population and for which (1) > x, k = 1,2,... Clearly, {na} k = 1, 2,... isa 
modified Galton-Watson process for which the generating function of the 
number of offspring is 4,(s) for the individual in the Oth generation and A(s) for 
all other individuals. Hence, 


> 


Ox = N,Q) (4.8.51) 
(4.8.5) Special Cases 


Several familiar processes can be obtained as special cases of the process con- 
sidered earlier in this section. 


(E. g) (4.8.2) Bellman-Harris Process 


Suppose K(t) and / are related in such a way that almost surely 
K(t)=0, 0<t</ | 
and 
ki =n tS], 
where v is a non-negative-integer-valued random variable independent of 7 
with 
E{v] = m. 
Then 
A(t) = F(t) = mG(t) 
and by Theorem 4.8.1, Z(t) is regular if 
mG(0) < 1 
and non-regular if 
| mG(0) > 1 


Thus we obtain Theorems 7 and 8 of Sevast’yanov (1967). 


(E. g) (4.8.3) Suppose that the life-span / is independent of the counting func- 
tion K(t) and for convenience, 


A(t) = E[K(t)] 


is Continuous. Let g(s, t) be the generating function of K(t) and hy(s, t), the 
generating function of N(t) using conditional expectation, we can easily show 
that, 


Ay(S, t) = | hg(s, u)dG(u) + [1 — G(t)JAk(s, t) (4.8.52) 
0 
By letting ¢ > œ, we get 


h(s) = E(s”) = | ” hg(s, u) dG(u) (4.8.53) 
0 
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Differentiating, (4.8.52) with respect to s and putting $ — 1, We got 


Ft) = | a@aau) + Ant — Gn) 
o (4.8.54 
By integrating by parts, 
F(t) = f [1 — G(u)] dA(u) 


Hence, 
E(N) F(oo) = H A(u) dG(u) = F [I — G(u)] dA(u). (4.8. 5¢ 
0 0 ey 


Equation (4.8.44) defining the Malthusian parameter becomes. 
l = f eu 1 — G(u)] dA 
; [ (u)] dA(u) (4.8.57) 


If the event A(z) has a derivative A(t), the function A(t) may be considereq 
as the rate of reproduction at age ¢ and in this case, (4.8.57) is identical to the 
definition of the Malthusian parameter given by Fisher (1958). 


(E. g) (4.8.4) Age-dependent Birth-and-Death Process 


If in example (4.8.3), K(t) is a non-homogeneous Poisson process with A’(t)=(1) 
and | 


G(t) = 1 — exp J- f u(x) dx b, 
0 
then Z(t) becomes the process mentioned by Harris (1963), p. 159. 


(E. g) (4.8.5) Markov branching process 


If in Example (4.8.3), K(t) is a compound Poisson process with generating 
function 
hg(s, t) = exp (at( f(s) — 1)) 
and 
G(t) = 1 — e-t, 


then Z(t) is a Markov branching process. 


(E. g) (4.8.6) 


Suppose that births are generated by two independent counting functions; 00° 
counting function is independent of the life-span / as in Example (4.9.3) and 
the other counting function causes births to occur only at the instant of death 
of the parent. Also suppose that the size of a ‘litter born to an individual at 
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age x depends on x inan explicit manner. Let v be a random variable and Q(t), 
a counting process independent of v and / such that 


Q(t) » ift<l 
Kod (4.8.58) 
Q(t) -- v > ift>/] 
If? = t, then v = k with probability p,(t), k —0, 1, D vias 
Let a a 
g(s, t) = 2 Pt). | (4.8.59) 


Let the counting function R(t) which counts the epochs at which Q(t) has 
jumps (in other words, R(t) has a jump of height one for each ż at which Q(t) ; 
jumps and is constant otherwise), be a non-homogeneous Poisson process with 


mean 0(f). | 
Given that A(t) has a jump at time z, the corresponding jump in Q tisk 
with probability q(t), k =: 1, 2,.... Let 


Ns, th= E gilt)st. (4.8.60) 
k=l 


By conditioning with respect to N(t), it can be shown that, the generating 
function of Q(t) is 


t 
exp i | Lis, u)—1] acu) 
0 
Using this fact, we can show that 


hs) = EIN] = fe, ») exp $ FIr, 9—1) dow laco) 
i (4.8.61) 


If we put 
t 
G(t)= 1 —exp{—| u(x) dx} 
0 


ASN Z a(x), MC) = a) PX), Nal) = HO) 4102) 


we obtain a model studied by Goodman (1967) and Equation (4.13) of Good- 


i 4.8.1. 
man, for x = 0, follows directly from (4.8.61) and Corollary l 
Now, we shall consider the process which includes the Bellman-Harris 


: special 
process as well as many well-known birth- and death-processes as Sp 


Cases, 
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(4.8.6) Second Moments 


- 
T I s ; ] = ° 


When Z(t) is a Bellman-Harris process, it is possible to derive an inte 
t generating function of Z(t) and Z(t + 7), as it was ii 
On 


equation for the join 
This equation may be differentiated to obtain an integ.. 
Sra] 


in example (4.8.2). 
equation for M(t, T) (Harris (1963)). 
tegral equation for M,(t, t) directly, as it was do 
ne 


We can derive an in 
earlier in this section for the first moment, without introducing a generat; 
ng 


function. 
Theorem 4.8.5 (Crump and Mode, 1969) 


The function M,(t, +) satisfies the integral equation, 
t 
M(t, ») = | M,(t — u, 2) dF(u) + [1 — G(t + 9)] 
0 


r zdi- a(t + 1—1) i M(t — u) dN(u) l 
+ z$ Bie nf i M(t + 7— u) aw 


LE 1 f M(t— u) M(t + 7 — v) dN(u) ano 


t 
-fm (t — uy M(t + + — u) dF(u) (4.8.63) 
Proof 
By applying (4.8.7) we obtain 
Nit) 
M(t, +) = [ap Z(t — t, w;) Z(t + + — tM, wi) 
= fart — s(t + v) 
N(t) 
E farn —ô(t + 7 — l)] > Z(t — t@), wy) 
i=1 
N(tt1) 
E fart — (ft =) 2 Z(t+ 7r — tM, w) 
f=] 
N(t) N(t+7) 
(4.8.64) 


— lap È I? Z(t—10, o) Z(t+ 7 —W, o) 


l=1 j=l 
i$) 
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By analyzin 
(4.8.63 3). 8 each term in (4.8.64), we obtain the corresponding term in 


For example, the last term in (4.8. 64) becomes 


d oh wo? 
| P, 2 2 à (Je Z(t — t®, oh) far, Z(t — t0, wi 
ix 


\ 


D N(t+-1) 
=e M(t — 1) M(t — 10) 
oe 


= fap, dP, 


fap JE Neto 
| 2 Z Met) Met +e 


N(t) 
— È MEO) ME 4 s Dy 
= z| [ | “Me — u) M(t + + — v) du) ano | 


t 
= | mc + T—u)M(t — u) dF(u) (4.8.65) 
Similarly, the derivation of the other terms in (4.8.64) can be carried out. 


Remark 


Ifthe life-span / and the counting function k(t) are independent, the third and 
fourth terms of (4.8.63) can be written as: 


[1 — G(t + a | M(t — u) dA(u) + \~ M(t + z —u) dau) } 


7 H | fme Tee any) | dG(u) (4.8.66) 


For fixed r, this equation is a renewal equation for M,(t, 7). 
Theorem: 4.8.6: (Crump and Mode, 1969) 


Let 
h(s) = E [s]. 


If h'(1) > 1, h”(1) < 00, and F(t) is not a Lattice function, then 


] -Í eau dF(u) 
Jo 


and this limit is uniform in z. The number « is defined by (4.8.44), bis ee by 
(4.8.45) and 


A=E {|e dN a|- N e-u dF(u) (4.8.68) 
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Remark . 
The hypothesis 4”(1) < œ implies, h'(1) < œ and hence there will 
an « satisfying (4.8.44). always be 


Proof 
Multiply both sides of (4.8.63) by e~* Cn and put 
K (t, t) = Mg (t, t) e= i+) 
? (4.8.69 
n oo á 
= —24xt l 
m | E dF) < | (4.8.19 
and 
Gi) = [es 
(t) = = l, e~*au dF(u). (4.8.71) 


Then (4.8.63) takes the form 
K (t,t) =f (t, 1) +m Rs (t — u, t) d G (u) (4.8.72) 
If 


f(t, t) >A as t> o uniformly in +t, then, the remaining part of the 
proof of the theorem follows from Harris (1963), (since (4.8.72) is identical to 
(18.4), p. 145 of Harris (1963), in this case). 


The last term times e~*@#+*) of (4.8.63) approaches 


b2 [e dF (u) as t—> oo, uniformly in +. 
0 


For each w € Q such that N < œ, 


ttr ‘ co | 
Lim f |m (t + t — u) e™*U+-u) e-u dN(u) = b | ea dN(u) 
{=o 0 
(4.8.73) 


This limit is also uniform in r. 
Moreover, if C is some upper bound for M(t) e-*‘, then 


on 2(2t4) [7 [ue — u) M (t + 7 — v) dN (u)dN (v) < C? ( [oem aN w)) 
0 0 
< C2N2, (4.8.74) 


2 


which is integrable, since by hypothesis 
h” (1) = E(N? — E(N) < œ. 
Now, using Dominated Convergence Theorem 


treft ' 
e7a(2t+t) EY fi [a (t — u) M (t -+ vt —- v) dN (u) dN (v) 


o0 2 
—> b? E|] e7% dN o] as f -> œ, (4.8.75) 
0 i 


uniformly in 7. 


B 
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This completes the proof of the the 


i orem. ; 
gence in mean square and with Robit rem. Next we will study the con 


wai ver- 
able W. uty One. of Z(t)/e% to a random 


vari- 
Theorem 4.8.6 (Crump and Mode, 1969) 


Jfk (1) > 1, h'"(1) < œ, and F(t) is not a 


lattice functi 
, ion, then Z at a 
verges in mean square to a random variable » then Z(t)je** con 


W as t > 00, E(W) = 1 and 


v E (f e-au dN(u) y- l 
= 0 
ar W ee lM (4.8.76) 
1— | e= dF(u) 
Jo 


Proof 

The proof of this theorem follows directly from Theorem 4.8.5. 

Remark 

In most cases, the variance of W is positive. This is always true in the case in 


which Z(t) is a Bellman-Harris process. Another sufficient condition for this 
to be true is PIN = 0] > 0. 


Theorem: 4.8.7 (Crump and Mode, 1969) 


Ifh'(1) > 1, k”(1) < œ and F(t) has a derivative F'(i) with F F'(t) |P dt < œ 
0 
for some p > 1, then 


Zit) 
er 


— W almost surely as t + œ. (4.8.77) 


(4.8.7) Poisson Branching Process 


The special case in which the life-span / and counting function K(t) are 


independent and K(rt) is a non-homogeneous Poisson process is of considerable 
interest. 


A process of the form, 


ol) 
K(t) = b> Yj, 
j=1 
Where Q(t) is a non-homogeneous Poisson process and (v) is a sequence of 
independent and identically distributed random variables taking values in the 
set of positive integers, each y; being also independent of the counting process 
Q(t), is called a compound non-homogeneous Poisson process. 
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t described above, the process 
If K(t) is of the form jus p Zo) k i 


Poisson branching process. 


Remark 

If ah, j= 1,2, ..., represents the infimum over the set of t such that (t) 

then w ad Vj ‘may be interpreted, respectively, as the age at which <0) > 

the birth for the jth time and the size of the jth “litter”. & 

Remark 

Markov branching processes and age-dependent birth and death Process a, 
€ 


special cases of Poisson branching process. 


If we put 
© (4) = EIOH and fs) = Z si PO = j), 
then 
A(s, t) = E(sk] = exp {0(t) (f(s) — 1)) 


and 


A(t) = f’(1) 0(t). 
To establish the regularity of Z(t), we shall assume 6(t) < œ for t 


f'(1) < œ and f '(1)0(0) < 1. 


> 0, 


Also assume that 0(¢) is continuous. 
Since the second-order properties of a Poisson branching are completely 


determined by the functions 0, fand G, we can express ‘E’ in (4.8.63) and (4.8.68) 
in terms of these functions. The last two terms of (4.8.63) may be replaced by, 


L'O) f | M(t — u) M(t + = — v) [1 — G(u)] d0(») dou) + [F(R 
x f7 f M(t + + — u) M(t — v) [1 — G(u)] d6(v) dolu) 


+ f"(1) f M(t — u) M(t + = — u)[1 — G(u)] d6(u), 


and the constant 4, defined by (4.8.68) is given by 
A = AF) f f eem t — Gulda) dotu) 
0 


+f") i "e411 — G(u)] de(u). (4.8.18) 


A useful integral equation for F(s, t), the generating function of Z(t)! 


derived in the following theorem. 


i l ; 
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Theorem (4.8.8) (Crump and Mode med . 


n branching process, th | 
or a Poisso S, the generating fur 
so aie g function F(s, t) satisfies the 


F(s,t) = |. exp R core t—u)]—-1 : dot | dG(y) 
+ s[l — G(t)] exp [Rae t— u) — 1} dol) | (4.8.79) 


Proof 
Using equation (4.8.7) and the techniques used in deriving (4.8.63), we obtain 


N(t) 
F(s, t) = | ar, S(t—1) w F(s, t — t0) 
j=1 


N(t) 
na | dP, s[1 — S(t — D) x F(s, t — 10) (4.8.80) 
j=l 


By using the random variables WO), the first term on the right side of (4.8.10) 
becomes, B 


f Ew F(s, t) dG) = | EJP p° 
0 j=l ' 0) = f; EdT Fs, t= ou) dG(y) 


— f E"n f[F(s,t —oW)|dGy) (43 
0 j=1 j á nee 


By applying the property at a non-homogeneous Poisson process that, condi- 
tioned on the event Q(y) = k, the times w",..., w are distributed as order 
statistics corresponding to k independent random variable with common dis- 
tribution function, 


0 
H(u) = Gy USUI, 


(4.8.81) becomes 


[, 2 rao = afao LE e [EE AEs mw 


x dð (u,).. dotu | dG(y) 


t y 
| exp f { f[F(s, t—u) j—1} do) |460). (4.8.82) 
0 
This completes the proof of Theorem 4.8.8. 
(4.8.8) Application of the Integral Equation for F(s, t) 


/ . 
We shallestablish the relation of Poisson branching process to Markov branching 
Processes in the following theorem. 
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Theorem (4.8.9): (Cramp and Mode, 1969) 
If in a Poisson branching process, O(t) = At and 
G(t) = L-e, 

then F(s, t) is the generating function of a temporally homogeneous Markos 
branching process with, using the notation in Harris (1969), Chapter V, b =) + : 
and 
h(s) = ee 8 oe sf (5) (4.8.83 

Atm A+B. 6.83) 


[The function h(s) is not the same as the one defined earlier] 


Proof 
Equation (4.8.79), in this special case may be put in the form 


F(s, t) = pe) | l exp { A | S[F(s, yy] dy + x(A + W} dx 


+ s exp ÈA [SIF dA + w} (48.84 


Differentiating (4.8.84) with respect to ¢ and comparing the result with the 


undifferentiated equation, we obtain, 


ð 
a Fst) = u + MIEC, DI-A + WF CS t) (4.8.85) 


The proof now follows by comparing (4.8.85) with Harris (1969), 9.1, p. 106. 


Remark 
Using (4.8.79), we can obtain an integral equation for 9(s) = Efe‘), the 


characteristic function of W. If for a Poisson branchi 
: ing process, the hypothesis 
of Theorem 4.8.6 holds, then ọ(s) satisfies the integral equation — 
@ J 
o(s) = [exp | ttet- dow) Jaco) 


This equation may be used to investigate the distribution of W 


(4.8.86) 


Theorem (4.8.10): (Crump and Mode, 1969) 


S Poi ; 

— a Poisson branching process h'(1) > 1, h”(1)< œ, f(s) = s and F(t) 

aA A came Then the distribution of W is Ona except for a 
8ni q at the origin (the number q is the probability of extinction 


defined earlier in this section). 
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The moment-generating function 
p(s) = Elen] 


satisfies the integral equation (4.8.86) 
So, by letting s — œ, we obtain. 


ẹ(%0) = j exp {((00) — 1)ẹ(») } dG(y) = hio o)). (4.8.87) 


Since A is convex. the root 
s of this equati 
1 and q. quation between zero and one are 


But since E(W) = 1, W cannot be zero almost surely. Hence 
PIW = 0] = 9(0) = q. (4.8.88) 
To complete the proof of the theorem, it is enough if we show that 
p*(s) = Efe!” |W > 0]— 0 as s > + œ (4.8 89) 


Since 
h(0) = j e— 94) dG(u) > 0, 


it follows that 
Var W > 0 and | (s)| < 1 provided |s | 
is small enough and s Æ 0. 


Next we show that 
Lim sup | 9(s)|< 1. (4.8.90) 


$->90 


Suppose, we assume the contrary. 
Let s, and d > 0 be numbers such that 


| (53) |< 1 — d and | ẹ(s)| < l, 0<— 5< Ss. 
to the left and right, respectively, of Ss 


(4.8.91) 


and let s, and s, be the first points 


Such that 
o(s) = lD = 1-4 (4.8.92) 
Put 
C= (5) Log (S,/51)- (4.8.93) 
Using (4.8.86), we obtain 
(4.8.94) 


| p(S2)| < fi exp i | ” Te(sye-™4) — 1140) } da(y) + 1 — C0) 
0 0 
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and r" 
ki S i) | OMAA RO = aC) | 
0 
By expanding e~@¢@?, we get 
I >l 0(v) dG(y) — if 2 
k—9 


If d+0, in (4.8.95), 5,->0 while s, increases so that C—> œo and we obta: 
l dif; 


a wal wy 


dG(y) (4449 


|? I 0(¥) dG(y) = (1) / (4.9,.5¢ 


which is a contradiction. 
Therefore, there exists an sọ < 0 and ad > 0 such that 
| p*(s)| < 1—d for all s > so. (4.8.97 
Choose C, so large that 
[1—G(C)I[1-a] < e 


and s so large that 
se-* > Si 


From (4.8.86) and (4.8.87), 9*(s) satisfies the integral equation, 


o | [/ dae" easa | 


po) = paz [exp a-o EV 4, “a0 
(4.8.98) 


Putting 
(s) = sup | @*()| 


Ys) <(1 = d) [e940 00) dG) 


oo __)k-19k 
+ (1d) pse | e(4~1)4(y) Ee La ð œ] 


x dG(y) + £- (4.8.99) 
If we take 
B = | e00) (y) AGO), (4.8100) 
0 
it follows that 
(4.8.10) 


Ws) < (1—d) B + (1—d) (L—B) p(se-*") +} e 


This equation is the same as (5.14) P. Ney (1964). The remainder O 
follows from P. Ney (1964). | 


f the Pr g0! 
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Result 
With the additional hypothesis 


1— G(t) =0 (e=), for some e > 0 


- 3 


the distribution of W is absolutely continuous except for the jump at the origi 
e origin. 


`4.9 MIGRATORY POPULATIONS IN BRANCHING PROCESSES 


In this section an age-dependent branching process, i : 

, l ain , in which ion i 
distributed in NV colonies is Studied. The model motivated Bi m dda a 
birth and death process with the following additional features: pms 


(1) The population may migrate from one colony to another. 

(2) These colonies are infinite in number and are located at equally spaced 
nodes on a one-, two- or three-dimensional lattice. 

(3) An individual migrates at times which occur in accordance with a Poisson 
process and can migrate only to one of the nearest adjacent colonies. 


The process that we consider here differs from Baily’s in several respects. 

First of all, the underlying process governing population growth is a 
general-type branching process which includes the birth and death process as 
well as the age-dependent Bellman-Harris branching process as special cases. 

Secondly, there are only a finite number of colonies and we need not 
assume that they have any particular geometric configuration. 

Thirdly, we make only very minimal assumptions governing the migration 


of individuals from colony to colony. 


(4.9.1) Description of the model 


n which is distributed in N colonies and suppose that 


Consider a populatio 
m colony to colony in a random 


individuals in the population migrate fro 
fashion. Take the number of colonies N to be a fixed integer greater than one. 
Each individual in the population lives for a random length of time and at 
random times during his life he gives birth to offspring who become members 
of the colony in which the parent was located at the time they were born. 


Each of these offspring, in turn behaves ina like fashion and the po 
tinues as long as there are individuals still alive. We assume that indivi uals 
idual is indepen- 


behave independently and the migratory pattern of an indivi beg mn 
dent of the other aspects of his existence, e times at wil 8 


birth and length of his life. 
Let us define the following for t 


such as th 


he further study of this model. 


: ‘divi Š. 
N(x) = Number of offspring born to 4 particular individual by age 
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uals in colony / at time t ina Populatig, 


Aivid tae 
ber of indiv! , — 0 with a newly born individual in oy thay 


= um 
X (0) gg N at times 
n individual, and 


originates 
ution of the life 


‘dual born it 


span of a 
G(x) = distrib P peio 

(. ~ diy , colony is in colony j at age x (eple, 
fA = P aa ctin 


death)]. 
Setting 
M(t) =E (Xv) 45, 


d 
7 F(t) = E[N(4)] (459 
we can derive the expression, 


tN 
M; =U —G(t)] fut) + f Z Milt) Six(u)dF(u), (4.9.3) 


ij —1,2,..., N, a system of renewal-type integral equations for the mear 
functions M(t). 
We shall assume that, 


F(O—) =), F(0) =i (4.9.5) 


and F(t) is increasing and right-continuous. Furthermore, let us suppose that 


the functions f,;(t) are continuous, non-negative and satisfy 


fi({0) =1 and S fy (t) = 1, for each i and t 20. (4.9.6) 
j=l 


The limiting properties of the mean functions depend mainly on the form of 

the Nx N matrix H, whose i, jth element is | fi(t)dF(t). The matrix His said 
0 

to be reducible, if there is a permutation of the rows of H that together with 

the same permutation of its columns puts H into the form, 


A 0 
H = 
B C 


where A and C are square matrices. 


Otherwise H is said to be irreducible. 
hat : rig 4 my model, considered here, for H to be irreducible E j 
; Possible for an individual born in ; tually to? 
descendents in any other colony. Se 


At present, let us: ‘def 
’ ass ume t sc? . ons! 
the reducible case. hat H is irreducible. Later on, we shall ¢ 


Let G(s) be the Nx N matrix, whose i, jth entry is 


ans 


B = 
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GS) = | ens 
(8) = |" e AE art), (4.9.7) 


he determinant of J—G(s) b 
and denote t l i y A(s). Let (Ci(s)) be the adio; 
rix of 7—G(s), where 7 is the NXN identity matrix, tat z ke ae pa mat- 
ber (if such a number exists at all) that makes que num- 


agi _ 
f e aF(t) =1 (4.9.8) 


f 1 < (0) < ©. a always exists and is non-negative. If F(w) <l, u 
may not exist, but if it does, It is negative. We also note that F(co) is the ee 
nected number of offspring per individual. | 


Let it be assumed that the number « exists and that the two integrals 
foe] E cO 
f te-xt dF(t) and l te-* dG(t) 
0 


are finite. Further assume that F(t) is not Arithmetic. 
Now put 


di; = Cilo /A (a) (4.9. 
Then from Crump (1970a), it follows that under the assumptions given above, 


d;; is finite and positive for each i and j. By applying Theorem 3.1, in Crump 
(1970a) to the system of equations (4.9.3), with j fixed, we get 


N o0 
eM, (t) > È dix Í e-** [1 —G(x)] fk;(x)dx as t> 0, 
k=1 0 
i, j= 1, 2,..., N. | (4.9.10) 
Moreover, 
di; = cab; (a 1) 


=. where a; and b; are the ith and jth components respectively, of right and left 
eigenvectors corresponding to the eigenvalues 1 of the matrix Gla) and cis a 
constant independent of i and j Since G(a) is a stochastic matrix, we may 
choose | 


a; = dise; f EA N. 


Hence the limit (4.9.10) is independent of the colony i in which the process 
began. 


(4.9.2) A birth, death and migration process 


orn to an indivi- 
Suppose the function N(x) covers the number of offspring b 


dual by age x. Then N(x) is of the form, 
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K(x) ifx</ 


N(x) = | 49.12 


K(1) ifx>/ 
where K(x) is a Poisson Process with intensity A, Zis the life-span of th 
individual under consideration, and K(x) and / are independent. j 
In other words, an individual has offspring in accordance with a Poisso 
process, as long as it is alive, and after its death, it no longer produces 
offspring. y 
Suppose 
Ea mater (4.9.13) 


Then by taking expectations of both sides of (4.9.12) and using the properties 
of conditional expectation, we get 


F(t) = (A/p) (1 — e~’) (4.9.14) 


We can easily calculate that the solution of (4.9.8) isa = A — p. Neglecting 
migration, the process formulated so far is simply a. birth and death process 


with birth and death parameters A and up. 

Taking into account the migration aspect of the process, suppose that the 
number of times an individual has migrated by age x is a Poisson process with 
intensity v. Given that an individual residing in colony i makes a move at age 
x, the probability that he moves to colony j is pi, i, 7 = 1, 2,..., N. It is also 


N 
assumed that p; >Oand È pj; = 1, the matrix 
j=l 
P = (P;;) 


is irreducible and that it is possible to construct a basis for N-space, using the 


right-eigenvectors of P. 

According to the Frobenius theory of positive matrices (Karlin (1966)), P 
has a real eigenvalue à, which we shall call the Frobenius root of P, that is 
exceeded in magnitude by none of the other eigenvalues of P. Let Ag, Ags-+sAw: 
be the other eigenvalues of P and let 


A; = Chee Ain) and B = (biis. bin) 


be right and left eigenvectors, respectively, of P corresponding to the eigenvalue 
à. We may choose the vectors A, and B; i = 1, 2,..., N, to be orthonormal 
(i.e.,) A,-By = 0, if i Aj and Ar B; = 1. 

By using conditional expectation we have 


fy) = È e (ny P) 


(4.9.15) 


| 


N 
2 dki by exp [— vt (l — Ax) 
=l 
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Therefore, 


Gi; (æ) =A k fiy (x) ew dx 


(4.9.16) 
ae ee Axi dys 
kor & + + V(L — Ax) 
This may be written in matrix form as 
G(x) = E È Ca] Pr (4.9.17) 
aF ue EHV o| aH upy 


From this we see that the eigenvectors of G(x) are the same as those of P. Each 
eigenvalue of G(«) may be obtained by replacing P on the right hand side of 
(4.9.17) byan eigenvalue of P. Therefore the Frobenius root of G(a) is 


Lea A (4.9.18) 
x+ w+ v(l—A,) 


where A, is the Frobenius root of P. 


Also, 


f K [1 — G(x)] fiy (x) dx =A Gij (x) (4.9.19) 


If we now use the fact that P is a stochastic matrix (which implies A, = 1) 
and apply (4 9.19), (4.9.16), (4.9.10) becomes 


exp [— (A — u) t] Mij (t) —> bi; (4.9.20) 


where the vector (b,,,..., biy) is normed so that 


(4.9.3) The Reducible Case 


Now we consider the matrix (F fij (t) dF (0) to be reducible and examine 
0 


the asymptotic properties of the mean functions. Only the technique is illustra- 


ted by considering one special case. trix H 
Suppose there are N + 2 colonies numbered 0, l, 2, N + 1.. The matrix 7 
defined earlier in this section is still assumed to be irreducible. But we suppo 


that 

fy) =0,f = 1,2,05N + ! 
and 

URSU, (t) =Q, for j = 0, Lysis N. 
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hen an individual migrates to colony 0 or N + 1, neither he 
In other et ET may ever leave this colony. In order to avoid triviali. 
nor any Ot Dis 
ties, we assume that 
P fin © dE 0 > 0 for i = L Zyta N and j = 0, N+] 
0 


Now, the system of integral equations (4.9.3) for the mean functions may 
be written as 


N 
My () <1 — GUO] fu (O + | E Mas (t — 1) fin) dF Gò) 


fort, J = 1, 2yrs N 


(4.9.21) 
t 
Ma (D= 0 = GOJ + | Mu = D dF 
misro r= NEA, (4.9-22) 
and 
t N 
Mi; (t) == [l TE G(t)) fij (t) + | 2 Mx; (t — u) fik (u) dF(u) 
0 k=) 
t 
+f May @ — u) futu) dF) 
fori = 1,...,Nandj=Oorj —N 41. (4 9 23) 
(4.9.21) and 


Horae we (4.3.3) are identical. Hence the limit result (4.9.10) still holds 
Frobeniue aceon raas « SO that it is the unique number that makes the 
the « defined a = equal to L. This condition is automatically satisfied bY 
ANE 7-0). The representation (4.9.11) is also still valid and 5° we 


e™ My (t) > ca, X p, {* 
: far? f = TL = GON fie (x) dx, ast -> © 


i fori, j= 1.2 N (4.9.24 
Sut, sinc , a Saves 
i = Ia, N € G(«) Is no longer A 


po ? 
Fram r stochastic matrix, we cannot take 6 
J 
m Crump and Mode (1968) 


equation (4,9,22) turns out to be 


PL May. [1 = G(x)] exp (—a,x) dX 
WO) 2 = oO P ( as 


j ta 


f a | > a dF(x) 
» Where æ, is the root of (4.9.8) 
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Applying Theorem 3.1 of Crump (1970b) to the system (4.9.23) and using 

equation (4.9.25), we get 
5 N 00 
exp (—a,t) Mi,(t)>¢, Ra Lik | exp (—a,x) [1—G(x)]| fk;(x) dx as t-> œ 
for i= 1,2,..., N andj = 0, N + 1, (4.9.26) 

where g;; is the ijth entry in the matrix [J—G(«,)]-'. Since Go) is a non- 
negative matrix with row sums all less than 1, the inverse always exists and is 
given by 


[Z — Gla)" = = G"(«,) (4.9.27) 


Let us now consider the birth, death and migration process. We define p;i; 
in the same way but i and j are allowed to assume the values 0 and N + 1. 
We now require that 


N+1 
2 pi = l. 
j=0 


The definition of the N x N matrix P is unchanged. But P is no longer a sto- 
chastic matrix. All the other assumptions are retained. Hence all of the work 
through expression (4.9.19) remains valid. The number « is the value that 
makes (4 9.18) equal to 1. Hence we get 


æ = à — u — v( l — ài). 


From this we can easily show that (4.9.24), (4.9.25), and (4.9.26), respectively, 
become i 


exp {— (A — u — v(1 — ^) t} M(t) Siba as t —> œ (4.9.28) 
for 7,j = lr 2y N 
Mo(t) = Musi, ner(t) = exp {+ A — u) t) (4.9.29) 


and 
N N n 
exp {(A—p)t} M(t) =- 2 u oaRkj as t > © (4.9.30) 


for 
i=l, 2,....N and j=0,N+ 1. 


where a,, and bj, have the same meaning as before. 


(4.9.4) EXAMPLE o. 
Suppose the N + 2x N + 2 matrix of transition probabilities 1s 
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rl 0 0 0... O oo 07 
4 0 4 0...0 0O 0 | 
0 4 0 + eve 0 0 0 
| 0 0 0 0... 0 0 1 | 
The NxN matrix P is the symmetric Jacobi matrix obtained by deleting th 


first and last rows and the first and last columns of (4.9.31). Th 
of P are (see Karlin (1966), page 119), 


e eigenvalues 
Ag = cos (kr/(N + 1)), k = 1, 2,..., N (4.9.32 
and so the Frobenius root of P is 
A, = cos (x/(N + 1)) (4.9.33) 
The vector | 
(sin (x/(N + 1)), sin (2x/(N + 1)),... sin (Nx/(N + 1) 


is both a right and left eigen vector of P corresponding to the eigenvalue ,,, 
Therefore (4.9.38) becomes 


- —(,_,-— Ss T ; ni œ aj 
M;;(t) exp] (a u (1 cos yT :)) i> esin Nad sin yj 
ast—>oo,i,j=1,2,...,N. (4934 
(4.9.5) Second Moments 
First we give a system of integral equations for the joint moments 
(4.9.35) 


Dyjdt, 1) = E(Xij(t) Xt + 7) 
The analog of equation (4.9.3) is 


Piet, 1)= 2 | Dinse(t — ty 1) fim(u) dF(u) 


= J, e è B fims )Minj(t—u)M (t+ 7— VANAN 


A Ei) m=] p= 


7 2 | | fin(U)Mmj(t—U)M melt + t—u)d F(u) + 0(6*) (4938 


es , dow 
for i, j, k = 1, 2, ..., N, where the operator ʻE’ is operating upon the iE ual 
measures N(v) and N(u) and fijk(u, v) is the probability that an indi 
born in colony 7 is in colony j at age u and in colony k at age Y. 
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To derive an asymptotic formula for the functions 
to the assumptions made earlier, we sh 
N?(t) (the square of the total number of Offspring born to an individual) has 
a finite expectation. For each fixed j, k and +, we multiply both sides of (4.9.36) 


by exp (—a(2f-+ 7)) and then apply Theorem 2.1 ((iv) of Crump, 19706 
Then we arrive at the conclusion , ). 


Pijet, 7), in addition 
all assume that « is positive and lim 


exp (—a(2t + t)) Dyi(t, t) => [l—G(2a)|-'Ky, as l-> w 


for each fixed 


T (4.9.37) 
where T(t, 7) is the N-dimensional column vector 


(Dy jx(t, T), oes, Inst, T)y 


and Kj, is an N-dimensional column vector whose ith component is 


didkE l | ~ |" exp (—a(u + v)) dN(u)dN(v)— j are ar) | 


(4.9.38) 
where 


d; = lim M,;(t) exp (—at) 
t-> 
and is determined explicitly in (4.9.10) and (4.9.11). 


Note 
All of the components of K; have the same value. 


4.10 CONDITIONAL LIMIT THEOREMS FOR GENERAL 
BRANCHING PROCESS 


In this section individuals in the process are labelled by x = 0 for the single 
ancestor, or by sequences of positive integers x = X; Xq,...Xx, denoting the xxth 
child of the x,_,th child... of the x,th child of the ancestor. To each individual 
x is given a triple (Ax, Ex, Xx); Ax is a non-negative random variable, the lifespan 
of x:€, is an arbitary point process on (0, œ), &.(¢) = number of births to x 
by age t: Xx is an arbitary non-negative stochastic process, the random charec- 
teristic, X,(t) = effect of x at age t, zero for t < 0. All triples are independent 
and identically distributed, and the symbols p for probability and E for 
expectation refer to the resulting product space. We omit the subscript x aus 
referring to an arbitrary individual. The process we study here is X(t) 7 
: X,(t — ox) where øx is the birth time of x. 7 
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Make the assumption 
p x(t) = 9|A <t =l, 


5 tect -i y(t). Denote the extinction time by 
so that only “ve E papers theorems for {X(t)|t > t) is 
a fe ete a(t) — E(&(t)) for the reproduction function and a = u(o) 
for she expected family size. The case 1 < 4 < © mee diese es a we 
consider only a < 1. We denote by L(t) = PAstyt eee j $ rioution 
function of à. The circumflex indicates Laplace-Stieltjes transform. The 


Malthusian parameter « is the root of u(a) = 1, if this exists; in which case the 
so-called average age at childbearing is the mean b= | t ua(dt) of the resulting 
associated probability distribution p,(dt) = e-*t u(dt). The renewal function for 

this associated distribution is U(t) = È ua (t). Finally we denote by X the 
a 
integral 

|" ew EO) dy, 
0 

if this is defined under these rotations P.J. Green proves the following theorem. 


Theorem 4.10.1 (P.J. Green, 1977) 


Suppose that 
(i) a<l; 
(ii) P{A(t)=O|ASt} = l; 
(iii) œ exists 
(iv) wis non-lattice; 


(v) E(&(a) log &(00)) < a; 


(vi) fre L(dt) <0; 

(vii) p< œ; 

(viii) e% E(X(y)) is directly Riemann integrable, so, X< œ; 

ix) Xi 

(ix) Pix EA (a.s.) almost everywhere (a-e.) continuous. Then, 
where Fis. a e desietiee as t-> œ, in distribution, for all y, 
here C = lim oution on (0, 00) with finite expectation Ck: 


—ot i : 
nine P(x > t}, which is a finite positive constant (se 
Ryan, 1963). 
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Proof for the Subcritical Case This is concerned with Proof of Theorem (4.10.1). 
The basic equation from which our analysis proceeds is 


X(t) =LA E XMt-a(n)) (4.10.1) 


where t,(7) = inf {t: E(f) = n}, or + œ if &.(00) < n,is the birth time of the 
nth chiid individual x and X™,n = 1, 2, ... are independently and identically 
distributed copies of X and are independent of %, and To This equation is 
derived rigorously by Jagers (1974). Here and elsewhere, the sum on the right 
is effectively a-s-finite for finite t; However 
the limits of summation in future. 


We consider the expectations: letting M(t) = E(X(t)), we have 


, It will prove convenient to omit 


M(t) = E(X(t) 4+. | M(t u) adui) (4.10.2) 


where we have used the obivious relation 


u(t) = EE) = È PEHSm=F Peng 


This is an improper renewal equation, since u(0o)=a<1, but we have 
assumed that Malthusian Parameter exists. Then by renewal theory arguments 
now quite standard in branching processes (see, for example, Athreya and Ney 
(1972), Section 4.5) we see that 


eat M(t) =| exp [—a(t—u)] E (X(t—u)) U(du) 
[0, £] 
—> B7 F e7% E(X(y)) dy = X, as t-> œ. (4.10.3) 
0 
We now turn to the use of Laplace-Stieltjes transform, and write H(9, t) 


= E(1 — exp (— 0X(t))). For all 0 > 0, we have from (4.10.1) 
H(0, t) = 1 — E [exp (— 0X(t)) ji (1 — H (9, t — Td); 


yielding after some rearrangement, 


5i 0, t — u) u(du) (+.10.4) 
H(9, t) = 0 E (x(t)) — z E(8(9, t)) + |. n H(0,t— u) u 


where 

Q, (0, ) = exp (04) - 1 me H(0,t — 1(n))) 

Q, (0, t) = (1 — exp (00) 0 = 7 C THOI (n) 

Q; (8, t) = 7 (1 — “= ie d act of the ‘forcing 
This iş again a renewal equation, and inspite of the depende 
term upon H, we-know that H will satisfy 
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— 4 
H0, t) = e* [9X — 2 R; (9, t)] (4.105 


where 
R\(0, t) = | exp [— a (t — 1)] E(Q:(9, t — u)) U(du), 
[0, 4] 


i = 1,2,3, 


R,(8, t) = 0X — 0 |, ; exp [— a (t — u)] E (X(t — u)) U(du). 


Under conditions (i), (iii) to (vii) of theorem (4.10.1), the tail behavior of T is 
known (Ryan (1968): see for example Jagers (1975) section 6.7): 


P {T> t} ~ Ce” (4.10.6) 
But given assumptions (ii) 
E(exp (—0 X()) |T > t) = 1— Ell — exp (— 0 XM) |T >t) 
= 1 — H(0, )/P {T >t} 
Using a continuity theorem for Laplace transforms, the existance of a 


Proper limit distribution F follows directly from (4.10.5) and (4.10.6) provided 
that 


lim R; (0, t) = Rı (9) exists for i = 1, 2, 3, 4 (4.10.7) 
too 
and 


lim R; (0) = 0. 
e—>0 

If, further for i = 1, 2, 3, 4, 
lim 6-1 R;(8) = 0 eee 
6—>0 


the statement about the expectation of F will be proved, and the proof of 
theorem (4,8.1) is completed. . 


Theorem 4.10.2 (P. J. Green, 1977) 
Suppose that 

(i) a= l, (0) < l; 

(ii) PXA =0|a <t} = l; 


(ii) o? = Var (&(00)) < o; 


(iv) w is non-lattice; 


(vy) (1 — g(t))—> Oast > œ, so that B < ©; 
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vi) (1 — L(t))>O0ast> a; 

(vii) E(X(y)) is directly Riemann integrable, so X < 0; 
(viii) E(x(t)) is bounded, and + 0 as t —> œ; 

(ix) Xisa.s.a.e. continuous. 

Then | 
P {ae syIT> th» Iep {= »} as t > œ 


in distribution, for y = 0. 


Pr oof for the critical case. We now turn to the proof of theorem (4.10.2). Since 
y. is now a proper probability distribution, we obtain from equation (4.10.2) 


MO + p|" EGO) dy =%as t> o. 


When considering the equation for H, we proceed as before, but separate the 
second as well as the first order terms from the product to obtain, instead of 


(4.10.4): 


A(O, t) = 0 E(X(t)) — 2 EO, t)) 
= fh Hl t— u) H (0 t — uy) p,.(du,, dua) 


+ l HQ, t — u) u (du) (4.10.9) 


where 6,, 0a, 03, are as before 
0,(0, t) = n(1—H(0, t—x(n))) 1 + ZH(8, t—7(n)) | 7 
—4 XX H(0, t—1(n,)) H(8, t—z(,)) < 0 


nın 


olf t.) = ua([0, tı] x [0, tol) 
= E(E(t,) &(t))—E& (min {tı ¢,})). 


An important difference between the subcritical and critical cases is that 
in the former all non-linear terms in the product x(1—H(, t—(n))) are of 
whereas in the latter, because of the normalization 
minates the rest so that a more 
nt func- 
will be 


Comparable magnitude, 
that will be used, the second order term do 
Precise result is obtained at the expanse of requiring the second mome 
tion of E(co) to be finite. Note that the second moment function {s 
treated interchangeably as a measure and as a distribution function, and that . 


for any c,d>0, 
u(ct, dt)-> o = Var (&(00)) as 1> %- 


156 BRANCHING PROCESS AND ITS ESTIMATION 


We take convolutions of (4.10.9) with the renewal function (now corres. 
ponding precisely to p, since d = 0) to obtain | 


3 í 
Ho, =O) EOG- mU) — È |, BOO, 1-1) Uù 


[0, r 


= 1 H9, t-u,—x)H(0, t—u,— x) u.,(du,dug) U(dx) 
[0, ¢)8 


It is time to introduce the normalization required for a proper limit 
distribution. 
Let 


KO.) =5 (7,1) t>0,0>0 
and 
m,(V,, v,) = m,([0, ,] x[9, »,]) 
_ B 


= (10) x, 1x 
o*t [o t(1—max {v1, va}) Ha L ( : ? ] 


x[t l] — v2)— x, t—x]) U(dx) 
ior 0 = A 1,7 S0 


This convolution measure has the property, following from the renewal 
theorem and the remark above concerning the limit of u,, that 


m(V4, Va) > min {v,, vo} as f —> oo (4.10.10) 
With this change of notation (4.10.9) becomes 


3 X 
K(6, t) = Ent _3t 9 
(6, t) L EUW) Udu- 2 5 | on E (Q; (>. t—u )) Udo 
z5 I, oe tvi) K(Ova, tva) m (dvi, dv,) 


4 
26 L 1) Kv, tv,) K(0va, tv,) ny(dvy, dv.) -Š R;(0, ¢) 
where (4.10.11) 


j 0 
RG, t) = — : 
Ooh, CIE tal) vdi i23, 


R,(0, 1) =7 — |.  EAt—w) U(du), 
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5 
K(8, t)—(1 + 8)-? = — È RO. t)— 0 | {K(0vi, tv,) KOy, tv,) 
i=1 J To, 1}? 


— (1 + 6v,)-? (1 + 0¥,)} m (dvi, dv.) (4.10.12) 
where 


I 
R,(9, t) = 0 I (1 + 0v) (1 + 8v,)-? m(dv,, dv,) — 8 | (1 + Oy)-*dv 
0, 1]? 0 
Now 


K6, t)=} H H t) <p t M= mMe. (4.10.13) 


t 
Q 


_ which is bounded as a consequence of (4.10.9). Thus there exists c < oo such 
that for all 6, t > 0, v € (0, 1], | K(6y, tv)| +{(1 + 0v)-!| <c. Using the sym- 
metry of m,, this yields 


IK, t)—(1 +.0)2| < 2 RAO, £)| 


+ UC | | K(Ov,, 1v,)—(1 + 0v) | m,(ay,, dvg) 
[0, 1]? 


5 
< È | Ri(O, t) + 0c? m,(3, 1) 
=] 


+ Oc | | K(0 Vio tv,)—(1 +Oy,)-? | m,(dv,, dv.) 
(6, 1] x[0, 1] 


for any ò € (0, 1) (4.10.14) 
Now fix « < c-}, and let 
B(t)= sup |K, t’)—C + 0)-*| 
0<0<a 


’>t 
and 


5 
R(t)= sup È | RO, t)| 
ra 


Note that B(t) is non-negative, bounded by c, and decreasing in t. We will 
show later that | 


| R(t) +0 as t—> œ (4.10.15) 
Taking suprema in (4.10.14) we have 
B(t) < R(t) + ac?( sup my (8, 1) + aci sup my (I, 1))B(t8). 
St > vet 
But ac < l, and $can be arbitrarily small, so using (4.10.12) and (4.10.15) we 


see that B(t) > 0, as t > co or in other words, K(0, £t) > (1 + 0). Restoring 
the change of scale, 
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E (Pt) > a as t—> ©, 
QCM 1 + (0%%/28)0 


for 0 in some interval (0, 00), 
The Proof is nearly complete: We know (Holte, 1974) that under our 


assumptions (i), (iii) to (vi) | 
tP{T > t} > 28|o° (4.10.16) 
so that 


Efe- T >t) =1—H (>. t ) [pcr >t} 


—> (1 + (6%/28)0)", 


for all 0 € (0, 0,). This is equivalent to the statement of theorem (4.10.2), by a 
continuity theorem for Laplace transforms. It remains only to prove (4.10.15), 
that is, that the remainder is sufficiently small. 

We consider the five terms. separately. 

For i = 1, 2, 3, 


R,(6, t) = an ; E ( 0; (7. -u)) U(du). 


Thus we have 


0 < R01) <5 | Bee wud 


[0, ¢ 
aie a U(t) 
3 (X(t)?) r > 0 
as t > œ, uniformly in 9, for 0 € (0, «) using assumption (viii). 
The calculation for R, proceeds similarly. We note that 


EDE) < V(I + DEX) > 0 as t > ©. 


For R,, we first see that for any finite sequence 


P 1 Mas m = l, 2. 3; eee n} 
with 


OS Xn SB * SY), 


1 
] ATE 2 Xm ++ 9 ži Xm; Xma = T(1 bakia Xia) 
my AM, 


x 
a (1 — ny + z n(n —1)y— (l — yy) 


X 
ae y y(n, Y), say 


Thus since H(0, t) < 0M(t) and M(t) is bounded by M say, from (4.10.9): 
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0 < — O,(0,1) < È v(E(00), aM), 


for all 0 € (0, «). So | 
0<—R,(0,t) < o-? = PE| v( (00), )] 


But 
E[v(&(00), x)] = o(x?) asx +0, 


since o?< œ. So (4.10.15) holds for R}. The proof for R, is a trivial application 
of the renewal theorem, and for R;, of (4.10.10) and the monotonicity and 
uniform boundedness of (1 +0»)? as a function of v. This completes the proof 


of the theorem (4.10.2). : 


5 


Branching Process with Random and 
Varying Environments 


5.1 DISCRETE TIME BRANCHING PROCESS 
WITH RANDOM ENVIRONMENTS 


The branching process with random environments proposed by Smith 
(1968) and Smith and Wilkinson (1969) develops as follows. 

Let M be a collection of probability distributions on the non-negative 
integers defined by 


{{ Pitino, 2 i*p; < 0, 0 S Po +P, < B: 


Let X;, i = 0, 1, 2,... be a sequence of independent identically distributed map- 
pings from (Q, F, P) into (M, Z) where Z is the Borel s-algebra in M. For 
each X;, we can define the associated probability generating function 


xls) = 2 p(X, Is|< 1 


where { p,(X;)}, k = 0, 1, 2,... is the probability distribution corresponding to 
Xi. 
Let us denote the population size at time n by Z, with Zo particles at 
time zero. The transition from Z, to Z,,, takes place in the f ollowing fashion. 
All the Z, members of the n-th generation reproduce according to the sam 
offspring distribution with probability generating function ¢x,(s). Here bral) 
is chosen at random from a collection of probability generating el 
according to some specified distribution. It is assumed that dy, (s) for n=0, a 
are all stochastically independent and have a common distribution. a 
Wilkinson called this process {Z,:n = 0, 1, 2,...} as a branching process an 
random environments. Here the process {X;,} is called environmental A be 
We represent the environmental process either by {dy,(S)}az0 OF {Xn}. 


the o-field generated by {Xn}nz0: Then Z, satisfy 
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Ef{s2n | VAN ne Ln—; F} = [px,—,(s)]2— 


with probability 1, n>1,|s|< 1. GLD 
A consequence of (5.1.1) is 


E{s*"| Zo = 1, F} = x(x C. (px) with probability 1. (3,42) 


For further details, one may refer to Athreya and Karlin (1972a, b). 

This model is the same as the classical Galton-Watson Branching Process 
with the difference that we allow family size distribution to vary stochastically 
from generation to generation. Smith and Wilkinson have obtained exact 
results about limiting distributions and conditions for almost sure convergence 
by using the fact that {Z,} is Markovian. Athreya and Karlin ( 1970) dropped 
the assumption of independence of {¢x,(s)} and replaced it by stationarity and 
Ergodicity. A stationary process is said to be Ergodic if Pr{(X,, Xir) E A} is 
either zero or 1 whenever A is shift invariant. They have studied the limit 
theorems and probabilities of extinction. 

Freedman and Purves (1967) treated this model for the special case when 
M consists of all distributions concentrated on {0, 2, 3,...} and with mean less 
than 2. They then found sharp lower bounds for the probability of extinction. 
Goodman (1968) has found both lower and upper bounds for the probability 
of extinction when mean is restricted to be within a certain interval. 

Smith and Wilkinson (1969) proved the following theorem which gives 
necessary and sufficient conditions for the extinction of branching process with 
random environments. 


Theorem 5.1.1 (Smith and Wilkinson, 1969) 


Let {Z}n> be a branching process with random environments and let {¢x,(s)} be 
the associated environmental process. Assume E{—log (1—¢x,(0))} < œ. Let 


q = P{lim Z, = 0 |Zo = 1, F} 
n->%0 
Then 


P(q < 1) = 1 if and only if E{log D¢x,(1)} > 9. 
Here 


Dax) = 4 bro) | 


1 


As in the case of branching process, we will call branching process with 
random environments supercritical, critical and subcritical according as 


E{log Déx,(1)} < 0. 


It is well known for the classical branching process {Wane 
distinguish between critical and subcritical cases by examining 
of the conditional probability generating function 


» that one can 
the behaviour 
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T,(s) = P{s¥"|W, 40, W, = 1}, |s] < 1. 

It is shown in Harris (1963) that if {W,} is critical then lim T,(s) =9 It ty, 

is subcritical then lim T,(s) = T(s) with T(s) a probability generating function 


Athbreya and Karlin (1972b) have obtained the following result anal 
to the above. Ogou; 


Theorem 5.1.2 (Atbreya and Karlin, 1972b) 


Let {Z,} be a subcritical or critical branching process with random environmen 
G e a 13 
and {$x,(s)} the associated environmental process. Assume {¢ xA5)} to be an ind 
g- 
pendent process. Then 


lim E{s@"|Z, # 0, Z, = 1, F} = H(s) 
a—>0O 


exists in distribution. Furthermore 
(a) A(s)isa probability generating function with probability one if Eflog 
Déx,(i)} < 0, o 
(b) H(s) = 0 with probability one if Eflog Déx,(1))} = 0. 
They have also determined a rate of convergence theorem for the super- 
critical branching process with random environments which we give below. 


Theorem 5.1.3 (Athreya and Karlin, 1972b) 


Let {Zn}n>9 be a supercritical branching process with random environments and 
{dby,(S)}n>0 the associated environmental process. Assume that {dx,{s)} to be an 
independent process. Then with probability one 


— EfsZn| Z, = 
lim el Fa TE, = G(s) 
n->0o z D by, (1) 
i=0 
exists in distribution for all | s | < 1. Furthermore G(s) is an increasing function 


of s with probability one. | N 
Kaplan (1972) has studied the behaviour of compositions of random P 


bability generating functions and applied it to the theory of branching m 
with random environments. He has also shown in the following theorem ti 
it is not possible to strengthen many of the existing limit theorems conns 
with branching process with random environments. 


Theorem 5.1.4 (Kaplan, 1972) 
hx) ) 


| ; 
Let {Xn} be independent identically distributed environmental process au 
the associated process of probability generating functions. Let 


I,{5) =e bx(ox,(---Ox,(S))) 
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G,(s) = [1 — 1,(s)]/ F, D$x,(1), (5.1.3) 


A,(s) = [1 — 1,(s)]/[1 — 7,(0)], n > 0, |s|< 1. 


Let I,(s), G,(s) and H,(s) denote the quantities in (5.1.3) with the subscripts re- 
versed. Suppose that E{—log(1 — ¢x,(0)} < œ then the following three state- 
ments hold. 


(1) if (@ Eflog D$x,(1)} < 0 
(b) E{D* }$x,(1)/Ddx,(1)} < œ (5.1.4) 
(c) P{Ddx (1) > 1} > 0 
then for each s € [0, 1) 
ve G,,(S) and lim H, (s) (5.1.5) 
exists in distribution and do not exist in probability. 


(2) If (a) Eflog Dọx.(l)}, = 0, (b) there exists a constant B > 0 such 
that {D? dx,(1)/Ddx,(1)} < B and D? dx,(1) < B with probability one, then 


lim 1,(0) = 1 in probability (5.1.7) 
->00 
and P{lim (0) exists} = 0. 
nm=->0O 


(3) If E(log Ddx,(1)) > 0, then for each s € {0, 1) lim I,(s) exists in dis- 
n=>0 


tribution. Furthermore, the limit exists with probability one if and only if there 
exists ana < 1 such that dx,(«) = « with probability one. 

- Kaplan (1972) established the above theorem 5.1.4 by using the following 
four results. The first two results are due to Athreya and Karlin (1972a, b) 
and Breimann (1958) and the remaining two results are due to Kaplan (1972). 


Result I (Athreya and Karlin (1972a, b)) 
Let {X,} be an environmental process and {ġx,(S)}n>0 the associated process of 
probability generating functions. Assume E{— log (1 — ¢x,(0))}< œ. Then 
the following statements are true. 

(1) Ifthe conditions (5.1.4) of theorem 5.1.4 are satisfied, then for each 
s$ E [0, 1) 


(a) lim G,(s) and lim H,(s) exist with probability one. 
n->oo Broo 
(b) lim G,(s) > 0 with probability one and 


(c) lim H,(s) < 1 with probability one. 
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(2) If E {log D Dy (1) = 0 then lim Dx (Dx (Px (s))=1 with probabi- 
n->0o 


lity one. 


(3) If E{log D®x,(1)} > 0 then for each se [0, 1) 


(a) lim Dy,(Ox,(..-Ox,(0))) exists and is equal to q 
n->co 
(b) P(q<1)=1. 


Result If: (Breimann 1958)) 
Let {X,,} be a sequence of independent identically distributed random mappings. 
Let {D,(X,...;Xn)}nai be a sequence of Borel function. Assume 


lim ©,(Xo, Xas- Xn) = OF 


n->>0 


and 


lim (Xn. Xo) = O- 


n> ` 


exists in probability. Then ®+ and ®- are constant with probability one and 
+t =O. 


Result III: (Kaplan 1972)) 


Let g,(s) be a sequence of probability generating functions. Assum 


e that there 
exists a constant B > 0 such that 


“(1 7 | 
LOR B and gn (1) < B, n >È 0. 
g,(1) 

Let P, = 


4 


n , : l n—1 
i gy (i). Then lim 2n( Bn—1(---Zo(0))) == | implies lim Da > Pj=% 
j= aiii n-> x0 


n j=l 
Result IV: (Kaplan 1972)) 


Let {Z,:nzq be a Sequence of independent identically distributed random varta- 
bles with £(Z,) = 0. Define 


n n-i 
Sn = 2 Zi,W,= 2 exp {—(S, —S)}; 2 > | 
|= j=l 


with S, = 0, W, =0, Then P{lim W, = œ} = 0. 
n->oo 

; . ) 
Proof of the Theorem 5.1.4; Let s € [0, 1). Suppose lim G,(s) and lim HAS 
. . eae . A | n> 00 — its 
exist in probability. By using results | and II, we conclude that the a 

lim G,(s) and lim H,(s) are constants with probability one. We will show tha 
nro n>N ‘ 


err ° Y jS 
leads to the contradictions in both cases. Let us first consider lim Gals). !' 
n> oe 
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‘+g > l n 
easily verified that G,(s) = Í m a,(t)dt wherea,(t) = D dy, (1y-1(t))/Ddx, (1), 
sj=0 


j > 1,|t| <1, a(t) = D®yx(t)/D Ox(1). 
Define 


Ba, 8) = {(Pii-o | bx, (1 —y<l—y and 
Do (L—»)/D $x) < 1 — 5, i= 0, 1, ,A}n>0 


for y and è > 0. If P{Dọx.(1) > 1} > 0 then by using independence property 
of generating function, we can find an y > 0 and 8 > 0 such that 


P(B,(n, 8)) > 0 for n > 1. 
We also observe that on 
Ba (n, ©), at) < 1—8,k = 0, 1, 2,..., n, fort< 1 — h. 
Hence 
G(s) <n + (1—7 — s) (1 — è)! (5.1.7) 

with positive probability. Here y is arbitrary and G,(s) is decreasing in n. Thus 
we conclude that if lim G,(s) is a constant with probability one, this constant 
must be zero. This contradicts the statement (1) of Result I. 

Next we consider lim H,(s). We have the identity H4(s) = 1— Y,(s) where 


Y,(s) = [Z,(s) — AOE. — Ï,(0)]. By using mean value theorem and indepen- 
dence property of {¢x,(s)}, we have the following inequality for arbitrary 8, 


vas) < (=) a ay 


where | 
a, = 1,(0), By = (8). 
Since Y, is decreasing in n, we conclude that if lim [1 — Y,(s)] converges toa 
N= 30 


constant and that this constant must be one. This contradicts the statement (1) 
of Result I. This completes the proof of the statement (1) of Theorem 5.1.4. 

We now turn our attention to the proof of statement (2) of Theorem 
5.1.4. By Result TIT, it is enough to prove that 


n=l 
P $ lim = > Pi= coh == 0 (5.1.8) 


noo fn j=! 


k , 
with P= X Y, and Y, = log $x’ (1), k> 1, to complete the proof of the 
i=l 


statement (2) of Theorem 5.1.4. But {Yj},>1 are independent identically distri- 
buted and E(Y,) =0. 
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Thus by Result IV, (5.1.8) is valid. Hence the proof of the Statement (2) 
of 


Theorem 5.1.4. 
Finally we prove that the statement (3) of Theorem 5.1.4 jg true, p; 
ari 


s E [0, 1). Suppose that 


lim 1,(8) exists with probability one. 


n-> %0 


From the statement (3) of Result I, we know that 
lim /,(s) exists with probability one. 
n->co 


It follows from Result II that these limits must be equal to the same constant 
with probability one. 
Since lim J,(s) = lim J,(0) with probability one, it follows that lim 1,(0) 
n->oo A> 00 N—>eoo 
= q (say) with probability one. It is now easy to show that this implies that 
x )(7) = q with probability one. 


By Result II, g < 1 with probability one. Thus we have the existence of a < | 


such that ¢x,(«) = « with probability one- _ 
Suppose there exists an a < 1 such that dy,(«) = « with probability one. 
Consider an s € [0, 1) such that s<a. Then « D> dx,(s) > s with probability 


one. 
Using this relation and the stationarity of the process {¢,,(s)} we can 


immediately conclude that 
px (PX nr = -$x(5))) 2 Pxn-(PXn-s ° (xo(S))) 


with probability one, n > 1. 
Similarly lim ¢y,(by,-1(--$x0(5))) < $xn-(xXn-ə..) With probability one, 
; ->00 


n> lfors za. 
So lim dy,(¢x,-1:--(Px9(5))) exists with probability one. From Result 1, 1t 

n>% 
follows that we can identify the limit to be«. The completes proof of the 


Theorem 5.1.4. 
We now state the three corollaries which follow immediately from the 


Theorem 5.1.4. 


COROLLARY 5.1.1 Let {Z,} be a branching process with random environment 
and {fy,(S)} the associated environmental process. Assume the conditions 0 
the statement (1) of Theorem 5.1.4. Then for each s & [0, 1) 


lim E{sZ" | Z, Æ 0, Z, = 1, F} = Ys) 
n->%0 


exists in distribution and does not exist in probability. 
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COROLLARY 5.1.2 Assume the same conditions as in corollary 5.1.1. Then 
for each s € [0, 1). 


[1 — EsZn | Z = 1, F] 
M ia 


lim a = G(s) 


exists in distribution but does not exist in probability. 


COROLLARY 5.1.3 Assume the conditions of the statement (2) of Theorem 
5.1.4. Then 


PE Tid $xu(bxpai(-bx(s))) exists} = 0 


Hence we have shown that the mode of convergence in Theorem 5.1.4 
cannot be strengthened. 


5.2 CONTINUOUS TIME MARKOV BRANCHING PROCESS 
WITH RANDOM ENVIRONMENTS 


Normal Kaplan (1973) constructed: a Population model which combines the 
ideas of a discrete time branching process with random environments and a 


continuous time non homogeneous Markov Branching Process, in the follow- 
ing Manner. 3 


We consider the continuous time Markov Branching Process with random 
environments {Z} >o. We are given two continuous time stationary Ergodic 
processes {y:}/50 and {b)},50. 

The process {n;}.50 is merely the continuous time analog of the discrete 
time environmental process. Thus for each realization of the process y;, we 
can associate the family of probability generating functions 


{¢(s) = 2 Pid? )s*}>0. 
k= 
Here {p,(t)} satisfy the following assumptions 


(1) For each k, p,(t) is a continuous function with probability one. 
(2) 5 kp,(t) and 5 k*p,(t) converge uniformly on bounded intervals with 
k=l k=l 


probability one. 


The process {b,},5 is called the life time process which satisfy the follow- 
ing conditions 


dl. The process {5,55 is independent of {n} 
P{b, > 0} = 1 and E{b,} < 00 B 
The process {b,},>o has continuous sample paths probability one. 
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' > ` { H ental rc iz 3 
We first show the existence of an environm process. For that ” 


introduce the following notations 


the space of all infinite sequences x = (Xos X1.) Of real numbe, 
ETS 


R® 

(Pk}>o:; a sequence of functions defined on R” into R such that 
p(X) = Nk» k = 0 

Boo the o-algebra of subsets of R” generated by sets of the form 


(o Xo oe) | Hy E Ins ee He E Ate } 
where ñ, fg) «+» i are any positive integers; Jj, .../j, are any 
intervals, A> 1. 
Ap = (2-44), 27k] : k BO. 


To establish the existence of an environmental process, it is enough to 
show the existence of a stationary Ergodic process, {d,};>9 defined on some 
probability space having state space R” and satisfying the following properties 


(i) P {P{d) E Ap} = 1,4 > 0 
(ii) P {p(d,) has continuous sample paths} = 1, k > 0 
For proving this we argue in the following manner. 
Let a(t) © p,(d,. By property (1) P {1 < a(0) < 23} = 1. Take 
k=0 
nı = d,la(t) for t > 0. Then {h}zo İS stationary ergodic satisfies property (2) 


and > Pfs) = i} = 1.2 k pk) and 2 k? p,(n,) converge uniformly in t 
k=9 k=1 =0 


with probability one. 
Let us suppose that we have a sequence of stationary process 


{e,(t, w); t > Beso» 


each defined on the common measure space (R, Z). Let py denote the associated 
probability measure satisfying the following conditions 


(1) px {w:e,(t, w) has continuous sample paths} = 1 


(2) py {w:e,(0, w) E Ay} = 1 


(3) {e,(t, w); t > 0} is weakly mixing. That is for any two Borel sets 
A, B E B 


dim l/t | | Piw: elr, w) E A; w E B} — p;(A) p,(B) | dr = 0. 
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..) denote a typical element in R°. We define the process 


d, : (Re, Boos Poo) e (R™, Bo) by 


Let w = (Wos Wi»: 


d, = d(t, w) = (ex(t, we) k = 0, 1,....);t > 0 


Kaplan (1973) has shown in the following theorem that {d,} is stationa 
ty 


ergodic. 


Theorem 5.2.1. (Kaplan, 1973): 
Let {d}r>0 be the process as defined above. Then {d,} is stationary Ergodic 


Proof 
We can easily verify that {d;},> is stationary. We also see that the projections 


of the process {d,} satisfies the properties as the {e;,(t, w)}cx>9. We have to show 


only that {d;} is ergodic. 
It is sufficient to show that for any two sets A, B E Bw, we have 


lim 1/t | P (d7 (A()\B))dt = P.o(A) Pool B). (5.2.1) 


t-> 


If A is an invariant set, then Po(d7' (4N 4)) = Pe(4) for all t > 0. 

If (5.2.1) is true we see that P (4) = P2.(A) and wë conclude P.(A) = 0 
or 1. So to complete the theorem, we have to verify (5.2.1). 

Without loss of generality, we assume that 


A — Ay X Ay... X An, B = By X Bi Kadd A Ba 


where {4;, Biło<;<n belong to Ø. From the definition of Pæ» it follows that 


P..(d;1 (AN B)) = EA P; {ei (AiN Bi} - 
and | 
P(A) Pa(B) = ® P(Ai) PB) (5.2.2) 
By assumption, 


Pile) (4:0 Bi) — P,(A;) P(Bi) | dt = 9, 
OLAN. (5.2:3) 


t 
lim uit | 
0 


{->oo 


From (5.2.2) and (5.2.3), the result (5.2.1) follows easily. | | 
Thus we have proved the existence of continuous time environmental 


process, Now we construct continuous time Markov Branching process with 


random environments (CTMBPRE). | Hio 
First we consider a CTMBP {Z} >o with Z, = 1. We ee as io 
probabilities of {Z,} process by using two parameters. The first is the rate 0 


splits which we denote by b(t). The probability of splitting an object existing 
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at time żin the interval (t, t + At) is b(t) At + O(At). The a 
continuous. The second parameter is a family of phn 
yg 


functions 


a Bt) ig 
“Nerating 


{4,(S) = 2 Pit) "Sis. 
imi 


It is assumed that pi(t) is a continuous function of t. If we are given ; 
tinuous function b(t) > 0 and a family of probability generatin ng Con. 
{$(5)}:50- We may define CTMBP by 8 TUNnctions 


Z(r; {B(t)}i>0 {P(5)}i>0)ra0- 


. We now define a CTMBPRE {X> in the following manner. We 
given the environmental process {:}e>9 and the life time process {Diis Asn 
Pı (w) = 0 with probability one. It is assumed that the {X} satisfies the follow. 


_ ing conditions 
G7) P{X=k|F}=p,k > 0 
(ii)  Forany0 < h < tz.. < 4, ls| <1,1 <i <jandk > L 
j j 
E Sus sXt; |X) = k, F} = [Ex SZ(H: (60), 9, (1(s)},5 4) 


| Z(0; (b:)i>0 {9(3)}) = k] wept 


where ¢$,(s) = = Pik 0, )s* and F = o({n;},50; {br}r>0). 
Let (X/);>09 denote the process when F is replaced by F(T*) in assump- 
tions (i) and (ii) above. Hefe 
F(T") = of{n iss {bih>} T S 0. 
For the process {Xr }y>0, Kaplan (1973) has proved the following theorem. 


Theorem 5.2.2 (Kaplan, 1973) 


Let 0 < tı < t,...<t, be any k real numbers. Then the k-dimensional stochastic 
process (Xn, Xn» ++» Xix)e>9 IS a Stationary process. 


Proof 
This theorem follows immediately from assumption (ii) and from the results 


on stationary processes in Cramer and Leadbetter (1966). 
We now state some results about a CTMBP which are necessary to prove 


the main Theorem of Kaplan (1973), 


Result I 
G(s, r, t) = Ef{s4*|Z,=]},0<cr<t<o,|s|<1 
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is the unique solution of the following differential equation 
d Gis > 
gr US," t) = — br Lb G(s, r, 1) — G(s, r, 0] (5.2.4) 
with G(s, t — 0, t) = s, and satisfies the integral equation 


; r t 
G(s, r,t) = exp 1 b,dy \ | b(G(s, v, t)) b, (3,229) 
- exp - |" b, dz ay, Ver<ctdao,|s| <1. 


Result II 
G(s, r, t) satisfies the following functional relationship 


G(s, fis ta) — G(G(s, to, ts), fi» to), 0 < li < f3 < ©, | s| <1 (5.2.6) 


Result III 


If > kp,(u) converges uniformly on each finite u interval, then 
k=1 


(i) n(r, t)= Z G(S, r, t) |s- < co for all 0 <r < t< œ 
(ii) n(r, t) = exp i h(u) du} 


Result IV 


If 5 k(k — 1) p(u) converges uniformly on each finite interval then Z, < œ 
k=2 


for all ¢ and 


Z, = exp al. h(v) dv} f exp f h(z) dz b, dy (1)dv, t > 0. (3.2.7) 


The proof of the above result can be found in Harris (1963). 
Our main intention here is to obtain the necessary and sufficient condition 
for the extinction of the CTMBPRE process {X¥,}. For that we introduce the 


following notations 


S 


G(s, r, t) = E{sz,|Z, = YOxr<t< o,|s|< 1 
h(t) = bAgi(1) — 1}, t > 0 


n(r, t) = £ G(s, t) |s=1— 0S r << O 


d 
n(t) = Ts G(s, t) ls-t—s t>0 
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- oN 
Z(t) = ds? G(s, t) ai= t P 


F(S, r, t) om E{s*t | Ar ag l, F} 
F,(s, r, t) = E{sXi | Xt = 1, F(T*)} 
F(s, t) = F(s, 9, t)O<r<at< o,09<7,|s|<1, 


g(t) = bdr) — 1}, t >O 


d 
m(r, t) = T F(s, r, t) |sei-) O<r<t<o 
t>0 
m(t) = gS”) leit 2 


2 
Y(t) = a F(s, t) |s-1—» t> 0. 


We first prove zero — one law of q, and later we will prove the necessary 
and sufficient condition for extinction. 


Theorem 5.2.3 (Kaplan, 1973) 


P{q = 1} =0 or l. 


We prove this theorem (5.2.3) by using the following three lemmas. 
Lemma 5.2.1 


Let A = {(n, b); F(s, 7, t) = F(s, 0, t—1) for all 0 <tr < t < œ;\s] < l} 


where (n, b) denote a typical sample path of the environmental process (nd and 
the life time process {b}. Then P(A) = 1, 
Proof 


iei Peni I, we see that there exists a set of sample paths (y.b), having abel 
DAMI f i i 
ability one, such that the following differential equations are satisfied. 


gu (8 u, t) = — BIbAF(s, u, t) ~ Fls, u, t)), 


F(s, t ~tH=s0e 


Luc hoe 5.2.8) 
and S4|s|<1 ( 


d 
du FAs, u, t — T) 


— l 
burr{put(F(S, i t—v))—F,(S, tl, t— T) 
Fls, te, tn) 


~SFS¥<h|s| <1, (529 


BRANCHING PROCESS WITH RANDOM AND VARYING ENVIRONMENTS 173 

By changing the variable as vy = u + rt, (5.2 9) becomes 
d J 1 
dy FAs, y=-%, t—) —= —b {p Fs, y=", t—r)—F,(s, V~, t—t)} 


FAs, t—-t—, tt) = S,r Sv st, |s| <I. (5.2.10) 
Using the uniqueness of the solution of (5.2.8) as in Result J, we have 
Fis, v, th=F,(s,v—t,¢t—-t),t< vy < t. (5.2.11) 
In particular, 


F(s, +, t) = F(s, 0, t—t). 


LEMMA 5.2.2 
Let B = {(%, b) : F(s, 2t) = F(F((s, t), t), 0< t< a, |5| < 1} where Ch, b) is as 
defined in Lemma 5.2.1. Then P(B) = 1. 


Proof 
From Result III, we have a set of sample paths having probability 1, such 
that F(s, 2t) = F(F(s, t, 2t), t), 0 < t < œ. By Lemma 5.2.1, we have 


P{(4, b); F(s, t, 2t) = Fis, th; 0< t< œ, |s|<1}=1 
Hence the Lemma 5.2.2 is proved. 
From definition of F(s, t), we have 
F(0, t) = P{X, = 0|X, = 1, F}. 
Since 
P{X, =0| X) = 1, F 
is increasing with t, we obtain 
lim F(0, t) = q exist with probability 1. 


{—>oco 


Furthermore, q = P{X, eventually becomes extinct | Xo = 1, F}. 


LEMMA 5.2.3 
The {q; = lim F,(0, t)}-> process is stationar y and ergodic, and has continuous 
{—>00 


sample paths. 


Proof 
The stationarity and ergodicity of the process follow from the Results in 


Cramer H. and Leadbetter (1966), Chapter 7. We have to prove only the con- 
tinuity of the sample paths. From the dominated convergence theorem, we 
obtain with probability one that 


dr = ke (qutr) bur exp J- | Dixi ark du, + > 0. (5.2.12) 
0 0 
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, 


If h> 0, then we have 


. h 
= = bada} 
gris < | ae l, 


Similarly we can show that 


h 
+ j buydu. 
0 


ore lim Qr+h = Iv 
Theref hee 


lim qr- = fr 
h0 $ 


f of the Theorem 5.2.3 We now prove the theorem. Suppose P{q=1}>0, 
We chow that P{g = 1} = 1. Because of (5.2.12), q= 1 implies q, =1 except 
for a set of 1’s having Lebesgue measure 0. From Lemma 5.2.3, 


Piq = 1} > 0 > P{q; = 1 for allt >0}>0. 


t 
P flim = | HiS if >0. 
too Í 0 i 


But the continuous time ergodic theorem (Cramer and Leadbetter (1966) 
Chapter 7) implies that | 


P flim al q;dt = Ea} =k 
0 


In particular, 


t=>oo 


Therefore E(q)=1. Since P{q < 1}=1, E(q)=1 is possible only if Pq=l)=l. 
This completes the proof of the theorem. 


The Theorem 5.2.3 is valid even for environmental processes which do 


not satisfy the moment conditions assumed already. All that is necessary " 
that each of the coefficient f 


bility 1 unctions, p(t), should be continuous with proba- 
y I. 


e s 
We now prove in the following theorem about the necessary and suficie 
condition for the extinctio 


n of CTMBPRE {X}. 
Theorem 5.2.4 

PU=1I)=1 if Eg}. 
Proof 
Let t > 


> 0, Define fe 
° ý : ~ 
With shift Operator H 


. jonat) 
Fals, t); n > 0. The {fn'(S)}nz0 process js stat! js 
ergodic, Consider 


DT bn ' cess 
an, However, it is not necessarily true that this pas 


t 
From i En (s) 5E. Aa), n>, Is | zi 
emma 3.2.2, we obtain 


t 
8n(s) = F(s, nt), n> 1. 
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In particular, jim g! (0) = q with Ere) l. 
By using iior 5.2.3, we have 
P{ lim 2n» (0) = I}=Oorl. 
Hence to complete the proof of the theorem 5.2.4, it is enough to give necessary 
and sufficient condition for when lim gn(0) = 1 with probability 1. 
By using a result of Athreya ‘aid Karlin (1971a), we have 
Pt lim g, (0) = 1} = 1 if and only if 


£ f log gro <0 


However, 
EY log $ £5(0)} = Elbo EO- N 
Thus 
E 4 log ra, < 0 if and only if E {4,'(1)} < 1 
Hence 


P [q = 1) if and only if Ef, (1) < 
Thus the Theorem 5.2.4 is proved. 
We now prove a limit theorem for a CTMBPRE {X}. 


Theorem 5.2.5 


(W, F)rœ is a positive martingale and lim W, = W exists with probability 1. 


1> 


Here W, = X,|m(t) and F, = o{X¥s, 0 < 8$ < t, Fhido. 


Proof 
We have to verify martingle property. Let s < t. 


Then 
E{W, | F} = E{X,/m(t) | Fa}. 
From Result IV, it follows that with probability 1 


t 
= \d 
E{X, | F,} = X;exp 1f g(udduh and m(t) = exp i g(u)du 


O<S<s <N. 
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Therefore 


t 
X, Oxp | | gíu)du} 
EW, |F} = — r a N, 
exp 4| sodda} 
J0 


Hence the Theorem 5.2.5 is proved. 
If Efy"(D} < 0, then we can sec in the following theorem M 
at tp, 


convergence in Theorem 52.5 holds in Ly, 


Theorem 5.2.6 (Kaplan, 1973) 
Assume E{p,"(1)} < œ. Then there exists a random variable W, such that 


lim E(W, — W)? | Xo = 1, F} = 0 with probability | (5.2.13 
>00 bii 


and E{W | X, = 1, F} = 1 with probability 1. (5.2.14 
214) 


Proof 
Since E{W, | X, = 1, F} = 1 for all t, (5.2.14) follows from (5.2.13), So, it j 


enough to prove (5.2.13). 
By using Result IV and the continuous time ergodic theorem, we see thy 


(5.2.13) is true. 
Hence the Theorem 5.2.6 is proved. 


5.3 BRANCHING PROCESSES IN VARYING ENVIRONMENT 


A branching process in varying environment is a sequence of non-negative 
integer valued random variables {Z,,} defined inductively as 


Zn 
D Xnk if Leu . 

Zn = d=! (5.3.1) 
0 if Z,—0 


where {Xn,4, k = 1, 2,...}, for each n = 0, 1,... is a family of independent and 
identically distributed random variables. 


LEMMA 5.3.1] 

, e 
Suppose that {Z,} is a branching process in varying environment and that o 
exists a sequence of constants {Cn} such that {Z,/C,} converges almost surely i 
a random variable W with PW (0, 20}) > 0. Then W admits the representa 


n 2 
W = $ Was. (537) 


j=] 
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forn =1, 2...., where {Wi”, i = 1, 2,...} is conditional on Zn, a sequence of 
independent and identically distributed random variables 


Proof 
The equation (5.3.2) is analogous to the representation known for the super- 
critical Galton-Watson Processes [K.B. Athreya (1972)] and can be obtained 


by dividing the equality 


SP (J) 
Znie = È Zak (5.3.3) 


by Cre and taking the limit as k -> oo. In (5.3.3), Zk gives the number of the 


kth generation offspring of the jth individual of the nth generation. 
Next we prove a law of large numbers for the variables {W{"} in the case of 


a branching process in varying environment which contains as particular cases 
Theorem 2 of E. Seneta [1974] and Theorem 2 of H. Cohn and H.J. Schuh 


[1980]. 


Theorem 5.3.1 (H. Cohn, 1982) 


Suppose that {Z,} is a branching process in varying environment and {Cn} a sequ- 
ence of constants with lim C, = œ such that {Z,/C,} converges almost surely to 
n-> 2 


a random variable W with P(W Æ {0, œ }) > 0. Then for any k > 0 


lim WO + e+ Wie — x in probability. 


n-> %0 


Proof 

Under the assumptions made, it is easy to find either a point C for which 
Theorem (5.1.3) (i) holds or a point C for which Theorem (5.1.3) (il) holds. 
In either case Theorem (5.1.3) in conjunction with Lemma (5.3.1) yield 

(5.3.3) 


lim (Wi) + ... + WR enp) — cin probability 


n-> 0 
Here lim c, = c and [x] stands for the largest integer smaller or equal to x. 
Since the random variables {W}"} are independent and identically distri- 
buted for each n, (5.3.3) implies for any x > 0, 
in probability (5.3.4) 


si WPH -+ Ween) = * 
It remains to show that {ca} can be replaced by c in (5.3.4) 


WIP +. + WO WO o + Wa) 
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is a random variable assuming the same distribution as 


(WO + oe + Wienatente—py) Hn > C- 
or as —(w eee a Wer) sienio) if Cn < C- 


In either case (5.3.4) implies that 


lim (9? + WO pep UA t t wW )]=0 


in probability. This completes the proof. 


Condition A 


Suppose that {C,} is a sequence of constants as defined in the statement of 
Theorem (5.3.1). Then there exists some Sequences {in} and {i,’} such that 


PZ, = in) P(Zn = in’) = 0, 


lim inf i,/Cn = 9 


n-> 0 


and 


lim sup in'/Cn = ©. 


n->o0 


Theorem 53.2 (H. Cohn, 1982) 


Suppose that {Z,} is a branching process in varying environment 


and {Cn} a 
sequence of constants with lim Cn = © such that {Z,,/Cn} converges almost surely 
n-> %0 


o a random variable W with P(W + {0, œ}) > 0, and that condition A holds. 
Then the distribution function of W is continuous and strictly increasing on (9, 00). 


Proof 


Wiest cten \ . p 
irst step is to show that P(W € (0, c)) > 0 for any e > 0. By Theorem (5.3.1): 
lim (W +... + WW) = 1 in probability 


Since { wi" are 
w 3 nonne è at a h e ` 0 
and n sufficiently large gative random variables, it follows that for 57 


(n) = ò yC 
P( Wi (0, (1 + ò )/ n)) = 0. 
By condition A there exists 


a subsequence {n,} such that 


lim i 
N->co ik [Cng == 0. 


Suppose 
now that i,, > 0 for all k. Then for any K 
€ > 
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PCW & (0, 2)) = POW" +... | WSP € (0,0) 

> POW) +. + WEO E (0, €)) P(Zn, = ing) 

> Pin, (Wl? €E (0, efin) P(Zn i n) (5.3.5) 


But for k sufficiently large, 
(1 +- 8)/Cay < elln 
Which implies that 
POV" & (0, ein) > POWER & (0, (1 + 8)/Cy,)) > 9 


Thus by (5.3.5), P(W € (0, £)) > 0 for any £ > 0. 


Suppose now thatthe extinction probabilty is positive (ie) i, = 0 for all n., 
Then for any i> 0 with P(Z, = i) > 0, 


P(W E (0, &)) > POW) +... + Ww” € (0, €)) P(Z, = i) 
> PW) & (0, €))Pi-(WO = 0)P(Z, = i) (5.3.6) 
Since for n sufficiently large (1 + 8)/C, < e implies 


P(W™ € (0, c)) > 0, 


(5.3.6) yields P(W € (0, £)) > 0 in the extinction case. 
Next to prove that 


P(W € (a. b)) >0 for any a, b with a < b. 


Suppose the contrary, (ie) that there exists an interval (a, b) with 


P(W € (a, b)) = 0. 
Then by lemma (5.3.1), we get 


P(W E (a, b)) = POW) + ... + WY & (a, b)) (5. 


(42 
~] 


By condition A, choose a subsequence Ling} of {in } such that 


ko 


Then (5.3.7) implies 


P(WPD +... + Winky E (a, 6)) = 0 (5.3.8) 
nk 


Since 


P(WEH +... + Wen & (a, b) 


; ION 
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> P-n We E (Alipo Blind) 
it follows from (5.3.8) that 
PWED E (aling blip) = 
Let m be any integer with 1 < m < in, and choose an arbitrary < >Q, 


Then 
PWE +... + We & (a, b)) 
nk 


> PWR € (0, e/m) Pim—™(WeH & (ali, — mM, D—el(i,,, — m) 


Since P(W € (0, £)) > 0 implies P(W{™ e (0, £)) > 0 for all n, it follows 
that 


Wewe (a(i, —m), (b-«)/(é,, — m))) = 0 


and since s was arbitrarily chosen, 


PW & (afli, — m), bli, — m))) = 0. 
Thus 
P(W°")) & (alm, b/m)) = 0, form = 1, es 
It is easy to see that there exists a number u such that for all n > u, the 
intervals (a/n, b/n) and (ajn + 1, b/(n + 1)) overlap. Then we have 
P(WE & (ali, alu) = 0. (5.3.9) 
But if c < afu is chosen, it follows that for k large enough 


Worn, .. very WOK 


cC nyl 
are all smaller than 
afi’, on the set {(Wink) 1. 
(WEE oa + WER D Se o) 
for some z > 0), 
But in such case, 
jim PWO 4... 4 Wop 


[cc,, kl < C -} e) 
= lim P (nk) 
kan Ws k. 


a Wini <7”) = | 
F = 


Capd ~ 
Since lim (aCi 
k> 


lng) = ( i i 
nk) = 0, a Contradiction arises which proves that 
PW & (a, b)) > 0, 


It remains to pr 
prove that F ig continuous, Suppose the contrary. (ie) ther? 
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exists a jump point C, of F. Then by theorem (5.1.3) and lemma (5.3.1) 


lim POW) 4 pi). oy 
am (Wir) - | EE oat ¢) = I, 
for some {c,} with : 
lim c, = c. 
n->oo 


Since for any x > 0, 
F(x + e) — F(x —e) > 0 


there exist a sequence of states {in} with P(Z,, — in) > 0 such that 


in E (C,(v—e,), Ci(x + En)) 
for some {ep} with 


lim En = 0. 


` R> 


But by a reasoning already employed in the proof of theorem (5.3.1), 
take Cn = c = x. Then 


lim (POW +... 4+ W = x) 
— PW) +... + WO = x)) = 0. 
Thus for n sufficiently large, 
PWP +... + WO = x) P(Z_ = i) > 0 
which in conjunction with lemma (5.3.1) yields 
PW = x) > POW) + + W = x) P(Zn = in) > 0. 


It follows that 
P(W =x) >0 
for all 
x € (0, 0). 


But this is impossible since the set of jump points of F is atmost count- 
able, and the proof is complete. 
We now prove the following theorem. 


Theorem 5.3.3 (H. Cohn, 1982) _ 


Suppose that {Z,} is a branching process in random environment for which there 
exists some norming random variables {C,(&)} with 


lim C,(&) = 0 a.s., 
n->o0 


such that lim ZnlCr(&) = W a.s. exists and is nondegenerate. Assume, in addi- 
n->00 


tion, that 


TIMATION 
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p( lim SUP z My(En/CaE) = 0) 


_ p(lim sup 7 MEDICE)= V= ! 
n->00 i=0 


d respectively the smallest integer with 
d m(&1) are the largest an S l er wit 
piere ME rey Then W admits a continuous and strictly increasing dis. 
tribution function on (0, œ). 


Proo l l 
It A to show that condition A 1s satisfied in this case. This follows 


easily from (5.3.1) which implies that the varying environment sequence 
obtained by conditioning ¢ admits T M;(č) for the largest and i mC) for 
i=0 = 


the smallest value with positive probability of Zn- 

Applying this result to the case of a stationary aná ergodic environmental 
sequence considered by Athreya and Karlin (1972) and Tanny (1978), the 
following corollary is got. 


COROLLARY 5.3.1 Suppose that {Zn} is a non-degenerate branching process 
in random environment assuming a stationary and ergodic environment sequ- 
ence & and that E(log a(&)) < œ where a(&,) is the expected number of ofi- 
spring of a particle conditioned on the environment Eo Then there exists 4 
sequence of random variables {C,(&)} such that 


lim Z,/C,(&) = W a.s. 
n->oo 
with 
PW<o|F(E))=las. 
and W admits a 1 | 
(0, 0. continuous and strictly increasing distribution function 0 


Proof 


The existence of | 
tions was soa A random variable W under the above ar 
in iti ny (1378) Th l tt 
rem f 
pas rebate of Theorem ; ) 1) vate ent he remains to show ! 
e 2 atishe 
process {Zn} was assumed scream 
€, 


E(log Mi.) > E(log a(&,)) 


Taking now > Eog mč.) 


th l 
e logarithm of the quantity 


k M i&)/ C.(E) 
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and dividing the resulting quantity by n, it is seen that 


n . 
Fess 0g M(E) _ log C,(&) 
n n 


which by the ergodic theorem and theorem 1{4) of Tanny (1978) yields 


> lo Mi 
n->co n n 


= E(log My(,))—E(log «(&,)) > 0 a.s 


This implies that 


lim = My)/C,(E) = œ a.s 
noo j=0 


A similar reasoning applied to 


= mi(E,)/Cx(E) 


yields 


lim m m(E)/C,(é) — 0 a.s 
Aco f=() 


This completes the proof. 
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PART II 


6 


Branching Processes with Immigration 


6.1. BIENAYME-GALTON-WATSON 
PROCESS WITH IMMIGRATION 


6.1.1. Heathcote’s Model 


In Bienayme-Galton-Watson branching process, populations have flourished or 
declined according to the multiplicative laws of a branching’process. We modify 
the above scheme with the possibility of addition from an outside source. Such a 
generalization is of great importance from the point of applications of biological 


processes. 
Systematic investigation of the branching process with immigration began 


with Heathcote’s (1965, 1966) papers. A useful summary of the various results 
obtained can be found in Seneta (1969). Suppose we have a single particle 
forming the zeroth generation. Let py, j= 09, 1, 2..., be the probability that it 
produces ‘7’ particles with generating function 


h (s) = È p; si, let m, =h’ (1) (6.1.1) 
j=0 
In the model considered here we assume that N, immigrants join the nth 
generation, the random variables N,, Ng,...being independent identically distri- 
buted random variables with generating function 


k (8) =3 q s. (6.1.2) 
where, a 
q; = P(N, =j), j =0, 1, 2, 
Let m = k'(1). 
In order to avoid trivialities, assume that 
(6.1.3) 


0 < Pos Po + Py» do < l. 
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Let X, denote the population size of the nth generation with generatip 
n 
function. & 


MO =} P(X, =j) 9 (6.1.4) 


subject to the condition Xo = 1. Clearly {Xn} is a Markov chain. Using 


Ps) = ES PX =F Xn = 8) Pn = i) (6.1.5) 
j=i=0 p 


We get the following fundamental relation 


pa(8) =K(s) Pua (A(S)), 0 = 1, 231+ pol s)=5 (6.1.6) 


on iteration this gives, 
n—1 
Pls) = has) me Ah (s)) (6.1.7) 
where 
h,(S) = h(hn-s(s)) and ho (s) = 1. 


We now present the various results pertaining to the limiting behaviour of 
X, asn-> œ for the Subcritical, Critical and Super-critical processes. 


6.1.2. Subcritical Processes with Immigration 


Heathcote (1966) has proved the following result. 


Theorem 6.1.1 : (Heathcote, 1966) 


The necessary and sufficient conditions for the limit 
, n—1 
lim h,(s) x k(hj(s)) 
n->00 j=0 
to generate a proper stationary distribution are 


m <i 
and 


o0 1 o0 (6.1.8) 
5 (=) . 
j=0 \j+ 1 a upe 


a y ound 
It may be remarked that, if the immigration distribution 15 comp 
Poisson, then the limiting stationary distribution is infinitely divisible. ary and 
Further when m, < 1, Seneta (1969) has shown that the neces?” 


e 
vh l ; : e 10 th 
sufficient condition for the existence of a unique stationary distributio” 
subcritical case is, 
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Zq; log j < o. (61.9) 


Foster and Williamson (1971) further improved this and got the necessary 
and sufficient condition for the existence of the limiting stationary distribution, 
as 


1 1—Kk(s) | 
|. h(s)—s ds < 0. (6.1.10) 


Under these circumstances p(s) satisfies 
p(s) = k(s) p(A(s)) ; s € [0, 1] (6.1.11) 
where 
p(s) = lim p,(s). 
n->oo0 
Functional equations of this form arise in genetics, where g, is the proba- 
bility of having k mutants of a gene per generation and px is the probability of 
having ‘A’ representations of the mutant per individual in the next generation. 
Skellam (1949) has treated the case when 
h(x) = e@-D; c < 1 
and 
k(x) = e4-D; d < 1. (6.1.12) 
Pakes (1971b) established a strong law of large numbers and a central limit 
theorem for the total number of individuals that have existed upto and includ- 


ing the mth generation. . n 
In an attempt to obtain the explicit information about the structure of the 


distribution generated by p(s), Seneta (1969) considered a subcritical class of 
offspring distributions of the continuous type, namely, those whose probability 


i i i i ditions : 
enerating function h(s) satisfy the following con | DESO 
Í (i) h(s) = h(m,s) is a probability generating function for all m, in some 


left neighbourhood of m, = 1 

(ii) A’) >O 

(iii) h’’(1) < c, m, € (1—e, 1), c is constant. 
Further assuming, 

(iv) 0<% < 1 

(v) m = k'(1)< œ 
and 

(vi) k” (1-)< œ, 


; ich is of interest 
Quine and Seneta (1969) have proved the following theorem which is oF 1 
in this context. | 


198 BRANCHING PROCESS AND ITS BSTIMATION 


Theorem 6.1.2 : (Quine and Seneta, 1969) 


red the process {Xn} satisf ying, conditions (i) to (vi), the random variab] 
—mM;)Xn} converges in law as N-> to a random variable wi 7 

om variable with gamma density, 
x(mo/0)—] e` *lo 


O= ime 


(6.1.13) 


where 
0 = h'"(1)/2. 


Pakes (1971c) furnished a different proof for this theorem under slightly 
weaker conditions. Pakes (1974a) also applied limit theorems, which he obtai- 
ned for Markov chains, to subcritical process with or without immigration. 

Define the generating functions of the n-step transition probabilities p 


for fixed i by 
PI%s)= E Psi (Js| <1) 
J=0 
Then it is easily shown that (Heathcote [1965]) 
n—1 
Pi” (s) = (h(S)! © k(Am(5)), 
m=(0 
where l 
h(s) = s, h(s) = h (s) as in equation (6.1.1) 


and 
ħn+(s) = h(h,{(s)), (n = 0, 1,...). 


Ifm, < 1 and 2 q;logj < œ the unique limiting-stationary distribution, 
{7}, is given by 


oe . 
n(s) = È js! 
j=0 


=x km(s) (s| <1) 
m=0 
Thus, if the immigration distribution is compound Poisson, the limiting- 


stationary distribution is infinitely divisible. 
By imposing some further conditions we find now the rate of convergence 


of Py} to zj. 

Theorem (6.1.3) (A.G. Pakes, 1971) 

For a_subecritical branching process with immigration satisfying condition 
(6.1.3) and for which X. jp; log j < œ and m < œ, then 


PPXs) = n(s)+ m?T(s)[1 — i(1 — m,)/m] + RPs), (As|<1) (6.1.14) 
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where 
R”Xs) = o(mi) (n > œ) 
and 
= ! sati 
T(S) 2 t;s?! satisfies T(1) = 0 
and l 
K(s) T¢h(s)) = m, T(s). (6.1.15 
1.15) 


The n-step transition probabilities have the form 
(n) n . 
Pi = my + mit U — iQ — m/m] + rip (6.1.16) 
where rp = o(mi) so that the process is geometrically ergodic. If h” (1—) 


K''(1—) < ©; then R$” (s) and ri) are O(m;"). 


Proof 
Defining T)"(s) = (P;"(s)—x(s))/mi> from equations defining PPKS) and x(s) 


(n) n—i1 00 
TE =T KADU — T, kmi 
= J= 
The first product in this expression —> n(s) (n > œ). It can be easily seen that 


I— È kl) = Zk] — MM) 61D 


where l 
= ALE (1 — KAO < MYS) 


< ZI — kih O)P/k(h,(0)) 0<s< 1) (6.1.18) 


This inequality is obtained from 


1 — È s-s) < = (L—S)) 
j=n 


jen 
<1- Es +4(3 1-5)? 
J=n j=n 
which holds if0 < s; < 1. 
The mean value theorem shows that 


0 < 1> k(h (0) = (1 — h0) k0) < mC — A0) 
mit theorem given 


where hj(0) < 0; < 1. The refined form of Kolmogorov’s li 


by Heathcote, Seneta and Vere-jones [1967] asserts that 
(n -> œ) where c < o. 
Furthermore, the proof shows that, since Po 


Ms) = O(m”) 


> 0, c > 0. Thus 
(6.1.19) 
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Applying the mean value theorem to the terms of the sum in (6.1 17) 93 
co co a mr 
Fail [1 — k(A,(0))] = Mo & Ll hs) — PAL — h(s) 


(ma — K'(h;)) (6.1.20) 


where /i,(s) < ¢; < 1. Since 4,(0) A 1(j + œ), (Harris [1963]) the sec 
in (6.1.20) is bounded above by i |) the second sum 


(Ma — k'(h(0))) Z (1—h,(O)) = o(m?) (n + œ) (6.1.21) 


since the factor outside the sum is o(1) and in view of preceding mani 


putations, the sum is 0(77). 
Yaglom’s limit theorem in its refined form (Heathcote et al. [1967]) yields 


1 — h(s) = mi(1 — D(s))/c + o(m"), (n -> 0;0<5< 1) 


where 
D(s) = za [An(S) — An(O)]/[1 — An(0)] 


generates an honest probability distribution which uniquely satisfies 
1 — D(A(s)) = m1 — D(s)), D(0) = 0, 


and | 
D'(1—) =e. 


Substituting this expression into (6.1.20), and using (6.1.17), (6.1.19) and 
(6.1.21) shows that | 

lim Ts) = I(s) = mon(s) (1—D(s))/e(1—m,), 0 < s < 1. (6.1.22) 

This gives equation (1.1.14) for 0 < s < 1. If |s| < 1, then it is clear 


that 
| 1—k(hy(s)) | < | 1-4 (0)) | + | k(hs(s))— KA) | < 20 — kh0). 
since the coefficients of the power series expansion of K(h;(s)) are non-negative. 
Thus we get that 


| TOs) | < M < œ uniformly in {|s| < 1; n = 0, 1, 2, al 


Hence in view of the regularity of 7$"(s) in | s |< 1 and equation (6.1.22), 
Vitali’s theorem (Titchmarsh [1939]) shows that the convergence in (6.1.22) holds 
for all points of the open unit disc and is uniform on compact subsets thereol. 


This proves (6.1.16) when i = 0. 
But T(h(s)) = lim TS(A(s)) 
n->oo 


= mi lim Te+H(s))/K(s) 


. 


K(s)T(A(s)) = m,7(s), 
Equation (6.1.22) shows that 


T(1) = 0. 
Clearly 


TPS) = [PPE — ae) — (1 — [rg(s)})PO(8)] me 


: i-1 
TPG) = [0APPS E dey] fom 
—> T(s) + in(s)[1 — D(s)l/c, as n > œ. 


Using (6.1.22), we obtain (6.1.14). Clearly the Conditions of Vitali’s 
theorem are again fulfilled and so equation (6.1.16) results, and this shows 
that the Markov Chain {Xn} is geometrically ergodic. 

Finally, if k’’(1) < oo then the mean value theorem shows that the factor 
infront of the sum in (6.1.21) is O(m{) and thus the contribution of the whole 
expression to the remainder term in (6.1.14) is (mi^). 

If h'’(1) < œ, then Harris, [1963] version of the Yaglom limit theorem 
may be used in the analysis above to prove the final assertion of the theorem. 

The first two terms of the right of equation (6.1.16) are the leading terms 
of the spectral expansion of P\” given by Karlin and McGregor [1966]. These 
expansions were shown to hold if n is sufficiently large and if h(s) and K(s) 
were regular at s = 1. 

The hypothesis Zj P; log j < œ ensures that the constant c occuring in 
Kolmogorov’s limit theorem is finite. 

If the series diverges, then c = oo and then for each e > 0 there exists 
N(e) such that 


0<1—h,(0) < emi 


for all n > N(e). From this the following is true. _ 
For a subcritical branching process with immigration satisfying the basic 
assumption (6.1.3) and for which 
Mm < ® 
and 


= jp; logj= % 
jel 
it follows 


lim TPs) = © 


n-> co 


uniformly in compact subsets of the ope? unit disc and 


PY = Ty T o(m})- 
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Limit Theorems for the total population 


Let 
Ti = 2 Xm 
 m=0 
be the total number of objects that have been present up to the nth generation 


It is.easy to see that 
Vins) = E(stinlx, = i) 


= [ens E klgn(s) (6.1.23) 


where g,(s) is the p.g.f. of the total number of objects that have existed upto 
the nth generation in a branching process having an offspring distribution 


probability generating function A(s) and starting with one object, 
Let {B,, n = 0, 1, ...} be a family of independent branching process with 


offspring distribution generating functions A(s) and for n = 1, 2, ... the initial 
distributions have generating functions K(s) and Z, starts with i objects in the 
zeroth generation. Let Yn m(⁄, m = 0, 1, ...) be the total number of objects up 


to the mth generation of &,. Then it is clear that 


Ya= È Yn-mom (n=0, 1, 2,...) (6.1.24) 
m=0 
and (6.1.23) reflects this relation and we can get the independence of the Aa 
Also for 
- O<s<l, 
£5) => Sh(2n— (s)) 
and that 


8n(S) L g(s) (n> œ:0<s<1) 


where g(x) generates a proper distribution if m, <1 and a defective one if 


m > 1. 
It is interesting to note that if m, < 1 the distribution defined by g(s) is 


infinitely divisible. It can be easily shown that 
E\Yq|X,=i) = 0 | p_a”) 
MA 2) =|" l-m, 


f l—m n+l 
Gonsider the case m, < 1. From equation (6.1.25) 
E(Y, | B, =i) ~ m,n/1—m, (n—> œ) 


so thas 
Y,,/n 
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converges to a random variable. 


Result : 


If m < © for the sub-critical branching process with immigration, then 
b 


Y,/n > m,/(1—m,) (n> œ) 
almost surely. 


Theorem (6.1.4) (A.G. Pakes, 1971) 


Let 
A" 1—) < 1, k"1—) << œ and X¥,=0 


hold for the subcritical branching process with immigration which sati 
| Sat . 
tion (6.1.3). T hen sa isfies condi- 


Prd Y,—an < sb y n} —> (27)-"/3 i exp (—t?/2) dt, (n> œ) 
where 
a = m,/|1—m,, 
b2? = m, or |(1—m)? + cè/|(1—m,)}? and 0, 
and cè are the variances of the offspring and immigration distributions, respect- 


ively. 


Proof : 
The Proof is carried out in two steps. 
(i) First step is to show that the sets of random variables 


(Ynım— 4)? and | Ynm—a | (n = 1,2. ...; m = 0, 1, 2,...) 


e. From the discussion concerning the convergence in 
distribution of the total Progeny of a subcritical branching process, it is clear 
that y,, converges in distribution to y, say asm — © (n= 1,2,..-)and y has 
the p.g.f. K(g(s)). A straightforward calculation shows that 


are uniformly integrabl 


E[(y—Ynsm)"] < cig", 

us the convergence also takes place in the 
both in the Z? and L* norm and thus the 
Loeve [1963], Page 162). 

f Gnedenko and Kolmogorov ({1954), 

y toa normally distributed ran- 


c is a positive constant, and th 
L’? norm. Hence Yr,m—a converges 
asserted uniform integrablity holds. (See 

(ii) Now prove that the conditions O 
Page 128) for convergence of a triangular arra 
dom variable are fulfilled. 

Let 


Wnsm = (Yn-mm— Alb "» 


TION 
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so that B 
7 =} Wam (n=1, 2,...). 
Un = (Yn an)|b,/n cle ( 
Clearly, for each £ > 9, 
n—1 
n—1 < 25 | s*dPr 4 W nsm < s} 
a der} Wan < 5} i m=0J |s|2é \ Q 


n—1 
= 72 b-2 n! 2 


| s?dPr fyn-mn—a < s} (6.1.26) 
m=0J |s |> ebyn 


The uniform integrablity of {(Yn—msm—@)*} shows that the summands of the 
last expression tend to zero uniformly over {m = 0, 1,...} as n + œ. Thus the 
left hand side of (6.1.26) tends to zero (n > ©) for each e > 0. Thus we have 


l 2 n—1 i 
S | sdPr i Wasm < S L] =b n 2 l EV mmm) 
m=0 |s |< € m=0 

2E (Yn ý a) P > A = 


2 
+({ sdPr d yamma < st) | 
| s| > eb Vn 


From E (Ynm— 4) = 0 (m,™) and the uniform integrability of | Yaım—4 | we have 
that for each e > 0, the terms on the right each —> 0 as n -> ©. 
Finally since the right hand side of (6 1.26) —> 0, 


n—1. 
lim > | »#aprd Wim <X s} 
n-® CO m=0 | s | <e 
; n—i 
=lim b~? n- > E | Orma | 


n—=1 2 
=li p ee | „—a ) | 
bes b-* n = var (Yn-m,m) T (E(Yn-ms ) 


=1, 

À | } zeros 
since the summands are independent of n and converge tO pt an 
respectively, | tiot 

i . actribt 
a there exists constants My, such that U„—Mn„ converges 1P al 
O the standard normal law, Choose 

S 
M= 
n= s . 
5 a, < dPr} Wrs = s} gore? 
ut My,=0 (1 I 

2 of Gnedenk C) (n->œ), so that the theorem follows on applyine 


o and Kolmogoroy ([1954]. Page 42). 
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Consider the subcritical Galton-Watson Pi 
immigration which has the conventional ocess XY 
Xn ~ Zn + Yn; n > 1 where 


| = (Xn; n > 0) wi 
specification that Xo = f pn 


Ln = Va i 
n nsi + eon -+ Zn, Xn if X nai > () 


om 0 ‘ P 
if Xai = 0. 
Assume Zn, Ys; r,s, n=l, 2 , 
d F he eal » are Independent non-negative, intege 
valued random variables such that A 


(i) Zna are identically distributed lik 
0 < var (Z) = o? < œ: Ike Z(say), 0 < E(Z) =m < J, and 


(ii) Y, are identically distributed like Y (say). F 
| , E(Y) = o 
are both positive and finite, (say), E(Y) =A, and var MEL- 


Also X has a stationary probability distribution with mean v= (1 — my. 


Pakes (19213 has shown that T = n-(¥, +...+ Xn) is strongly consistant for 
u and n™?(T—u) converges in law, asm coo, toa normal random variable with 
mean zero and variance Ajo%, where A, = (1 — m), o3 = uo? + o2. 

On the assumption that Z, and Y,,r = 1, 2,...n are observed, Nanthi 
(1979) has identified 


m = (Xo — po -- Xana) > Z, 
real] 
and | 
A = n (Yi Fan +. Y,) 


as maximum likelihood estimators of m and A, and has shown that n/? (m—m) 
converges in law, asm —> œ, to a normal random variable with mean zero 


and variance u~! o2. It is elementary to note that n'/*(A—d) converges in law, 
as n —> œ, to a normal random variable with mean zero and variance o3. 


Remarks 1 

The probability generating functions f(u) and h 
are well defined on the compact set Dy = (u; |u | < 
To list the basic features of f(u) and h(u) that are 
observe that these functions have derivates up to t 
virtue of the moment conditions satisfied by Z and Y. N 


(u) of Z and Y respectively, 
1) of the complex plane. 
exploited in the sequel, we 
he second order on D, by 
ext it is clear that 


fu)-fo) = È PIZ =)= \ i 


f'(u)—f'(v) — 5 P(Z = r) (ur-1— v") j l 
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Using the identity that 
ur-2y f- -j yrat) 


ur—y" == (u—-v)(ur-! 4. 


we infer from (6.1.27) that, for 
uv ED 


|e) | < m| uv | 
PML) | <f'"() [uv |. 
A similar proof shows that, for 
uve Dy 
| A(u)—h(v) | < A] u~ | 
| hu) h0) | < hO) [uv | 


The moment conditions imposed on Z and Y do not guarantee such relations 
for f” (u) aud h”(u). However these functions are uniformly continuous on Di 


Lemma (6.1.1) Under the moment conditions given on Y and Z, the following 
statements hold for u, v E D, and for n> 0 

(a) | gn'\u)| < Ag; | 8n (u) | < ABa; By = SIAR + 2M4.. 

(b) | 8a(t)—8n(¥) | < Ao ku- y || 8n (U)— 8ga) | < AoBo l u—” |. 

(c) Given £ > 0, there exists for all n, a 8,(e) > 0, depending only on e, s.t 


| Salt) —8n(V) |, | 8n (U)—8n (v) , 
| En (U)—8n” (Y) | < © whenever |u—v| < à, 


(d) gn (1) = A1 —m"+) 
En'(1) = ApBy + C\(n—1)m" + C,(n—1)m™ + Cym”. 


where C,, C,, and C, are constants of appropriate determination and 


8(u) = u and 8n(4) = Uf(gn-1(4)) for u € Dis n> | 


Proof 
By definition, 
En (1) = En(n) = A,(1—m"*), 
Now to calculate o ) 
8n (1), 


we first note that 
En (U) = uf'(En-1(U))8gn-1(4) + uf” (8n) (8,4 (U)) + 2f'(En-1(U)£n— (4) 
| (6.1.28) 
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Put u = 1 in (6.1.28). Then solving the resulting difference equation, and 


on substituting for g,(1), the expression for En (1) in (d) is obtained Another 
implication of (6.1.28) is that i , 


8g, (1) S MEn C!) ay Bo (6.1.29) 
which recursively implies that 
8n (1) < ABa. 
Also we note that 
EAL) < Ags | Bn'(U) | < g,'(1), and | En (U) | S gn’ (1). 
This gives the proof of (a). The proof of (b) follows by a similar argument. 
To prove (c), we choose 


|u — v| <min (47'e, (Ay By)-'e) = ò (2€) (say) 


By virtue of (b), each of 


| &a(u) —8n) |, 
and 
| &n' (u) — 8n (”) | 
are less than e for 
| u— vV | < 0. 
We make use of (6.1.28), (a) and (b) and the uniform continuity of f” (u) on D, 
to derive, on some manipulation that there exists a 


ò (e) > 0 
such that, for 
|u—v| < 4,, 
i í 30 
| Zn (U) — 8n (V) | < Az! e + m| gy) 8C) | (6.1.30) 


and thus i 
| Zn” (U)— 8n O) | < €- 


The proof of (c) is completed on choosing 


So == min (8, So): 


Under then : nts hold for 
Under a cam conditions on Y and Z the following statements ho 


r>Oand|a| + |b) >0 
(a) | 4,(8)| < 1: J0) | < Ja] +181 40 = M (0) 


= 2 — M, (say) 
4,0) | < (at + 2g | a [1b 1+ All + 3” a ( 
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$-"(0) = — K, + L,(r) 
where 


(ii) K, = (a? + 2abA, +- A,(1 + By)b?), 


z Link< My (constant) for ¢ — 1, 2, 


(c) Givene > 0, there exists, for all 
r, a t(e) > 0, 
depending Only on e such that each expression given below 
| $-(8)—e,(0) |, | Pr (8)—9,'(0) | 
| pr’"(0)—@,’"(0) < © whenever IOL <T 


where for fixed real a, b and 9, 


Pr(0) = eloa g, (elb); r > 0 
(i is the complex root of —1) 
is the characteristic function of a + by(n) 
Let us define that, forr > 0 


H,(0) = h(9,(8)) (6.1.31) 
Lemma (6.1.2) 
Under the moment conditions on Y and Z the following statements hold forr>0 


and la[+]b|>0. 

(a) H0) = HO) + OH,(0) + 1/202H,” (0) + 02J,(0) 
where (i) H,(0) = 1, and H,'(0) = r¢,'(0) 
(ii) H,” (0) = h” (1,20) + ag,” (0) 


(b) Given s >O, there exists for all r, a ti(e) > 0, depending only on 
e, S.t | J(8) | < £, wherever }O| < 7%. 


Proof E 

Using Maclaurin expansions of the real and imaginary parts of 
H,(0) = H (0) + iHa(0) 

we can get (a) from the relation 


248) = (HG (C10) — Hey) + HCO — HgO) (6139 


r 
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0) and C,(r, 0) are some real num 
aluation of H,” (0) implies that 


| H,” (0) — H,’ (0) | < 2M,h”(1) | @,"(0) — @,'(0) | 
T A | (0) — ¢r””(0) | 
T M, | h'(9.(8)) — h'(@,(0y) | 
+ Mi | h'(9,(0)—h''(9,(0)) | (6.1.33) 
M, and Mə being specified in earlier Result (6.1.1)(c) and the equations 
| Sn(@) — aV) | < gn'(1) | u—v |, 
| En (u) — En) | < g&n” (D| u — vy], 


6.1.33) together with the uniform continuity of h”(u) on D, yield, on some 
manipulation that given « > 0, there exists a tı(e) > O such that 


| H,'(0) — H,'(0) | < e 
whenever |0 | < 7, and hence, by virtue of (6.1.31) | J (0) | < = whenever 
o| < Tr | 


CW, . , 
where iC bers in the open interval (0, 1), 


A direct €V 


Result (6.1.2) 
‘Under the moment conditions on X, 


L mBiNK, + Z log H,(n) > — 1/2(h'"(1) KE + AK, — °K3) 
r=0 
as n > œ, for fixed real a and b, with | a| + |b | > 0. 


Theorem (6.1.5) (K.N. Venkataraman and K. Nanthi, 1982) 


Under the basic assumption on X, 
(nu2(T E u), nm = m), ni À _ A)) 


n—> œ, to a normal random vector (Ei Ea Éa) say which 


converges in law, as 
has zero mean and the properties that 


(a) 2 - Aolle + ah | 
(a) & and &, are independent; and 
(c) var (&,) = u'ai» and var (&3) = of. 


Proof 
ation 
By using the Markov Property of X it can be derived from the equat 


X,=2n+ Yn n>! 


that 
EX, = à + (1— e)n", 


210 BRANCHING PROCESS AND ITS ESTIMATION 


and thus as 


n—> oo 
nX, —> 0 in Probability. (6.1.34) 
Let us define that 
7, = nT); 
T = aa z (Z,—=mX,1); 
Ê, = nl (KA). (6.1.35) 


An appeal to (6.1.34) yields that, for real «,, «, and a,, 
oT, + re oA + a5 Ty = — n2(aiu + agar) 
+ nYa — ma, + a) (Xi +... + Xn) 
+ na, — aa A(Z, +...-+ Zn) + Op(1) (6.1.36) 


A recursive use of the equation Y, = Y, + Zn together with the Markov 
Property of X implies that the characteristic function J,(«, 8) of 


(nX, +... 4-X,), nZ, +o. + Zn) (6.1.37) 
is given by 


fign (exp (in (a +B" Hy) (6.1.38) 


On identifying that a = — 8, and b =« + ß, the first factor on (6.1.38) 
can be shown to converge to unity, as n> œ, on invoiking lemma (6.1.1)(b). 
Thus an application of Result 6.1.2 together with (6.1.38) yields that, as n > œ 


log J,—in-¥?nK, > — 4(h"(1)K2 + 4K,—2?K2) (6.1.39) 
These observations as applied to (6.1.36) enable us to infer that, as n > œ, the 


characteristic function of (7,, T,, Ts) converge to the normal characteristic 
function 


exp (—30(a1, Koy &g)), 
where 
O(%, aa, Hg) = Aboa? + moia + obag 4- 2A sia, Aa + 2A 3a %s. (6.1.40) 


It can be easily checked that Q(a,, a, a3) =0 when —A gx, = a = %: 
Theorem (6.1.5) follows from these results and the additional observations: 


(i) 2 *(m—m) = n(Xy +... + Xp) Py 


(6.1.41) 
(ii) (Xp +... + Xni) > p as n> o0. 


B 
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„1.3 Critical Process with Immigration 
7 , Pakes (1971 
or the critical processes ®) and Seneta 
re ital (1970c) have proved the 


Theorem 6.1.6 (Pakes (1971a), Seneta (1970c)) 


poth k'(1) and h'"(1) are finite, X,,/n converges i i 
ae density given by (6.1.13). ges in law to a random variable with 


Seneta (1968) uaa mal i h'(1)= œ, a limiting distribution for th 
sequence {Xn} may sometime exist. In particular if for y € (0 1] e 


1—y—h(1—y) = — y8L(y) (6.1.42) 
where L(y) is slowly varying as y —> 0+. Such a distribution exists when 
0<p<l. 
Foster (1971) proved that, 
E(Xn44) ~ no?/2 log n, n> co (6.1.43) 
where o2 is the variance of the offspring distribution. He has also shown that, 


lim P{[(log X,,/log n) < x] = x (6.1.44) 


where 0< x<1. 

Pakes (1971a) has shown for this case that the Markov chain {¥,} may be 
either null — recurrent or transient. Further Pakes (1975b) obtained limit 
theorems when the variance of the offspring distribution is infinite. 

Let X, = 1 and Y, denote the size of the nth generation n = 0, 1,... of the 
above process. Pakes (1971d) proved that, lim E(s*"| Xm+n > 0) is a proba- 

m> 


bility generating function. Denote this by ¢,(s). Let X, be the process with 

probability generating function ¢,(s). ¢n(s) can be regarded as the probability 

generating function of Y,, given that extinction does not occur until the remote 

future. It can be shown that, ¢,(s)/s is the probability generating function of 

the population size of a Bienayme-Galton-Watson process with immigration. 
Let 


h(s) = s and fy(s) = h(tn—y(3)), n = 1s 27 
inuous family of functions. The 


Assume that {h,(s) , 
a(S) can be embedded in a cont 
. 1975a) is of independent inte- 


j l . 
nai lemma essentially proved in Pakes ( 
and is used in some results that follows: 


L 
sama 6.1.3 (Pakes, 1975b) 
en m 


P(:) 


= d 
m = 1, then 1 —h,(s) = g(e"n(5)),9 <5 S 1 where m(S) grag acres 
'S the generating function of the stationary measure of te 
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Bienayme-Galton-Watson Process normalized so that P( py) = 
is the inverse function of t(l — s) and is defined on [1, ©) and si 
infinity. 

It may be remarked that a similar result holds when m, < | 


e,e . 4 Mo > 
writing /, = h,(0) and supposing that Mı < l. We have, for number y eg 


l. Finally a 
owly Var ying ay 


l — h, — m” L(y") 


Where L(-) is slowly varying at infinity. 
If we assume that, 


O= s= (= sy Ll s) (6.1.45) 


where 0 < y < land L(-) is slowly varying at the Origin. 
Slack (1968) has shown that, 


PE) = YA — s} M(1 — s) (6.1.46) 


where M(s) ~ L(s) ass | 0. This shows that the inverse function of g(x), x> 0 
of P(x) can be expressed as, 


g(x) = x7 N(x) (6.1.47) 
Where N(-) is slowly varying at infinity and Satisfying; the following Condition, 
N(x) L(x!” N(x)) > Y, x4 oo. (6.1.48) 

It can be shown that, l 


$) = g(log y), y > 1. 


The critical Bienayme-Galton-Watson process with immigration has a 
limiting distribution, if and only if 


5 (1 — k(h)) < œ. 
n=1 
Using lemma (6.1.3), Pakes (1975a) has proved the above, if and only if 
i [l — k(g(t)]dt < o. 
0 


We observe that P(1 — s) is the inverse of l — g(t). Hence we can have the 
theorem as a corollary of lemma 1 of Pakes and Kaplan (1974). 


Theorem 6.1.7 (Pakes, 1975b) 


Suppose that (6.1.45) holds and in addition if 


yY=l, L(x)> 0 as x10 
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to 
Crs 


and E€ 
| dx|xL(x) < 
0 


ja someee ™ Then a limiting stationary distribution of the Critical Bienayme- 
Galton- Watson process exists, if and only if 


a qı PIL) < œ. 
j= 


For the proof go through lemma 1 of Pakes and Kaplan (1974). 

It may be remarked that according to Foster and Williamson's criterion 
(Athreya and Ney, 1972, p. 264) a limiting stationary distribution for the cri- 
tical Bienayme-Galton-Watson process exists, if and only if, 


fo -KA =F L(1 — 8) ds < ow. 
Taking, 
H(x) = — f v log (1 — $v) dv, x> 1 
1 


M(x) = exp H(x); 6(x) = H(e*) 
and 
Q(x) = exp 0(P(1 — x), x > 1. 


Pakes (1975b) proved the following result. 
Theorem 6.1.8 (Pakes, 1975b) 


Assume that (6.1.45) holds that U(x) > w and x0'(x) +0 asx + o. Then 
(QX — Ay)“ )} converges in law to the uniform distribution on (0, Ly, 


Proof 
Let P,(s) = E(s¥»), Then, 


ñ=) 
P,(s) = n k(hm(S)). 
m=0 
It can be proved that, 


A(s)m(P(s)) 


P8) ~ m(n + P(s)) as n > wD (6.1 .49) 
where 
A(s)—>lass¢t 1 and m(x) = exp 6(x). 
We have, 


xQ'(x)/O(x) + 0 as x >a. 


It 
can be shown that Q(x) is slowly varying at infinity. Choose s, such that, 


l—s, = 0g(K(n)); 6 is a positive constant 


2 
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where 


Now, Kn) = m~(om(n); 0 < o <1 


m(P(sn)) = exp {0(P (s;,))} 


= O(1l—s,)-4) = (7) 


l—s, 
7 (axon) 


~Q (m) ;n-> o 
= exp {0P[1—g(K(n))}} 
= m[P(1—g(K(n)))] 
= om(n);n > co 
since Q(-) is slowly varying function. We now show that, 
m(n + P(S,)) ~ m(n); n > co (6.1.50) 
For proving (6.1.50) we write, 
m(n + P(s,)) = exp {0(n + P(s,))} 
= exp {H (exp (n + P(s,))} 
= M(exp {n + P(Ss,)}) 
= M(e"x(sz)) 
= M[e"x{1—0g(m-(om(n)))}). 


This impiies that M(-) is slowly varying at infinity, 
From Theorem 2 of Bojanic and Seneta (1971), the result (6.1.50) will 
follow, if we can show that | 
Mont | log T(x) -> 0, as x -> ofordy>1 (6.1.51) 
where, 
T(x) = n[1—O6g(m-(om(log x)))]. 


It can be shown that, log T(x) < 0~” log x, for large x. We therefore see that 


(6.1.51) is satisfied, if, 


m(x)—1 


af (ox) w |> 0 as x > o. (6.1.52) 
From the hypothesis of theorem (6.1.8), the result (6.1.52) follows, since the 
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mean value theorem shows that, 


mA, mox) 
m(x)=1 0(0"(x)). 


This completes the proof of Theorem (6.1.8), 
Pakes (1975b) further proved the following result. 


Theorem 6.1.9: (Pakes, 1975b) 


Let 0(-) be defined as in Theorem (6.1.8). If, 
wheree(t) > Oas t —>— œ and a œ> Q and bare fixed constants, then X, (1— hr) 
convergesin law to the distribution whose Laplace-Stieltjes transform is (1+3%- 
Proof | 
Pakes (1975a) has obtained an offspring probability generating function with, 
L(x) ~ Nilogx)y,0<r< 1 
where, N, a positive constant and L(-) is slowly varying at the origin. 
From the integral representation of 0(-) we have, 
1- g(t) 
O(t) = -Í (log k(1)) P’()dr, (6.1.54) 
0 
Taking k'(1) = m < œ, 


— [dog KG) P'G)dr ~ mg NA — log x) ifr < 1 


Hence 
O(t) > œ as t > ©. 


Differentiating (6.1.54) and using (6.1.47) and (6.1.48) we have, 


tO'(t) —> O as t > o. 
From (6 1.49) we have as n —> œ and x Î 1 


P,(x) = “Sal (1 + 0(1)). 


For s > 0, and sufficiently large n, setting Sn = 1 —sg(n), we have, 
. P(Sn) ~ S7” P(1—g(n)) = sn; n -> © 
Since 
n = P(1—g(n)). 
Hence 
P(S,) > (1 + 87)7% as n -> 0. 


2 
16 BRANCHING PROCESS AND ITS ESTIMATION 


This completes the proof of Theorem (6.1.9), 
t may be’ remarked that Theorem (6.1.9) still hol 
assumption that, ray an a ™ weaker 


o(t) = a log t +- r(t } 
and (t) Og -| r(t)a>0 
MPS) =r Pls) + 0, n -> o. (6.1.55) 


EXAMPLE 1 We now take a Bienayme-Galton-Watson Process {Xn}, X, = 3 
and prove that it satisfies the requirements of Theorem (6.1.9) in the following 
result. 


Theorem 6.1.10: (Pakes, 1975b) 


Let {Xn} be the Bienayme-Gaton-Watson process with Xo = 1. Lei h(-) be its 
offspring probability generating function. Then, 


P(X,(1—In) < x | Xo > 0) 


converges weakly to the distribution function whose Laplace-Stieltjes transform is 


1+7 
Y 


(1 + s)-( 


Proof 
Pakes (1971b) has proved that, 


. n—1 
lim E(t*" | Ymm > 0) =t T A'(Am(t)) (6.1.56) 
m->>0 m=0 


where h’(-) is the derivative of the offspring generating function h(-). 

We consider the right hand side of (6.1.56) as the probability generating 
function of X, given that extinction does not occur until the remote future. 
The corresponding distribution function is written as, 


P(X, < x | Y» > 0). 
To show that the condition (6.1.55) is satisfied we proceed as follows: 
Using the fact, 
1—A'(t) ~ (1 + y) (1 —t)’ L(1—t) 
where L(-) is slowly varying at the origin, from (6.1.47) and (6.1.54) we 
obtain, 
O(x) ~ y tC. + y) log x, as x > oo. 
Now take, | 
| O(t) = y4(1 + y) logt + r(t). 


The mean value theorem shows that, 
r (P (Sn))—r (n + P(Sn)) = nr'(E,) 
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e 
whe! P(s,) < M <n -f P(s„). 


have already shown that, 
we 


P(Sn) ~ sn as n -> o, 


to prove (6.1.55) it is enough to show that, 
So 


nr’ (En) +> 0 as N+» oe, 

pifferentiating (6-1 54) and using (6.1.47) and (6.1.48) we obtain, 
r’(t) == o(t-'), 
This completes the proof of Theorem (6.1.10). 


Example 2 AS another example of Theorem (6.1.9) Pakes (1975b) has proved 
the following result. 


Theorem 6.1.11 (Pakes, 1975b) 
If : o 
Q(t) = t"r(t), 0 <m <1 


where r(-) is slowly varying at infinity, then {g(n'"—™ 0(n))X;} converges in ia 
io the stable distribution whose Laplace-Stieltjes transform is exp {—ms-i™. 
Here o(-) is slowly varying at infinity and satisfies, 


(o(t)"—Ir(1Gli-™ ¢(t)) > 1 as t-> o. 


Proof 
Choose, 
S, = 1—sg(nlt-™ p(n)) 
so that P(5,) ~ ş—n1a-m) o(n), n> © 
and 


r(P(Sn)) ~ (0) a8 n> 9: 


Thus we find as n > œ, ne ny] r(n + P(S). 
O(P(s,))—O(n + P(Sn)) ~ pereo” |i -F6 r(P(Sx)) 


; r 
gral representation of r(-) we ge 


Applying mean value theorem to the inte 


r(n + P(Sn)) _ 1 = o(nfP(Sa)) a8" © 
(P (Sn)) 
Hence we get 


n -> 0. 
P,(s,) > exp (1m9) a © 
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This completes the proof of Theorem (6.1, | l). 

6 1.4 Super-critical processes with immigration 

The branching process with immigration is said to be super critical when 
Wl) = my, >l, 


Seneta (1970a) has studied the asymptotic behaviour of 


and has shown that. 
Va —> V as n> œ 


almost surely for the super critical process with immigration. 
Further Seneta (1970a) has proved the following result. 
Theorem 6.1.12 (Seneta, 1970a) 


If mı > 1, p; #1 for any ‘j’ and0 < M < 00, then the random variables y, 
converges almost surely to a random variable V with finite mean. Either 


P/V =0) = 0 or P(V = 0) =1. 
For detailed proof see Seneta (1970a). 


Convergence of {Xn/Cn} 
Let 1 < m, < œ. For s > 0, let (s) be the inverse of, 
K(t) = — log h(e~‘), t> 0. 


Let t,(8) be the nth functional iterate of t(s), (n = 1, 2,...). Let ‘s be 2 fixed 
positive number in (0, —log q), where q is the least non-negative solution of 


h(s)=s. 
Let, 


l 
Cyn = Ta(S) 
Cn 


œ . EN 
non-degenerate random variable or to + œ according as X q; (log /)* is finite 
ial 


Seneta (1970b) has proved that ic} converges almost surely to a proper 


or not. 
Assuming 5 q; (log j)t = œ, Pakes (1976) has shown that 
j=l 


D,(s) = E(exp (— tn(s)Xn)) 
converges to zero. Letting K,(-) to be the nth functional iterate of K(-) We 


have, 
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n—1l 
DAS) = m flep (— Kn(t,(s)))] 10, as n> oo. 


with Zo = l, let {Zn} denote the simple Bienayme-Galton-Watson process. 
Let A(-) be its offspring generating function. Athreya and Ney ((1972), p. 24) 
have proved that, for Sọ fixed in (0, —log q), TaS) Zn > W, a rion-dewenetate 


random variable with P(W = 0) = q almost surely. Let the cumulant generat- 
ing function of W be denoted by G(s). 


. G(s) . 
Seneta (1974) has obtained that L(s) = =) 1s Slowly varying at the origin 
and 
L(s)t EW< œ. 
Also 
| T(S) = G(m; "G-1(s)). 
Now taking 
| T;(8) = G(mz*G-\(s)), x > 0 
and 
[,(s) = exp | log k (exp (—T;(s)))dx. (6.1.57) 
0 
Asymptotic Results 


If m, > 1, then hm(s) tq < 1 (m > ov) if s < q, where q is the unique solu- 
tion in (0, 1) of A(s) = s; see Harris [1963]. In particular, 


P™ < (k(q))" < 1. 
So if the Markov chain {X,} is irreducible and aperiodic then it is geometrically 


ergodic. Since it is clearly not positive recurrent, it must be transient. 


Theorem 6.1.13 (A.G. Pakes, 1971) 


Let R = 1/k(q) = 1/8 for the super-critical branching process with immigration 
satisfying the basic assumption (6.1.3), then 


P™®(s) = s"giC(s) + 0(8"), (n -> œ) (6.1.58) 
where 


o) = Bw Usl AD 


satisfies the functional equation 


r k(s) C(h(s)) = 8C()- 
urthermore 
Pep = gly," + 06" _ 
so that all states are geometrically ergodic. T he states for which Yy 
“Positive recurrent class. 


(6.1.59) 


> 0 form an 
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Proof 
When 0 <5 < % let 


GP) = REPIM(S) = ha)" RE) 


— nls) T [1—(K()—k lm (6.1.61) 


m= 


Thus we investigate the convergence of the series 


0 < F (k(9) — K)lmlS)): 


Ai k(q) — kllimls)) < KC) — Km(0)) 


< (4 — Mm(0)) k'@) 
< (4 — hm-(0)) k (4) k'(a) 


< (q — AO) [h (8) k' (9), 


Also Kendall [1966] has pointed out that 0 < h'(ġ) < 1, for otherwise 
Po + Py = 1 and this contradicts m, > 1. 

Thus the series converges absolutely and uniformly in 0 < s < 4. The 
same will be true of the infinite product obtained by letting n > oo in (6.1.61). 
If we denote this product by C(s), it is apparent that we have proved (6.1.58). 

It also shows that C(s) is positive, continuous and nondecreasing on the 
interval 0 < s < q and C(q) = 1. 

We observe that for each n, RPPS) is a power series in s with non- 
negative coefficients having a radius of convergence atleast equal to 4, and 
R"PE”(s) < 1 (0 < s < 4). | 

From the continuity theorem for probability generating functions (Feller 
[1968]) and from the continuity of C(-) on [0, q], it follows that C(s) has the 
asserted power series expansion. Hence (6.1.60) is true. 
with a [1969] has pointed out that the state space of a branching process 
a me ey is the union of two disjoint sets S, and Sẹ. S, is irreducible, 

ins {0} and is thus aperiodic. If jG S.. p™ — > 0). The 
stochasti j E Sa Pi =0 20,07 

ochastic matrix associated with S, is i , i itivity 

of C(s) implies that ith S, is irreducible and aperiodic. The pos 
a at of yo so the state {0} is R-positive recurrent. It then follows 
eorem 1 of Vere-Jones 11962 TE ,=0! 
of states for which y; > 0 is an R-positive recurrent clas 


wath i o best possible convergence parameter 
Mm in l n l n , jon 
(6.1.59) and 00 1n the relation k(s) G§”(h(s)) = 5G$'t'(s) yields Equati 


the proof is co 
mplete. 
_ Pakes ( 1975a) has obtained the following lemma: 
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puma 6.1.4 (Pakes (1975a)) 
75) II) > D(s) as n-> œ© uniformly on compact subsets of [0, — 
Moreover D(s) > Las sy0. } 
py making the change of variables G(1 — v) = T,(s) in the integrand of 
(6.2.57) and setting, 


no i [e (-1) [mesa] P 


log q). 


l—y 
(i) = exp H(t) and & = (log m,)~* we obtain 


M(—log G-\(s)) 


E 
I,(S) = Mtg Oey | „OSs = —log q. 


Now using lemma (6.1.4) Pakes (1976) has proved the following result. 

Theorem 6.1.14 (Pakes, 1976) 

Let m, > 1 Put m(t) = M(log t) where 1 < t < œ. For0 < t< 1 let m(-) 

be defined arbitrarily so that it is continuous and strictly increasing. Let also 
Y(t) = 1/G(t), t > 0. 

Assume that, H(t) —> œ and tH'(t)—> 0. Then, 


CTI ma ©. O) BANE S 
m(m;") 


where P(X <x) = x! with € = (log m,)-, (0 < x < 1). In addition if 


Fl pi j(log j)* < © 
then, 
m(m, "Xn) d , X, n —> 00. 
m(my") 


Proof 
Let, 
Sn = G[1—exp (—0/m- (ym(mi)))] 
Where 0 <y<l. 
Then s, | 0 as n > œ. From lemma (6.1.4) it follows that, 


; Dr(Sn) ~ In(Sn): 


F 
i is the condition tH '(t)—> 0, it can be proved that M(- 
OOnity, whence, 


) is slowly varying at 


. M(—log G-(5n)) ~ ym(m}) as n > ®©. 
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therefore mt) 'S jowly varying at inflity ane TOM ECs (STS igs « 
e © ünq 


whence E(exp— tal Sn)¥n) —> yf, as n > © 6.1 
where 0< Y <i. a 
Now, uel n 
(Sn) ~ oG(mi |m 1(ym(m t))) (6.1.63) 


Using (6.1.54) in (6.1.93) We get, 
P(X „G(T I m-1(ym(m3))) zyr for all x > 0. 


The first part of the theorem follows by taking x = 1 (Pakes (1975a) 
Theorem 7). 


it & py jlog jt < © then GC) ~ a(t), where p= E(W). Setting x= 
1 


js 
and using Khinchin’s theorem On asymptotic uniqueness of norming constants, 
we get the second assertion. This completes the proof of Theorem (6.1.14). 
Harry cohn (1977) has considered the convergence of the super critical 
Bienayme-Galton-Watson process with immigration. We note that the Bien- 
ayme-Galton-Watson process with immigration {Xx}, X,=1 is a Markov 
-chain. 


Considering the representation, 
Ya =Z, + UP +o. Un al 


np () 
where Z, is the number of direct descendents of the initial individual and Un: 


i=l, 2, M, is the number of descendents in the nth generation from 
immigration of the ith generation. The random variables Zn: Ta Lie 


. OS in 
ae mutually independent. The one step transition probabilities of the cht 
are given by, | 


Pij rF =ù | Xn- ~” i). 


N a adyal ant 
a denote the number of direct descendents of the r th indivi is it 
dependent aoaaa random variable in the nth generation Y 

Ys. Using these facts we note that, 


Py = P(YO 4... 4 YO +U =f), i=l 2 6.1) 
Here {Y@) 1 , j=% aa rand” 
Variables, a an are independent and identically gistribute? asst 
that U has the proba em assuming the probability distributio™ j 


bility distributi : i 
Let 5(s) — y distribution {b;, i > 9} with bo < I. 


È bys! i“ 
j= iS! be the probability generating functio” Q 
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gjstribution with BO) A I. a 
is Also assume that Z, has a non-degenerate probability distribution. Denote 


c 3 ip; and suppose that I < m, < co, ue b; log j< %, then it was 
Ny — l ji 
i= . a T 
roved bY Seneta (1970) that there exists a sequence of constants {Cn} such 


A (X4[Cn admits a proper non-degencrate limit distribution and that 


lim nial Cy = mM. 
Further Harry Cohn (1977) has shown that if, 
j=l 


then no sequence of constants {C,,} can make {Y,/C,} convergent to a proper 


jaw except for the case where {X,,/C,} converges in law to zero. 


62 MARKOV BRANCHING PROCESSES 
WITH IMMIGRATION 


6.2.1 Introduction 


Consider a one-dimensional Markov branching process {Z(t)} into which a 
random number N; of particles with generating function, 


k(s) = Š qns”, where g, = P[N; = n] 
n=! 


arrive at random times 7;, such that 
fi = Ti—Ti; | = 0, l, Bosska = 0 


âre indedendent and identically distributed random variables with distribution 
function F(t). Let my = k'(1). Once they arrive, these particles reproduce and 
— to the laws of a one-dimensional Markov branching process 
Parthasarathy (1975) has established the analog between the Markov 
ching Processes with immigration and the Bienayme-Galton-Watson pro- 
is immigration, as stated by Yang (1972). | l 
times his process has been studied by Sevastyanov (1957) when the interarrival 
are also negative exponential. Pakes (1975c) also discussed such a process. 


622 a 
Markov Branching Processes with Immigration as a 
Bienayme-Galton-Watson process with Immigration 


bran 
Ces 


A stochastic Process Z(t, w), t > 0 defined on a probability space 
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(Q, F, P) is 
process if, 


. i Markov tim 
: onal continuous e branchi 
ne-dimens! ing 
called a O 


the set of non-negative integers, 


N te space is ve ee 
(i) its sta p th stationary transition probabilities With 


(ii) itis a Markov chain wi 
respect to the fields, 
F, = fZ(s, w)35 <8 


(iii) the transition probabilities, 
p(t) = PZA = i) 2) = D 


satisfy the relation 


= pi (t)si = (A(s, DY, for all i > 0 
= ~ 
where 
A(s, t) = E(s#© }. 


It is known that, 

m(t) = E[Z(t)] = e (6.2.1) 
where | 

A = a(m,—1), m, = f'(\) 


and a an arbitrary constant, 0 < a < œ. 

For a full discussion of these processes one can refer to Harris (1963) and 
Athreya and Ney (1972). 

Consider the growth of one particle in a random interarrival time. The 


generating function ¢(s), for the population size at the end of this random 
arrival is given by, 


bs) = E(st(av) = J A(s, y) dF(y) 


where ty is as given in the sub Section 6.2.1. 
Using (6.2.1) we have, 


é(1) = 8 = I: eM dF(t) 


which we assume to be finite : 


We note that 
the : P a rdin? 
as >l, = 1 or an is supercritical, critical or sub-critical acco 


Let the rand be 
denoted by U, Let Pe yen of particles at the nth immigration epo a 
M(t) of particles at time ¢ for the cn generating function for the tot puncti” 


me ¢ aera 9 | 
of U, is given by, for the immigration process. The generating 
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P,(s) = | i PCs, t) dF,(t) 


where F,(t) denotes the n-fold convolution of F(r) with itself. 
Since the particles have a negative exponential life-time distribution: func- 


tion enjoying the loss of memory, 


Un—1 
Un = a Zi(tn) + N pi (6.2.2) 


Thus, 
P,(S) Ea Pn_s($(5)) k(s), n = l, 2, oS ene 


P,(s) = K(s). 
' On iteration we have, 
P(s) = = kigis) (6.2.3) 
where, | 
pils) = gi-(P(5)), $s) = S- 
This is analogous to the Bienayme-Galton-Watson process with immigra- 


tion with N, = 1 (refer to Heathcote 1965, 1966). Here instead of A(s), the 
offspring generating function of the Bienayme-Galton-Watson process with 
immigration, we have ¢(s). 
From (6.2.3) we have, 
pati — 1 


i a i es 


where m, = k’(1). 
Hence as n —> ©, 


n+1 
[ Mo 7 Ò >0 

piao 4 

| nam, 5 = 0. 


6.2.3 Limit Theorems for the Imbedded Processes 


SUPERCRITICAL CASE For the supercritical process Foster (1969) obtai- 
ned the following result. 


Theorem 6.2.1 (Foster, 1969) 


If m, > 1 and 1 — F(t) = 0 (e-?™) then for 0 < k < 
lim P(U,=k)=0. ` (6.2.4) 


n->co 


Seneta (1970b) has obtained the following theorem for the Bienayme~ 
Galton-Watson process with immigration. 


ss AND ITS ESTIMATION 


226 BRANCHING pROCE 


Theorem 6.2.2 (Seneta, 1970b) 
= Un/Cn converges with pro- 


CC C such that, Vn 
quence wn V has an absolutely con- 


Vd SC 
Ifm, >! there exists A Cd ' Nie es 
he ltoa random variable Ke a jo a 1 
tinuous distribution. Otherwise ( PEP aT eais 
Parthasarathy (1975) has also stated the resu g sical 
Parthe 


central limit theorem corresponding to those of Heyde and Seneta (1971) for 


the Bienayme-Galton- Watson process, with immigration. 


Theorem 6.2.3 (Parthasarathy, 1975) 


Ifm, > land} — F(t) = 0 (e*™), 


ò" — U — 
lim PIG? = 7T, | 
lim P{(Un92)-*? (Un+r — SrUn) < X| Un > 0] = (x) (6.2.6) 


where, 

o2 = o?r- (òr — 1)/(8 — 1) and (x) 

is the standard normal distribution function. ` 
Further he has stated the following result. 


Theorem 6.2.4 (Parthasarathy, 1975) 


If 1 — F(t) = 0 (e), 


n->0o /202(52 S) U, logn Sl (6.2.7) 


and 


lim inf òy — U, 


n->oo V/ 202(3* — ò) U, logn =—l, (6.2.8) 


Heyde and Leslie (1971) have . 
without the third order won proved the above result for the discrete cS 


CRITICAL CASE No 
for critical case, w Parthasarathy (1975) has stated the following theorem 


Theorem 6.2.5 (Parthasarathy, 1975) 


If m, = 1, 2y = o" 


(1) < œ be eae 
to a gamma random l » 0 < m < œ then, U,|n converges in distributio” 


variable with density 


for x >Q. W(x) = (m T(m (x/m,) 1- 1e-xlm 
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SUBCRITICAL CASE After identifying the imbedded process with 
pienayme-Galton- Watson process with immigration, Parthasarathy (1975) h ‘ 
obtained the following analogous theorems for the imbedded process i 


Theorem 6.2.6 (Parthasarathy, 1975) 
Define 
a f P[Z(t) = k] dF(t). (6.2.10) 
Let {ay} and {qx} be such that the transition matrix {r;;} with 
fii = ŞS *(i) qg, 
ij kmo ak  j-k 


defines an irreducible aperiodic Markov chain. Necessary and suficient conditions 
for the limit 


lim Ps) = PG) = = kA) 


to generate a proper stationary distribution are, 


m, < l and 


co oo (6.2.11) 
E (J+) È q< 
j=0 kæj+i 


For the Bienayme-Galton-Watson process with immigration, the above 


result was proved by Heathcote (1966). 
Foster (1969) strengthened this result in the following manner. 


Theorem 6.2.7 (Foster, 1969) 


lfm < land0 < m < © then, 
lim P(U, = k) = b, exists 


n-> o0 


(6.2.12) 


where {bp} defines a probability generating function. 
Corresponding to the result of Foster and Williamson (1971), Parthasa- 


rathy (1975) has proved the following theorem. 


Theorem 6.2.8 (Parthasarathy, 1975) 

ae ‘ < 1 aneces- 
Fora Markov branching process wiih stationary immigrar come to a proper 
sary and sufficient condition for {Un} to convers© Gali | 
random variable is, 
(6.2.13) 


11—K(S) n < x. 
ec 
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6.2.4. Limit theorems for the original process 


Let {Xn}, n = 0, 1, 2, ... be a sequence of non-negative inde 
variables with Xo = 0, and X,, Xp... are identically distrib 
bution function F(t) with 


Pendent random 
uted with distri- 


F(04) = 0 and a, = [> tdF(t) < o. 
0 
Consider the renewal process M(t), t € (0, œ) defined by, 


Sn a 5 Xr, = 0, l, 2, EERTE i 
r=0 " (6.2.14) 
and 
N(t) = max {n: S < h,t>0 


N) = 1. 


Let Z denote the set of non-negative integers. Let {U(t)} tE@[0, 0) bea regene- 
rative process with respect to the renewal process {N(t)}, t&[0, oo) with initial 
distribution, 


qi = P(U(0) = i). (6.2.15) 


Smith (1955) has studied such processes and Pyke (1966a, b) has studied 
processes related to these processes. For ¢ > 0 U(Syi) represents the state of 
the U(t) process at the renewal epoch. 

Define, 


| 


n = U(Sn),n = O, 1, 2, «.. 
7 eae (6.2.16) 


U, = U(0). 


This discrete time parameter process is an imbedded process of the 
regenerative process {U(t), t€@(0, 0)} and it is a Markov chain with state spats 
Z and stationary transition probabilities given by, 


P(Un = J | Un = i) = j P,,(t) dF\t) (6.2.17 
where 
P[U(t) = j| U (u) = j, Sn =u, Sny Sme v), 
6.2.18) 
pi(t—u) = O<uct<y (6.2.18 
0, t < u. 
Consider the entrance time 
(6.2.19) 


o = min {k; k > 0, Uk = J | Uo = i}. 


Heh (6.2.20) 
Fij(t) = P(X, + e t Xo, S $) 
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with mean, 


n= [* sar ge 


Thus U(t), the Markov branching Process with immigration forms a regene- 
ative process: Cohn (1959) has proved the following theorem for the above 
process U(t ). 


Theorem 6.2.8: (Cohn, 1969) 


if for the regenerative process {U(t) t € [0, ©)} the 


ki l embedded Markoy chain 
u, n = 0, 1, 2, ...} is irreducible and aperiodic then, 
(Un 


(i) If F(t) is non-lattice and the Markov chain is ergodic, 


u; = lim WU,=i)=® iez 
n->o0 Hii 

uj = È u Í Pi;(t)dF(t); È u = 1 (6.2.22) 
i=0 0 i=0 


im PUO = j) = È (#) i P(O F(E) di. 


(ii) If the Markov chain is not ergodic then the limits above exist but are 
equal to zero. 


6.2.1 Definition 


Let {U(t), t © T} be a family of random variables defined on a set T ordered 
by the relation ‘<’ and let, 

B, = B{Xy, t' < t} (6.2.23) 
be the o-field of events induced by the sub-family of all X; with t < t. The 
family is said to be a submartingale if for every pair s < t, 

X, < E3sX,, almost surely. 


the 
easy 


j . U(t) be 
Let N(t) denote the number of immigration epochs in e 1 t A i 
"umber of particles at any time ¢ for the immigration peosyss 
to show that, {exp (U(t)/At)} forms a submartingale. 
If 


(6.2.24) 
V(t) = UH 


that, 
then using theorem (6.2.4) Parthasarathy (1975) has shown a 
lim V(T,) = V almost surely, 


n->o0 
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where T, € T and 


T, 
p > Ag a8 n-> oO. 


Hence from the theorem on subinartingales (Doob 


1953, p. 354) 
is a random varible V = V(co) with E(V(~)) < K, K is (1953, p 354), there 


a constant such that 


lim V(t) = 
F ) = V, almost surely. (6.2.27, 


6.3 BELLMAN-HARRIS BRANCHING PROCESS WITH IMMIGRATION 
WHEN THE INTER IMMIGRATION EPOCHS ARE INDEPENDie 
AND IDENTICALLY DISTRIBUTED RANDOM VARIABLES 


6.3.1 Jager’s Model 


In this section the scope of an age dependent branching process will be enlarged 
by allowing immigration. We consider an age dependent branching process 
into which a random number N; of particles with the generating function 
k(s) = È q,si, where q; = P(N, = j) arrive from outside the process at instants 


J 
T;,i = 1, 2,..., Tọ = 0. We assume that t; = I;—T;_, are independent and 
identically distributed random variables with distribution function F(t). 

We further assume that these particles are at age zero when they arrive, 
and that each particle lives for a random life time, with a distribution function 
G(t). At the end of the life time, it produces ‘j’ progenies with probability 
Pi, j = 0, 1, 2, ..., independent of all other particles, Such a growth model was 
first considered by Jagers (1968). 

Here we use the following notations: 


h(s) = È psi, m, = h'(1) (6.3.1) 
J 

k(s) = 2 qji, my = k'(1) (6.3.2) 
J 

A = | ” tdG(t). (6.3.3) 
0 

(6.3.4) 


Ay = I tdF(t). 

The population size at time ¢ is denoted by U(t). Jagers (1968) has pro 
ved that, P(s, t) = E(s¥™) satisfies the integral equation, 

P(s, t) = 1— F(t) + [Pe t—y)k[A(s, t—y)]dF(y) (6.3.9) 

where A(s, t) is the generating function for Z(t), whichis the number of particles 
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of the age dependent Bellman-Harrig 


ime í : : 
at tI 1, A(S, t) satisfics the integral equation, 


: branching process without 
pmigratiol 


t 
A(s, t) = s(1—G(t)) -- f hi A(s, t—y)|dG(y). (6.3.6) 
_— (1968) proved that when m, < 1, a limiting distribution for U(t) exists 
ji œ under certain conditions. In other cases U(t) > w 
ae 


i in probability, 
Also he proved that by differentiating both sides 


of (6.3.5) and letting ‘s’ 
’ ate 3 to k; 


M(t) = E(U(t)) (6.3.7) 


catisfies the integral equation, 


J t 
R Í, EERI Í, M(t—y) dF(y) (6.3.8) 
where m(t) = E(Z(t)). 
6.3.1 Definition 


A function A(t) is said to be directly Riemann integrable if Z 4 m,(h) and 
Shm,(h) converge absolutely for sufficiently small h > 0, and if, 


h(Zm,(h) — È m,(h)) + 0 ash > 0 


where m„(h) and 1,(/) are respectively the supremum and infimum of A(t) in 
nh < t < (n + I)h. 

Since the first term on the right hand side of (6.3.8) is directly Riemann 
integrable, by using the key renewal theorem Jagers (1968) has obtained the 
asymptotic behaviour of M(t) as t -> œ. 

If m, > 1 he has proved that, | 


aii Df e-t dF(t) 


rene 6.3.9) 
lim e* M(t) = ——pee— fon | 
t>oo fxm, | ye-* dG(y)\[1— f e-“tdF(t)] 
0 
lfm, = 1 he has shown that 
Hi ee e; 
I two Í Ao 
fm <] Jagers (1968) has obtained that, 
(6.3.11) 


, Modi 
lim MO = =m) 
K e i sration 
6.3.2 Supercritical Bellman-Harris Branching process W asia 


following 
Sankaranarayanan and Parthasarathy (1972) have considered the 
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age dependent process in which a new particle will arrive from outs; 

Process at each one of the instants 7), 7,,... which are anioni a Of the 
the positive axis, so that T; — Tiai = 1, 2,..., T, — 0 are fad : iia on 
identically distributed random variables with distribution fidedon ri = 
otherwords P(N; =1)= 1, i = 1, 2,.., At the end of its life time ane i 
assumed to split into ‘n’ particles with probability Prin, J 3 “ah a 
particle has the same properties as the parent particle with generating futicson 


fe @) 
A(s) Ss >» DnS”. 
n=0 


Given a particle at time f = 0, lct P(t) > 0 be the probability that there 
are ‘n° particles at time f > 0. Thus 


P,(t) = P(Z(t) = n). 


where Z(t) is the population size at time ‘£’ of the Bellman-Harris branching 
process without immigration. 
The generating function A(s, t) of P,(t) is, 


A(s, t) = E(eZ) = È P,(t)s" (6.3.12) 
0 


Further Z(t — 7;) denotes the number of particles at time ‘£?’ starting with a 
particle which arrived at time T;. 

Levinson (1960) has shown with a little more stringent assumption than 
the existence of the first moment, that if, m, = h'(1)> 1 then Z(t)/m(t) has a 
limiting distribution as t > oo, whose Laplace transform satisfies the integral 


equation, 
4(5) = | HBS) dO.) (6.3.13) 
where ¢'(0) = — 1, (0) = 1. 
‘x’ being chosen so that, 
(6.3.14) 


m, f e- dG(y) = 1. 


N(t) E S 
Let U(t) = > Z(t—T;) denotes the totality of all living particles at time 
j=1 


«4, where N(t) is the number of immigration epochs in (0, £). Sankaranarayan 
and Parthasarathy (1972) have studied the asymptotic behaviour of U(t) a 


f> œ. Perhaps they were the first to derive explicitly the limiting distribution 
f U in the supercritical case, though their model was simpler than the 


of —— 

be i Jagers 

one considered by Jagers (1968) since for their model P(N; = 1) = l i 
sts é 


(1968) merely stated that when m, < 1, a limit distribution for U(t) exi 
that in other cases U(t) -> 00, as t => œ. 
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et P(s, t) be the generating function of 
m p satisfies the integral equation, PC). They have shown that 


t 
P(s, t) = 1— Fa ae — , , 
(8) FY Post Y) A(S, t — yd Fy). (6.3.15) 
Sankaranarayanan and Parthasarathy (1972) h 


ave proved the following 


Theorem 6.3.1 (Sankaranarayanan and Parthasarathy, 1972) 


Assuming the existence of the continuous functions 


d d 
dp OW!) = S(t), FF (t) = fit) 
and 
| eat 92(1) dt < œ, 
0 


the integral equation (6.3.15) has a solution P(s,t) continuous in (s, t) for 
|s| <landO<t< œ. 


Further | P(s,t)| < 1 for every t, P(s, t)is analytic for |S| <1 and 
0/P(0, t) > 0,7 = 0,1, 2 


asi 
The solution P(s, t) of (6.3.15) is unique and that P(1, t) = 1. Thus P(s,t) 
is a generating function for every t. 


Proof 
As in Levinson (1960) take P)(s, t) = 0 and 


P,.(s, Í) = 1 — F(t) = | ' p(s, t — y) A(s, t—y) fO) dy, 


P(s, t) =1— F(t) < 1. (6.3.16) 
From Levinson (1960). | A(s, t) | < 1. Using this we have, 


| Pa(s, t) | < 1— F(t) + f | Pi(s, t—y) fO) | dy. 


H Soa 
ence by induction we can show that, 


| P.(s, t) | < 1, for all n = 0, 1, 2, -. 


1 > 0 such that | f(t) | < K, for 0 < t < ty where K is a constant. 
Ow, 


Choose 1 


| Pan(s, )—P,(s, t) | < K | | P,(s, t-y)—Paals (“YY 
0 
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Recursively we see that, 
| Pals, t) = PCs, t) | << ED 
n! ° 


Thus for |s| < 1, and0 
i . 5 : < f < lis P,,(s, 1 C n 4 
P(s, 4 iar 1S Continuous by virtue of i of Ps ae to a 
akin | CANTA 4 
7 & "> oo In (6.3.16) it follows that P(s, t) satisfies (6 
(s, t)| < l for|s|< 1, i (6.3.15) and that 
, > £1 = L—FÇt) and P, are ; TEE i 3 
P,(s, t) is analytic for fixed he is} < 4 are analytic. Hence by induction 
By the uni 
o< r A R paige convergence of P,(s, t), P(s, t) is analytic in |s| <1 5 
SFS e t, 1s arbitrary, P(s, t) is analytic in |s| < 1f Piha 
Levinson (1960). or all t, By 


limit 


3i A(O, t) 


ay CO = Oforj > 0. 


Therefore 


0/P,(0, t) 


afd  Yforj > 0;n = 1,2,.... 


Using Cauchy’s formula and the uniform convergence of P, it can be shown 


that 
05 P(0, t) 
Os) 2 0 


for every t. 
Suppose for any sı such that | s,| < 1, (6.3.15) has two continuous 


solutions P(s, t) and P(s, t) where, | P(s,, t) | < 1 and | P(s,, t) | < 1, then 


~ t o. ~ 
| P(S 1)-P(s1, t) | < | | P(s,, t—y)—P(s,, t—y) | f(y) ay. (6.3.17) 
Jo 
By lemma (2.1) of Levinson (1960) it follows that, 


P(s, t) = P(s, t). 
Hence the solution of the integral equation (6.3.15) is unique. 
For | s | = 1, a solution of (6.3.15) is obviously P = L. 
Hence P(1, t) = 1 is unique. 


This completes:the proof of Theorem (6.3.1). — 
Sankaranarayanan and Parthasarathy (1972) have proved the follo 


result. 
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Theorem 6.3.2: (Sankaranarayanan and Parthasarathy, 1972) 


if 
a(t) = | g0) dy, Goo) = 1 
(6.3.18) 
t 
FO) = | F0)4y, Flo) = 1 
0 
gre valid, then there exists a continuous function 
M(t), 0 < Í < 0 
such that in 
aP(L, t) _ 
AS L E = M(t) 
and : 
s>04 S | 
uniformly on any finite interval O < t < ty. Moreover M(t) satisfies, 
t t 
mc) = [me fordy + | Ma- (6.3.19) 
0 0 
and that, 
im es igs (6.3.20) 
t->oo er l—c, 
where 
c = (m— 1jam? |” yer*e(y)dy 
n i e-atfit)dt | (6.3.21): 
0 : 
and « is chosen so that, 
m {” ewo = 1. 
0 
Proof 
The senerating function of U(t) is, 
P(s, t) = > a,(t)s", (6.3.22) 
n=0 


Where 


a,(t) = P[U(t) = n]. 
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From (6.3.22) we get | 
= na,(t)- 
M(t) = È nadt) 


But, ) enns 
[-P(e, 0S a, 
a B = 2, na,(t) ns 
Since, 
lim — = | we get, 
s04 "S 
ME eee Cd em (6.3.23) 
<i: Sse?! e? 


From Levinson (1960) m(t) is an increasing function and, 


(oo) 
eee, See Seo ee < < Co 


s 
where ¢, is a constant. 


1— Pes, t) _ f 1—A(e-s, t—y) e-f(ydy 


se”! 0 sert) 


+f ae, vy) 1=PE 1—3) e-wrfiyydy (6.3.24) 
0 


sett) 
Therefore, 
1—P(e-5, t) t 1— P(e, t—y) a 
SRED < eog 4 [ERED ep 


Hence, using Levinson’s lemma (2.1) (1960) we can show that there exists 
a ‘k’ such that, | 


1— P(e”, t) 
e“! 


< 2ce,cge*. (6.3.25) 


O<s<s andOO<StS t, 
From (6.3.24) and (6.3,25) it follows that, 


[Pe t) 
se*! 


is continuous in ¢ over [0 
| a hi} a ee : i Ls 
as well as int,0 < t - nd that this continuity is uniform 11 5, 0<5 


This continuity imn|; 
Ontinuity implies that the convergence in (6.3.23) must be unifor" 


in f over any finite i 
nterval of ¢ M(t ) 
and that W must be continuous. 
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Letting s > 9 in (6.3.24) we get, 
M(t)  f{t m(t—y) out M(t— 

- Towy + f ( e-*9f(y)dy. (6.3.26) 


et PNN fee 


Equation (6.3.19) follows immediately from (6.3.25), 
M(t) I  M(t—y 
aN) ee | P e f(y) dy 


a o ex(t—-y) 


where, 
m(t— 


Hia CC, = 0 sali e= fi y)dy. 


Since 


m(t) 
eXt 
by Levinson (1960) we find that, | 
lim a(t) = l. 
t-> 

Also a(t) is bounded in every finite interval and 


| e(at+my fi y)dy ~ 1, for Re w > 0. 
0 


Using theorem (7.12) of Bellman and Cooke (1963), 


M(t)e-*# l 
~ —, i> oo. 
CCy l—c, 


From this (6.3.20) follows. 
This completes the proof of theorem (6.3.2). 
Further, they have studied in depth the asymptotic behaviour of M(t). 


They have also obtained the integral equation for the Laplace transform ofthe 
limit distribution of U(t)/M(t). They have proved the following result. 


Theorem 6.3.3 (Sankaranarayanan and Parthasarathy, 1972) 


Let B(t) be a continuous, positive, monotone, decreasing function such that 


l a aa 2a | (6 3.27) 
and let, i 
n 2 j pı < Bn). eae) 
en ik 
(6.3.29) 


lim E(esU@IMM) = Us) 


l-> 


EXISts ang s4 » , 
nd it is the unique solution of the integral equation, 


238 
BR 
ANCHING PROCESS AND ITS ESTIMATION 


Ys) = | a HE) Abse) Kye 


— (6.3.3 
where b — c/c, and p(s) is given by, ” 


p(s) = j h(d(se-2y 
| F )) 8(9)dy. (6.3.3) 


This solution is conti 
tinuous for 0 < s < i 
0 with | W(s)| < | (0) 
x t; d O) :] 


Proof 


righ has shown that if A(s) satisfies (6.3.27) and (6.3.28) and if 9 
jae cs » SB (t) + B” (t) < 0 for large z, then the integral equation (6 a. 
unique solution for O< s< œ, ld(s)| < 1, ¢'(0) = —1 and 0 ie, 
From (6.3.15) it can be shown that the Laplace transform of the limit “s : 
bution of U(r)/c, et satisfies the integral equation (6.3.30) ii 
Take (s) = e-s and let, 


Ph+ (S) = F Un(se-*7) $(bse-*”) S(y)dy. (6.3.32) 


By induction 0 < u,(s) < 1. 
From (6.3.32), 


I —q,(s) œ | 1—d(bse-*” . 
11 | cote l l =a e-*” f(y)dy. (6.3.33) 


From Levinson (1960) we can deduce that, 


| Ae] <1 + Sf ue du + a,(s), 
0 


S 
where 
a(s) = Ee T A 
and 
o l Pe. (6.3.34) 


Hence (6.3.33) implies that, 


p(s)— bo(S) < x(S) 
S 


where Nn 
EAC 
aa(S) = 1 + c, + bc, I + ah du J- a(s) | 


and more generally, 
lYa(8)— Y8) |< xa(se®™), 


where «,(s) is a non-decreasing function. 
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From Levinson (1960), 


oe) l s exp(—8n) 
3 laD) < E STO BO ae, (6.3.35) 
j=n+1 0 u 
where u =€ lof 
Hence over any finite interval of s, ),(s) converges uniformly. By induc- 
tion we can show that (s) is continuous and (0) = 1. Also it can be shown 
i 
t y'(0) = —1. 
ae uniqueness of the solution can be established using the same method 
as in Levinson (1960). 
Let 


D(s, t) = P(exp [—(se-'/c,)], t). 


Next we have to prove that, 


im, Ds, D= 40) (6.3.36) 
To prove this, take 
v(t) = sci E(t) = ve) 


and 


Now we consider, 


D(s, t)—(s) 1— p(s) _ 7 
Ds. NW) L RG, 1) + po l |+ 


Let 
o(s, t) == 2G 0-H) 
and 
ee) = jim sup o(s, t). 
Since 
(0) = — 1, &(t) > 1 as t—> œ and K(0,) = 0 
Where 


K(s, t) = Max R(s, t) 


O0<t<h1 
and t, is such that | f(t)|<.N,for0<t<4 and N is a constant. 
We Bet, 
o(0,) =9 
Since 0 < 23 < i it follows that o(s) is continuous for s > O and so is conti- 
S S 
uous for s > 0, Now, 


D(s, t)—4(s) = J,+ Ja 
S 
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where, 


1 t 
Ji == ” | toee, t-— y) B(se-*”, t—y) --4(bse-*”) p(se-*”)] f y)dy 
and 


ree) ha —ay b -Qy 
J, = e SH E) pes fay, 


We know that, 


= 


(c; is a constant) from Levinson (1960). 
So, 


al < co | e= fody + be, | e fody | olse, 1-9) e fo)dy 
and 


[Ja |< bey |” e fody + 04 |” e fo)dy 


—ų 
Since ma is uniformly bounded by c, from (6.3.33) and (6.3.35). 
Now, 


o(s, t) < | J, |4+| Je | 


t 

< (eot be) | e fody 
0 
t 


+ (bco + c) f e= fiy) dy 


+ Í o(se~*”, t — y) e% fly) &- 
0 
Using (6.3.37) we can show that o(s) = 0, by using the methods in Levinson 
(1960), 
Hence (6.3.36) is proved, 
Define D,(s, t) = (P(exp {—s/M(t)}, t). 
Following Levinson (1960) we can prove that, 


fim D (s, t) = (8), 
since lim M4) = |, 
too Ce”! 
This completes the proof of theorem (6.3.3). 
Next Parthasarathy (1972) has considered a generalised age dependen! 
branching process in which a random number N, of particles with generating 
function k(s), arrive from outside the process at instants Ty, Lae which af 
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laced on the positive time axis so that 7, — 7)_,,i=0, 1, 2,..., 
random Y independent and identically distributed random variables with dis- 
—0a 


sribution function F(t). 
= Let, Nit) Ni 
U(t) = 2 2 At-T) (6.3.38) 
{=—-1 j= 
the totality of all living particles at time ‘t’ for the immigration process. 
den rthasarathy (1972) has studied the asymptotic behaviour of U(t) as 
œ He has obtained the following result arguing as in the previous 
{7 
} a P(s, t), the generating function of U(t) satisfies the integral equation, 


P(s, th=1—F(t) + fi P(s, t — y) K{A(s, t — yj] dF). (6.3.39) 

(ii) M(t) = E(U(t)) satisfies, 
M() =m | m(t—y) dF) + | Me — 3) dFO), (6.3.40) 
shere m, = k'(1) and m(t) is as defined in (6.3.8). 


(iii) M(t) ~ ce", where c, = cc,/1—c, c and c, are defin 
Parthasarathy (1972) has proved the following result. 


ed as in (6.3.21). 


Theorem 6.3.4 (Parthasarathy, 1972) 
f2 jp; logj < co, then lim sup |R(u, t)| =O 
j u uzo 


where, 


_ M(t) _ 1—P(exp ((—ulca) exp (aD), 1 
u 


R(u, t) z Ce"! 


and œ is as in (6.3.14) 


Proof 
Let, 

Bu, t) = A(exp {—(ulea exp (at)}y t) 
and D(u, t) = P(exp {—ulc, exp (at)}, t) 


m(t) 1 —B(u, t) 
czett 7 ° 


A(u, t) = 


B 
Y theorem 5 of Athreya (1969b), 
3.41) 
| = i 
m im sup | H(u, #) |= 0 


| } 6.3.42) 
aP Au, t) < kyu + K(au) + = i Ee) dx = H(u), ( 
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where K(x) = m — [1 — h(1—x)]/x, v is chosen so that, 


v 
m f e~*” dG(y) = 1/2 and a, k, are constants. 


Since e~* — ] + x is non-negative and non-decreasing it can be shown that 
R(u, t) = E(u (uY — 1 — exp {—uY})), 
where Y = U(t)/ce"'. 
Using the integral equation (6.3.39) and (6.3.40) we have 


R(u, t) = f R(ue~*”, t — y) e~» dF(y) 


+ f H(ue-*”, t — y) e” dF(y) 
0 


l — B(ue-*”, t—y)|[1—D(ue-, t— y) 
+f [BPRS ey 
(6.3.43) 


Let 
Rr(u) = p R(u, t): 0< T< œ 


Since R(u, t) is a continuous function of u and t, there exist a ‘tẹ in [0, T] 


such that 
Rr(u) = R(u, t). 
Take, . 
| e- dF(y) = 0:0< 6 < 1. (6.3.44) 
0 


Also for t, > v, 
R(ue-*”, to — y) < Rr(u), y € [0, v] 


< 
R(ue~*”, to — y) < Rr(ue), y € [v, ty]. (6.3.45) 


Using (6.3.44) and (6.3.45) in (6.3.43) we have, 
Rr(u) < ORr(u) + (cı — 9) Rr(ue-*”) + c, max H(u, t) + kti, 
t20 


where k, is a constant, since (1 — B(u, t))/u and (1 — D(u, t))/u are bounded 


Therefore, 
Rr(u) S Rr(ue-*”) + aH(u) + azu 


where a, and a, are constants. 
Replacing u by ue-*”, ue-%”, ... and adding and using (6.3.42) we get, 
K(ay) a, (4dy (7 K(x) 
Rr(u) < a,H(u) + kyu + = af j dy C (2 | > dx. 
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since this expression tends to ‘0’ as u —> 0 using (6.3.41) and L’Hospital’s 
i aa theorem holds when the left hand side of the above inequality is re- 
rule 
placed by max BOLT): 


This completes the proof of theorem (6.3.4). 
Parthasarathy (1972) has also proved the following result. 


Theorem 6.3.5 (Parthasarathy, 1972) 


f2jP) log j < ©, then the Laplace transform of the limit distribution of 
viol M(t) as t > œ is the unique continuous solution of the integral equation, 

V0) = |” peue) k(g(Be-*)) dFO», 

B = cle, (u) = Efe”); u > 0 
/ 
eee w = lim w(t) = lim Z(t)|cet, 
t>0 t->0 

(Wu) | < 1, VO) = — 1; 40) = 1. 
Proof 
Let o(u) = e~, 


Poas(t) = | o Palu) K($(Bue~*”)) dF(y), 


I— p (u) ° 1—k(¢(Bue*”)) 1 —p(Bue-) 
a E pues 


< k,, (k, is a constant). 


e~*Y dF(y) 


Since Aw) is bounded, from (6.3.47) we get, 
| Pntn(u) — Ya(u)| < cy | Pa(u) — Yn-s1(U) | < c,” kyu. 


i 2. | Vn4y(W) T Yalu) | < k(l _ Cy" a 
Thus over finite intervals of U, Yn(u) converges to a continuous function 
Wu) with 40) = 1 and y'(0) = —1. 
Now we have to prove that, 
lim D(u, t) = v(u). (6.3.48) 
t=oo 
For this we consider, 


HEH Ru + [EMO 1] 40-409 
Where " " 


E(t) = M (t)/ce% 
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d 
Ru, t) = E(t) — (1 — Diy, t))/u. 
Let 
S(u, t) aaki D(u, I 
d 

= S(u) = lim sup S(u, t). 
Since > 

E(t) > 1, tim 2D eee) 

u40 u 

and 

p0) = — 1, SO,) = 0. 
Now, 

D(u, thee y(u) = +I, 
where, 

n= Z| Die”, t— y) koue, t — y) 
— k(p(ue~*”)) Y(ue-*”)] dF(y) 

and 

œ 1 — (ue) k(d(Bue-*”)) _, 

An | } Yue") KS (Bue) 6-27 ARY) 
Since . — 9) and = are uniformly bounded, for suitable cons- 


tants k, and k, we have, 
t t 
[RIS ka | ed FQ) + | Stue, t— yje dEO), 
0 0 
and 
lB] <S kz f e- dF(y). 
Therefore, 
t o0 
S(u, t) < k, | e- dF(y) + kaf e=» dF(y) 
0 t 
t 
+ | S(ue-*”, t — y) e” dF(y). 
0 


Following Levinson (1960) we get, 
S(u) = 0, 
Hence (6 3.48) is true. 


Since lim M(t) I, lim P(exp {—s/M(t)}, t) = W(s). 


_= 
t>o Ce 


This completes the proof of the theorem (6.3.5). 
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Athreya; Parthasarathy and Sankaranarayanan (1974) have considered a 
n-Harris branching process in which a random number N; of particles 
arrive at random times T; = t +... + tı from outside the process. Using 
Athreya’s (1969) result they have established a general theorem. 

Let Z,)(u, w); u > 0, f, j = 1, 2,... denote a doubly infinite family of 
independent one-dimensional age-dependent Bellman-Harris branching process 
with Z/(0, ») = | and independent of the processes {ti(w)} and {N,(w)}. 


Bellma 


Now, 
N(t.w) Ni(w) . 
ut w= È È Z(t —~ Tw) w) (6.3.49) 
where, _ 
j, if Tw) <S t < Ty4,4(w) 
N(t, w) = 
œ, otherwise 


T;(w) = Š t;(w). 
I=] 
Athreya (1969) has proved the following result. 
Theorem 6.3.6 (Athreya, 1969) 


Assume that 1 < mı < œ, G(0,) = 0, 
(i) If & jp; logj = œ, then, 
j 


w(t) = (ce)! Z,,(t, w) > 0 


in probability, c is as in (6.3.21). 
(ii) If È jp; log j < œ then w(t) converges in distribution to a non-dege- 
J 


nerate random variable ‘w’ having the following properties: 
(a) Ew = |1 
(b) ġ(s) = E(exp {—sw}), s > 0 is the unique solution of the equation 
g(s) = f n(g(se)) 4G) 
0 


in the class, 
S= (5 4) = |" e dH(0). 


where H is a cumulative distribution function satisfying the 
following: 


H(0_) = 0 and |" tdH(t) = 1 


(c) The distri ; i l tinuous on (0, ©). 
Ath e distribution of w is absolutely conti 
It f Parthasarathy and Sankaranaryanan (1974) have extended the above 


ration. the age dependent Bellman-Harris branching process with immi- 
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Theorem 6.3.7 (Athreya, Parthasarathy and Sankaranarayanan, 1974) 


Define, 
A = {w; D Ni(w) exp (—a7)(w) < œ} 
' 


Then, under the hypothesis (ii) of the previous theorem (6.3.6), (ce Ya 7 
converges in distribution to a random variable, aa 
00 Nj(w) 
2 exp {—-a7;(w)} È Wi(w), on A 
i=] jol 
(6.3.50) 


Y(w) = | 
œ, on A° 


where, Wi(w), i, j = 1, 2,... is a collection of independent and identically diz- 
tributed random variable, independent of {t;} and {N ;} and having the same dis- 


tribution as w in theorem (6.3.6). 
To prove the above theorem we need the following lemma. 


LEMMA 6.3.1 (Athreya, Parthasarathy and Sankaranar ayanan, 1974) 


Let {F,} be a sequence of probability distribution functions (possibly defective) 
on [0, œ) and dn denote their Laplace-Stieltjes transform, that is, 


fie | e“ dF,(x). 


Suppose that there exists a B > 0 such that lim bn(S) = (5) exists for 0<s<8. 
n->oo 


Then ¢ is the Laplace-Stieltjes transform of a distribution function F ( possibly 
defective) and F, —> F in distribution. | 


Proof of the lemma 
If Fn; is any subsequence of F,, converging to a distribution function ‘H?’ pos- 


sibly defective, then, 


i) = N o-* dH(x), 0 < S < B. 


Thus the Laplace transform of the weak limit of any two convergent sub- 
sequences coincide on (0, 8) and being analytic in Re s > 0 coincides every- 
where. This and the weak compactness of distributions on [0, 00) yields the 


lemma (6.3.1). 


Proof of theorem (6.3.7) 7 
Let t(w) and N(w) denote the entire sequence {t,(w)} and {N (w) respectively: 


From (6.3.49), 
N(t, w) Ni(w) 
(ce) U(t, w) = S” exp {—aTi(w)} È cexp {a(t—Ti)} Zut- TW) 
i=l j=l 
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Thus, a. as o 
F(0, t, t, N) = E(exp(—8(ce*)- U(t, w)) |t, N), (6.3.51) 


the conditional expectation for given t and N is given by, 
N(t, w) 
a BN1(0 exp (—«T;), t — T;) almost surely, 
where BO, t) = E(exp (—0(ce™)~* Z(t, w))). 
Taking logarithm of (6.3.51), we have, 


ee N(t» w) 7a) 
log F(0, t, t, N) = Z Ni log BO exp {—aTi}, t—T)) =— Z Bi(t), 
oF i=] 


where 
Bt) = — X(t) N; log B(0 exp {—«Tı}, t — T;) 


lif T; < ‘t 
X(t) = 
0, if T; > t. 


and 


It can be shown that for sufficiently small ‘0° there exists constants c, and 
c, (possibly dependent on 6) such that, 
X(t) cN; exp (—aT;) < Bit) S CN; exp (—aT;). (6.3.52) 
From (6.3.52) and the dominated convergence theorem, 


\o os log (0 exp {—«7;}), on A 


lim 2B) =4 on As 


[—>oe 


where $(@) is as in theorem (6.3.6). 
Using all these results in (6.3.51) we get for all sufficiently small 0 > 0, 


lim E(exp (—0 (ce%‘)-1 U(t, w))) = EC T (#00 exp {—a7i}))N4; A), 


Where E(X; A) stands for | X(w)d P(w). 
A 


~ This implies (6.3.50) by lemma (6.3.1). Now we have to prove (6.3.52). It 
is enough to show that there exista 0, > Oand constants c, and ¢, such that for 


ll0< 6 <6 and allt > 0: 


c,0 <— log B(9, t) < cab. (6.3.53) 
We write, 
— log (B(0, t)) =— log [1-07 (1 — B(6, t)) 0). 
Tak 
©%> = 1/2k,, where k, is such that, 


lim (1— BQ, t))/0 < kı <% for all t 
0->0 
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| l 1— | 

Taking k, as the bound of — og l=») on (0, 1/2] and ke> 0 
= uch t 

ks = inf 0,7" (1—B(0,, t)) for 0) > 0, it can be shown that for 0 <9 “ 
t < 0 


i 0» 
— log BO, t) < — log (1—k,0) < kk 


and 
— log BQ, t) > 1— BQ, t) > 0 WU — BO, t)) > k0. 


Thus we have proved (6.3.53). 
This completes the theorem (6.3.7). : 
As a special case Athreya, Parthasarathy and Sankaranarayanan (1974) 


have proved the following theorem. 


Theorem 6.3.8: (Athreya, Parthasarathy and Sankaranarayanan, 1974) 


Let, T; =t, +-+ ti where {t:i} is a stationary ergodic Sequence of non- 
negative random variables. Let {Ni(w)} be a sequence of random variables such 


that, 
lim | Ni(w) | Y? < exp (ay) almost surely, 


where, 
0 < A = E(t) <o and a > 0. 
Then, 
Pdv: 2 | N;(w) | exp (—aTi(w)) <o} = |, (6.3.54) 
Proof: 


By the ergodic theorem there exists a set A ıs such that, 
P(A,) = 1 and on Ai» 


T, (w 
E EE aos 00. 


n 


By hypothesis there exists a set A, such that, P(A,) = 1 and on A,, 
(lim | Ni(w) | 91 > exp (—ar) 
Hence, for w E 4N 4a, there exists a y(w) > 0 such that, 
(lim | Ni(w) | Y= > exp (—a (Ayn) 
und i,(w) such that, 
Ti(w) > i (Ajs—y) for all i > iw). 


Therefore, remembering that « > 0 we have for w E 4N 4s 
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Aw exp (—aZi(w)) = 2 
p, Nil ) | > ima Nw) “AD (~a n)i) <W. 
Take ; Ni(w 
Ay = tw; NiWw) <œ, Ti(w) > 0 for all i} 
thesis | 
BY hypo P(As) = ds 
Also 


P(A, 4N Ag) = l 
and 


È | NG) | exP (ATW) < o on ANANA 


Hence the proof is completed. 
Further Athreya, Parthasarathy and Sankaranarayanan (1974) have proved 
the following result. 


Theorem 6.3.9: (Athreya, Parthasarathy and Sankaranarayanan, 1974) 


Let Ti = h t ta tet ti where t;’s are independent and identically distributed 
random variables and {Nj} be a sequence of independent and identically distributed 
non-negative integer valued random variables such that, 


P(N; = 0) < 1 
and 
E(log N,)* <<. 
Then, with these {ti} and {Ni}, 
P(A) = 1, 
whese A is difined as, 


A = {w; È Ni (w) exp (—aT(w)) <0}. 


Further if, 
E(log N,)* = 00, 
then, 
P(A) = 0. 
Proof: 


The following lemma (6.3.2) along with theorem (6.3.8) yields the proof. 


LEMMA 6.3.2: (Athreya, Parthasarathy and Sankaranarayaān o ne random 
Let {Ni(w)} be a sequence of independent and identically distri 
variables such that, 


i — 0} al. 
Let P{w; Ni) 3 


R(w) = (im | mW) YO 


be the rag; 
e radius of convergence of 
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co 
2 Ni() s!, 
0 


Then, l l 
(a) E(log | Nw) | )* <œ if and only if P(R(w) = 1) = | 


(b) Eog | Nic) | )* =œ if and only if P(R(w) -- 0) I (6.3.55, 


Proof: 
We first prove the result (a). 
It can be shown that 


E(log | Ny(w) | )* <œ if and only if 
X P(log | N,(w) | > ai) < œ for every « > 0 if and only if 
> P( | Ni(w) | > e*) <œ for every « > 0. 
From Borel-Cantelli lemma we have, 
E (log | N, (w) | )* < œ if and only if lim | Ni (w) H < 1 (6.3 56) 
i oe 


with probability 1. 
Also for any 0 < ò < 1, 


P (| Ni (w) | > 1— è = P( | N; (w) | > (1—8) 
and hence, 
P (| N; (w) |" > 1—8) > P ( | N, (w) | > 0) 
and 
Z P (| Ni (w) |" > 1—8) = œ. 
Since the N;’s are independent, the converse part of the Borel-Cantelli 
lemma yields the result with probability 1. 


| Ni (w) |"! > 1—8 for all but a finite number of j. 
Therefore, 


lim | N; (w) |" > 1 with probability 1. (6.3.57) 


From (6.3.56) and (6.3.57) we have the result (a). 
Now we prove the result (b). 


If E ((log | N, (w) | )*) = œ, then for every a > 0, 


lim a 
a | Ni (w) |H! > er with probability 1 holds so that, 


lim ° 
im | Ni (w) I = oo with probability 1. 
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The converse part of (b) follows from (a). 
The condition > N; exp (— aT) < œ is satisfied when the inter arrival 


mes {ti} form, 
(i) a sequence of independent and identically distributed random varia- 


bles, and . 
(ii) a stationary ergodic sequence, 


parthasarathy (197°) has obtained for the case (i), using Fubini’s theorem 
chat if p (0) = E (xP (—0y)) then, 


p ©) = z E (KOO exp (— (TD) (6.3.58) 
satisfies the integral equation, 


y @) = | k ($ (0 exp (—ay))) & (8 exp (—ay)) dF (3), (6.3.59) 


where F(-) being the distribution function of t,. Such a representation may not 
be available when {t;) form a stationary process. 

Parthasarathy (1975) has established a corresponding result when {t;} 
forms a stationary Markov process. The results are as follows : 


6.3.3. Limit distribution when the Inter-Arrival times form a stationary 
Markov process 


Theorem 6.3.10: (Parthasarathy, 1975) 


Let {t;} form a strictly stationary Markov process. If; 
> N; exp (—aTi) < © 
is satisfied, 


y (0) = | 7 k (6(0 exp (=a) 


S prutar oorr e e OOM 
{=2 


e.s p F n 
where the Y’s are identically distributed with (conditional) Jrequency functio 


of t, given ty (say) fay (Xa | X1). 
Proof: 


Let, Usti (0) = E [zk (¢ (8 exp (—a (ty + mn)» 
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and 
n+ 
—— fH , E Ae - ees, t DE f, F sa, 5 
5, (0) = T, (POSED (= Mgt fa l 11)))) 4). (6.3.6), 


Then, 
Ying, (0) = B[K(p (0 exp (—at1))) 8n (0 exp (—a1,))]. (6.46 
| 3.62, 


From (6.3.61) it can be shown that, 
3, (0) = f k ($ (0 exp (= 2x1))) fin (Xa | 4) dy 
co ] od . 
= s 0 exp (—v. Je ak 
f Kn df a ($ (9 exp (—a (xa + -%1)))), 


Ronis Crows | Q) Dien ding: 


Hence from the Markovian nature of the process, 


S, (0) = [ok ($ (8 exp (—axa))) Sn-1 (0 exp (—ax3)) fa) (X2 | x1) dx. (6.3.67 ) 


Take 8, (0) = 1. 


Then, 
Be (0)— n-i (©) | < f” Z ( (0 exp (—ax,)). 
- | 8-1 (6 exp (—ax,)— n-a (0 exp (—ax,)) | . 
‘Say (X | x1) dx. 
Also, 
8; (8) —8 (8) | < 1, since | 1—k (0) | < 1. 
Thus, 
| 8, (8)—3; (0) | < è (9, x) < l, 
where 


5 (0, x1) = f k ($ (0 exp (—2x))) fn (ra | xy) di 
We can prove by induction that, 
| ðn (0) —èn-1 (8) | < (8 (0, xL. 
Thus, 


2/8, (0) — 81 (0) | < [1—8 (0, x) FH! < 0. 


Hence, the series ¥ (8, (0)—8,_, (0)) converges uniformly and absolutely 
and the sequence {8, (8)} converges uniformly to 8 (0). 
Taking limit in (6.3.63), 


è (0) = |" k ($ (8 exp (—axz)) 3(0 exp (—ax,) fia (Xa | X1) Pe 
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piyin g the same reasoning which led to (6.3.58) and (6.3.59), we conclude 


AP 
that, 


5 (0) = = E (k ($ (0 exp (—a (Ya + Yq... + YDY). 


nere the y’s are as defined in (6.3.60). 
wW 


Since, 


p (0) = lim E (exp (—8U (t)/(ce*))) = E [m oN (© exp (—aT)))), - 


from theorem (6.3.7) we get, 
lim Yn (0) = 4 (8) exists and the theorem now follows from (6.3.62) 


This completes the proof of theorem (6.3.10). 
Next Parthasarathy (1975) has considered the process wlth stationary 


m-dependent inter-arrival times. 


6.3.1 Definition 


A sequence of random variables X, is said to be m-dependent if the sets, 
(Xb, Xori +++) and (Xa, Xa+ı» ---) are independent if | b—a| > m. 


Theorem 6.3.11 (Parthasarathy, 1975) 


Let {t;} be a sequence of m-dependent stationary random variables. Then. 
Wo) = | (my f me KAO exp (ala, + + xDD): 
ae E(k((0 exp {—a(x, +.» + Xm + Zmn © + ZD) 


. Falko P P Xala Xi dX, RE. i (6.3.64) 
pere the Zs have frequency function, fem(Xm+ |X sees Xm) the conditional 
requency function of tmy; given ty ..., tm- 


Proof 
From the definition (6.3.1) of m-dependent random variables, we can write, 
"o= I (m) k x k(ġ(0 exp {—a(x, ove T xi)}))-" 
0 i= 


< H,(0 exp {a(x + + xa}: 
(6.3.65) 


+ fem(Xq e+» Xm)AX4y -+ nn 
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where 
= [nmh r KEO exp {—a(%may +-+ xp): 
H,(0) = I. (n m f ae ( n 
- fim (Xma | Nip vers Xm) e.e Ton (Xn | Xn-m oes Xn—4)° 


e Amër ery AXn. 


It can be seen that H,(0) satisfies the integral equation, 


H0) = |7 K(H(O exp (axm) Hua X 
J0 
X (0 EXP {—&Xm+1}) S em)(Xm4a | Xis -+s Xm)dXm41. 
As before we can show that, H,,(0) -> H(0) as n -> œ and that H(0) satisfies 


the integral equation, 


H (8) = [kao exp {—O%m4,}) (8 exp {=X mar})K(m)(Xm-+1 | X49 es Xm)dX ms, 
0 


From (6.3.65) taking the limit as n > oo, we obtain (6.3.64). 


This completes the proof of theorem (6.3.11). 
Radcliffe (1972) has obtained the following theorem for the supercritica] 


age-dependent branching process with immigration. 
Let ‘x’ be the Malthusian parameter, that is the finite positive solution of, 


m, | -e dGH) = 1. 


J 0 
Theorem 6.3.12: (Radcliffe, 1972) 


Let 
l<a<o, ños Aa, A'(1 =k (l —) < 0 


and suppose that G(-) has a density function g(-) satisfying, 
IMCOZET S 
0 


for some n > 1. Then, U(t)e-* converges in mean-square and almost surely to 4 
random variable ‘v’, 


6.3.4 Critical process with immigration 


Let {Z(t)} be an ordinary age-dependent branching process with life time 
distribution G(t) and offspring probability generating function A(s). 
Let, 


A(s, t) = E(s2 | Z(0) = 1), 


BRAN 
CHING PROCESS WITH IMMIGRATION 255 


= > dent process {Z , 

critical age-depen =" $. {Z(t)} Goldstein (1971) h 

P lowing theorem. For this we introduce the following nite s proved the 
0 s 
Let 
hy(s) = § and /4,(s) = hy (hyn-a(s))} n >l. 


Iso put, 
j 1,t>0 


Gyo(t) oe a 
0, t < 0, 


and t 

Gin(t) = [i Gin-ı (t—y) dG(y) 
E 

for nZ 


Theorem 6.3.13: (Goldstein, 1971) 


Let {Z(t)} be 4 critical age-dependent branching process. Then, 
teh OAU 7 S)Gyn(t) < 1—A(s, t) 
< 1-hyp(s) + (1—8) (1—G,,(2)), 


fort p0,n > landO<s<l. 
Using the above theorem (6.3.13), Kaplan (1973a) has proved the follow- 
ing theorem for critical age-dependent Bellman-Harris branching process with 


immigration. 
Theorem 6.3.14: (Kaplan, 1973a) 


Assume m, = 1,0 = h'’(1)/2 < œ. Then U(t)|t converges in distribution as 
t-> œ, to a random variable having the gamma density, 


== (x1). -1e-*0 6.3.66 
f(x) = TO) ,x>0 ( ) 
where, 

B = MAlo’) and t = œf. 
Proof 


The proof is based on the following representation for the probability genera- 


ting function of U(t). 
Let 


P(s, t) = E(s¥); |s| < Lt? 


W 
e ran the function N(t) as, N(t) = " for Tn < t 
t can be shown that, 


0. 
< Tny 


6.3.61) 
3 Zij(t -T)}» i 


j=l 


N(t) 
U(t)= = { 


i=l 
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where, {Z;;(t)}, J = 1,2, ..., Nı andi = 1, 2, ... are independent ang ident; 

cally distributed processes having the same distribution as LOYA a 
independent of the {7j};>1 and the {Nj};51, where, N; is the number of nat 
duals enter in the population at the immigration epoch T;. ivi. 


It follows that, 
N(t) 
P(s, t) = Ef = MAG FT) (6.3.68) 


where, k(s) is the immigrant probability generating function. 
By Athreya and Ney (1972), A(s, ¢) is increasing in each of its compo- 


nents. Thus, 
N(t) 
E[ x k{A(s, Tue — T)}] < PCs, t) 
i=l 


Nit 
< ELT HGS, Troa — THY (6.3.69) 
Since the {t,}, where t; = T; — T;_,, are independent and identically distributed, 
the collection of random variables {Ty (1) — Ti}i=1, 2...., N@) can be shown to have 
the same joint distribution as the collection of random variables {Ti}i=0,1,2,...N(t)=1- 
In a similar way, the collection of random variables {Tyros — Tii=1..... nq 
has the same distribution as {7; + ty(t)+1i=0,.4. NQ)—1- 

Now we can write (6.3.69) as, 


N(t)—1 
Elm KA(s, T)}] < Pls, t) 


N(t)—. 
= E[ hA k{ A(S, T; + ty(t)+)}]- (6.3.70) 


Durham (1971) proved that 


lim Pity > L] = D i tdF(t), 
t->30 ovL 


Where, F(t) is the distribution function of t;s. It follows that for a given 
e€ > 0, we can always choose an L sufficiently large so that, 


N(t)—1 
P(s,t) < Ef k{A(s, T+ L)}] +e (6.3.71) 


for all sufficiently large t. | 
Using (6.3.70) and (6.3.71) in order to prove the theorem, it is sufficient 


to show that, 
(6.3.72) 


N(t)—1 
lim El r k{A(e*l*, Ti+ DY = (1 + 19), 
t-> i 


=0 


for|s| < landO<L<o. 
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prove (6.3. 72) it is enough to show that for each 0<s<], 
N(t)—1 

im [- 2 losktd(e, Ti+ LY 

1-700 pan 


= Blog (1 + +s), (6.3.73) 


p obability 1 


, r » ` a 
with rye Pro of of (6.3.73) is very similar to that given in Seneta (1968) 
Since, | 
Tn 
oo oe (6.3.74) 


itn probability 1- 
we can take only those sample paths for which (6.3.74) holds. 


N(t)-1 


Now, — E log k{A(es, Ti + L} 
i=0 
M 
— — RA log k {A(e-s/t, Ti + LX 
N(t)-1 
+ m oy {1 — A(e-s!#, Ti+ LY 


N(t)—1 
FB gk EAE tt L)}—mo{1—A(e“*!*", T+ L)3] 
= a,(M, t) + «(M, t) + a3(M, t), (say). 
The choice of M depends upon the sample path and will be indicated later. 


For each fixed i, 
lim — [log k{A(e-*!, Ti + L) = 0 


t-> 
Hence, for every M > 0, 
lim «(M, t) = 0. 


t->00 


(6.3.75) 


Using theorem (6.3.12) we can find the limit of «,(M, t) as t> ©. Choose 


ô > 0 and let, 
n(i) = [i(1 — 8) Ag/a] and mi) — [i(1 + 8) M/M 


whe 
e [x] is the greatest integer in x. 
finili fain > Ay as n —> œ and using wea 
ii Ginen and Gim(i) we have 


and lim [1 — Gina (Ti + L)| =0 


k law of large numbers in the 


Jim Gim(Ti + L) = 0. 
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Since t/N(t) > Ag as t > œ, it follows that, 


N(1)—1 n 
lt) Z (1—Ginn(Ti -+ £)) = 0 
i +1 


lim (1 —« 
{oo 


and 
N(t)—1 = 

lim (1 =æ e™’lt) 2 Gim (Ti -- L) = 0., 
im M+1 


{—>oo 


Now applying theorem (6.3.12) we conclude that, 


N(t)—1 5 ‘ 
LY (Ll = Ayn (e)] < Nim w(M, t) 
M--1 í 


lim [m 
> OS ->00 


l-> 00o 


i= 


_ = N41 Wie 
<lim «,(M,t) < lim [m 2 (1 — hin D). 
->00 1->00 i=M+1 
As in Seneta (1968) it can be shown that for any € > 0, 


: N(t)-—1 
lim [m E (1 —Ayma(e-*!))] > B log (1 + 75) — e 
{> i=M+1 
and 
a N(t)-1 
lim [Mo 2 (1 — Aynay(e-*/))] < B log (1 -L TS) + €, 
t->00 i=M+1 
for sufficiently large M and sufficiently small 5. Also M and ò depend only 


on E. 
Tbus for any £ > 0 and for a large M, 


lim | «,(M, t) — Blog (1 + 7s) |<. (6.3.76) 
t->00 

From the mean value theorem it can be shown that for any y > 0, 
| — log k(s) — m (1 — s)| < (1 —5), 

provided s is close to 1. 

Athreya and Ney (1972) have proved that 

lim 4(0, t) = 1. 
{->00 

Also, 
A(e-s', Ti + L) > A(O, T; + L) and T; > œ. 

Hence for large M, 
| (M, t) | < £ * (M, t). 

b e ° 0 
Since a(M, t) is uniformly bounded in t, for any e > 0 we have, 
(6.3.77) 


lim | %3(M, t)| < e, forlarge M. 


To complete the proof we choose ane > 0 and M sufficiently large $° 
that (6.3.76) and (6.3.77) hold. 
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Now from (6.3.73) and (6.3.74) we have, 
ee a | slt 
jim |— 2 log k{A(e—*!', T; + L)} — B log (1 + ts)| < 2e. 


[oo i= 


This completes the proof of theorem (6.3.14). 
The above theorem (6.3.14) was first proved by Sevastyanov (1957) for 
ecial case where G(t) and F(t) are negative exponential and h(s) has a 
rd moment. Pakes (1972) has obtained the theorem for the case, when 
les enter the population at the event epochs of an inhomogeneous 
poisson process. Durham (1971) has established a similar result for this pro- 
cess when particles reproduce according to a general age-dependent branching 
uming all the moments of h(s) exist. Weiner (1972) has proved this 


the spe” 
finite thi 


rocess 455 as 
theorem under the additional assumption that all derivatives of F(t) are finite. 
Foster (1972) has proved the following theorem, when lim — = u, an 
n>% M 


essentially positive random variable. 


Theorem 6.3.15 (Foster, 1972) 
If m,=1, Mp h'(1) < œ, then U(t)/t converges in distribution to a random 


yariable V where, 


Ee”) = | (1+ gy/Ay) d(x) + P(u = 0), 
0 


where y = h''(1)/2 and H(.) is the distribution function of u. 
Further Foster (1972) has established the following result. 


Theorem 6.3.16 (Foster, 1972) 


Ifm, = 1, o = h'(1) < œ, then U(t)/t converges in distribution as t > ©, 
whose Laplace transform is given by (1 + <s)-*® where, 
B= (1719A3)/A9"); 


My, Ay, Ay being respectively equal to EN,, 
| tdG(t), j tdF(t) and t = o? fh. 
0 0 


Kaplan (1973b) has also proved the following theorem using theorem 


(6.3.13) for the critical process. 


Th 
“orem 6.3.17 (Kaplan, 1973b) 


Assur 5 
"m= 1, m < o and | t? dG(t) < ©. Then, 
0 
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ie AAG, Dde < 0 for 0 <s < 1, 
0 


1 1 —S 
if and only if f, ee < ©. 
Proof SER l 
Using theorem (6.3.13) and the monotonicity of A(s, t) it can be shown that, 

| ? 1 —k{A(s, t)} dt 
2A1 


< ym l È (1h) + USL Guu) (6.3.78) 


and 
| RAG, O dt 
1/2 
A ms , 
> F k’(8)[ bod 1—/,;(s)) -—(—s) G1; (jr4/2)3] (6.3.79) 
where f 
B = A(s, A,/2) > 9. 
Now by Katz (1963) we can see that, |” t2 dF(t) < œ implies, 
0 

j=l 
and | 

Fh [1 = G,,(2jr,)] < © (6.3.80) 
Seneta (1967) proved that | 

(6.3.81) 


2 [1—A,,(s)] < © if and only if 5 q; log j < œ. 
j=1 j=1 


Now theorem (6.3.17) follows from (6.3.78), (6.3.79), (6.3 80) and (6.3.81). 
Further Kaplan (1973b) bas stated the following theorem. 


Theorem 6.3.18 (Kaplan, 1973b) 


Let m, = 1. Then for each 0 < 5 S L 
A(s, t) = E {S270 | ZO) = 1}; t > 0 
where Z(t) is the Bellman-Harris process without immigration, converges mono- 


tonically to 1 as t > œ. 


6.3.5 Subcritical processes with immigration 
th immigh | 


Pakes and Kaplan (1974) have discussed the subcritical process wi 


tion and proved the following result. 
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Theorem 6.3.19: (Pakes and Kaplan, 1974) 
Ifo < © and F(+) non-lattice, U(t) has a limiting distribution, if and only if, 


f [1—k(4(0, t))]dt < o. (6.3.82) 


If this holds then, 


lim Elexp {—sU(0)}) = 1-29" ji P(s, t)[1—k(A(s, t))]dt (6.3.83) 
otherwise U(t) -> œ in probability. 


Proof 
We write, 


E(exp {—sU(t)}) = 1—F(t) + J E(exp{—sU(t—u)}) k(A(s, t—u))dF(u) as, 


Elexp {—sU())) = Z)—Z,(0) + |" Blexp {—sU(t—w yar, 
where 
Z(t) = 1—F(t) 
and 


Z(t) = j E(exp {—sU(t—u)}) [1—k(4(s, t—u))]dF(u). 


Since Z,(t) is non-increasing and integrable, it is directly Riemann 
integrable. 
Also, 
t 
Z(t) < Z(t) = | [—K(AO, tw] 
0 
and 
[7 Zdar = | [1—k(4(0, t))]dt, 
0 0 


is assumed to be finite. 
Cheong (1970) has shown that Z(t) is directly Riemann integrable, because 


it is non-negative and integrable. Therefore Z,(t) is also directly Riemann 
integrable (Athreya and Ney (1972)) and from the key renewal theorem we 
Show that (6.3.83) is true. 

Monotone convergence gives that, 


lim E(exp {—sU(t)}) ft lass Î I. 


t-> 00 
Therefore using the continuity theorem for probability generating functions 
ting function. 


We get, lim E(exp {—sU(t)}) is a probability genera 
t>% 
Hence the sufficiency of (6.3.82). 
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Let 
A(s) = E ays! 
I-0 


be a probability generating function. Then, 
|—A(s) > (1 —s) (1 — a). 
Using this inequality, it can be shown that if the integral in (6.3 en, 
infinite, then, OL) is 
| [1—k(A(s, D)]dt 
0 
is infinite for all s € [0, t]. 
Now we show that this implies, 
E(exp {—sU(t)}) +0 as t > œ. 
Taking 7,, T,, ... be the immigration epochs and N(t) as the number of 
these in [0, t], from Jagers (1968) it is clear that, 


Elexp {—sU(}) < EL = MAGS Tuno—T)] 
because Tyan) 2 t 
Since {7;} is a renewal process the random variables 
{Tuno —Ti} (i = 1, ..., N(t)) 
have the same joint distribution as 


{T; T Tino (i 0, I, ney N(t)—1), 


| 


where, 
I, = 0 and f = Ti—Ii, 1 = l, 2, Tr 


Then we have for all o > 0, 


E(exp {—sU()}) < EL T KAG, Ti+ 0))] + Pleno) > o} 


It can be shown that for a sufficiently large o, 


lim P{tryq) > o} = do! | ” tdF(t) < e, for any e > 0. 
t->00 0 


With that o we get, 


lim sup E(exp {—sU(1)}) < e+ Elm k(A(s, Ti + Wh 
too j= 
Since T,/n > ^ almost surely using the integral test comparisons we ba“? 


5 [1—k(4(s, T; + ))] = œ almost surely. 


i=0 
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; the infinite product is zero almost surely, 

Hence the converse part of theorem (6.3.19). 

This completes the proof of theorem (6.3.19), 

sakes and Kaplan (1974) have also proved the foliowing result. 


Thu 


sheoremt 6.3.20 (Pakes and Kaplan, 1974) 


suppos! F(-) is non-lattice, Ào < ©; Po < 1 and 
1—G(t) < e“, (t > to 0< a< o) 


ubcritical Bellman-Harris process with immigration. A limiting distri 


for the 5 ; 
o ists if and only if, 


þution ex 
Zg logj< œ, 
where to iS such that e (t) is differentiable in [tọ, 0 ) ; t > 0. Th ey alee proved 
the following result. 
Theorem 6.3.21 (Pakes and Kaplan, 1974) 
If F(-) is non-lattice Ay < © 


and 
exp (—at?) < j— G (t) < exp (— bte), (t > fo)» 


where 0< b <a< œ andos > Q then a necessary and sufficient condition 
for the existence of a limiting distribution in a batch arrival GI |G | œ queue is 
b 


Zaj (log j)? < ©. 
Further they have proved the following result. 
Theorem 6.3.22: (Pakes and Kaplan, 1974) 
If F (-) is non-lattice Ay, Ay < © 


and 


1—G (t) wt? L (t) as t > œ, 


— l <è < œ and L (-) is slowly varying at infinity, then a limiting distri- 
tion exists if and only if, 


2 q; j? M (J) < OW; 
j=l 


Where P 
M (-) IS Q slowly varying function with the property, 


M (t) L'è (118 M (t) ~ 1,6 > © 
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Pakes and Kaplan (1974) next proved the following result. 
. Theorem 6.3.23 (Pakes and Kaplan, 1974) 


fm < 1l, < ©, 0<—a<B < w and h = 00, 
Then, 
B t 
Mim > | m (u) du, t-> ©, 
MoJo 


where 
m(t)=£EZ (t). 


For the subcritical process Kaplan (1973 a) obtatined the following result. 


Theorem 6 3.24 (Kaplan, 1973a) 


Assume m < l. 
Then, 
tim ZO = m [EZO at 
1-0 0 i with probability l, 
0 
where 
t 
W(t) =| U (u) du. 
0 
Proof : 


The proof is based on the following representation for the {W (t)} process. 
We know that, | 


N(t) f Ni 
U (t) —_ 2 {Zi (—-T)} í 
i= j=1 
Therefore, 


N(t) ¢t-Ty Ni 
W(th= È | LE Zi; (u)] du. 
i=1J0 j= 


To prove the theorem, it is sufficient to show that, 


P (lim 7 © _ m |” E [Z (w)] du | {T} = 1. (6.3.84) 
l-> 0 J0 


Now, m, < | gives, 


o Ni 
| [È Zi @)] du = U; 
0 j=l 


exists for each i, (T; — fixed). 
Since {U;}i= 2- are independent and identically distributed, we get, 


E (U) = m, N E (Z (u) du. 


If m, < land à< œ then |" £ (Z (u)) du < œ. 
0 
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Hen E(U,) < œ if and only if m < o. 
Assuming E (U,) < œ, strong law of large numbers gives, 
a ta Ere ” | 
um ree = E(U,) = mo | E (Z (u)) du. (6.3.85) 
ider, 
Consi 1 NC fi-Ti Ni as 
|-2 J E Zu wl du — LD u | 
i=] 0 j=l t J=]. 
ae |" S Zy (u)) d 
_ t Jai t-Ti Š, ij (u)] u, 


For s > 0 there exists an M such that 
i > M > > Ti [Sl + £) i. 


Choose L so large that, 
mo | E (Z (0) du < e. 
L 


Let, 
a (L, t) = [(t—L)/(Ay + 8)]; t > L. 
Then, 
1 MO fò Ni 
— 2 | | 2 Zi; (u) | du 
t iam Jt-Ti j=l 
Lg Fz, wut È U } 
<2, |. oF uy (u)] du madar F 
Using, 
t 
N © —> Ao as [—> © 
and the strong law of large numbers we get, 
] aL, t) fo. Ni e 
im — (udu) s —— 
re TA fz Zi(¥)] “l< M (1—8) 
and 
, 1 _ NØ Ka =) 
lim- [ 2 Ura T 
rey l i=a(L, t)+1 Ao l—e 


Since e is arbitrary, we get, 


oe) N | 
imt F | [ 3 Z;(u)]du = 0 
t>of pea Jt-Ti j=l 
Aia Probability 1. 
NOW (6.3.84) follows from (6.3.85) and (6.3.86). 
W = 00, then also (6.3.84) holds. i 
is completes the proof of theorem (6-39.44). an 
ca Further Kaplan ( 1973) has proved the following theorems for subcritica 
se, 


(6.3.86) 
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Theorem 6.3.25 (Kaplan, 1973b) 
Assume 
Ten m < landi — Gt) wt EE 


| f [1 — k(A(s, t))|dt < œ for all, 5 € (0, 1) 
if and only if, (6.3.87) 


= J qı < ©, 
If O <S <1, then, 
lim P U(t = nN) = , 
t>o (O) n) =0;n>0. (6.3.22) 


Assume the Malthusian parameter « exists for the age-dependent proces; 
{Z(t)}. That is, there exists a solution « — a(mı, G) of the equation ~ 


m, G,(a) = 1 
where 


G,(a) = f e-* dG(t). 
Kaplan (19736) used the following theorem (6.3.26) to prove the next theorem 
(6.3.27). 
Theorem 6.3.26 (Kaplan, 1973b) 


Assume 
m,< land « = a(m,, G) exists. 


Then, 
lim e |1 — A(s, t)| = Q(s) 
t->00 


exists for all 0 < s < 1. Furthermore, Q(s) > 0 if and only if 
È jp log j < œ. 
ja 
Using the above theorem (6.3.26), Kaplan (1973b) proved the following 
result. 
Theorem 6.3.27 (Kaplan, 1973b) 
Assume the malthusian parameter ‘«’ exists. Let m, < 1 and 
2 jpılogj< æ 
J=1 
then (6.3.87) holds if and only if, 
S qj log J< %0. 
jul 
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e-lalt (Q(s) — £) <1 — A(s, t) < (Q(s) + e)e-lale , 
ce < Q(s) and T so large that, 
(Q(s) + sje" < 1, 
Using (6.3.89) and the monotonicity of A(s, t) it can be shown that, 


Choose 0 < 


T È [1-K0—(0()—)8)] < |" 1- RACs, Dya 


<T È [1—k(1—(Q(8) +03"), 


where 
3 = e-lal, 


Heathcote (1966) has shown that both of the sums in the last expression 
are finite if and only if (6.3.88) is valid. 
This completes the proof of theorem (6.3.27). 


6.3.6 Some convergence rate results for the Bellman-Harrls process with 
immigration 


Pakes and Parthasarathy (1975) have considered a population of objects 
which reproduce as in the Bellman-Harris aga-dependent branching process 
and which is augmented by an independent immigration process. The immigra- 
tion epochs are considered to be generated by a renewal process and a non- 
homogeneous Poisson process. Independently of these, j-immigrants enter the 
population at an immigration epoch with probability q;, j = 0, 1, 2,.... We 
write, 


k(s) = 2 q; si, hs) = È pj 4, 
j=0 


Where { p;} is the offspring ‘tiation 

The life time distribution function is denoted by G(- J. The. inter-arrival 
time distribution function is denoted by F(-). Let A(t) bethe expected number 
of immigration epochs in C, t]. 

Assuming 


and Po» do < hs G(0,) = F(04) = 0 


` m = hf’ l—)< ©, 
We write, etn 


Ay = [ td F(t); M = i td G(t) 
Jo 
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and 


A = lim AW ; 
t-> 


Let U(t) denote the population size at time ‘/’ and U(0) 


‘ = 0, oe 
shown that, if It can be 


m, > land A (m,) = œ 
in the Poisson case, then U(t)-> œ in probability as t-> œ. Also jt ean . 
shown that, if je 
m, = 1, y = kh” (1-)/2, 
m = k'(1-)< œ, 1—G(t) = o(t-*) 


as t-> œ and A, or A is finite, then U(t) -> œ in probability as to, In these 
cases E 
P(s, t) = E(s*) > 0 as t-> œ. 


Pakes and Parthasarathy (1975) have shown that the convergence rates are 
largely determined by the rate of decay of 1—Fi(‘). 
Their result for the critical case is rather less satisfactory and provides no 


surprise. 
6.3.7 Supercritical case 


Let A(s, t) be the probability generating function of Bellman-Harris process 
without immigration. Write, 
a(s, t) = k(A(s, t)). 
Then we know that, 


P(s, t) = 1— F(t) + | P(s, t—u) a(s, t—u)dF(u). (6.3.90) 


Let t = k(q) < 1 be positive, where q is the extinction probability. Let 


be a positive constant such that, 
: | eot dF(t) = 1. 
0 
d 
For the supercritical process Pakes and Parthasarathy (1975) have prove 


the following result. 
Theorem 6.3.28: (Pakes and Parthasarathy, 1975) 
If F(-) is non-lattice, t > 0, o exists and 


| teo dF(t) < 0, 


0 . 
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æ 1l 
pen for? m 1 j 
(1—t)o +f emP(s, u)[a(s, u)—r]du 


lim etP(S, t) m O af umar 


toro q2 47 ue”dF(u) (6.3.9 1) 
0 


q the right hand side of (6.3.91) is positive. 
an+ * 


proof 


write (6.3 90) > 


y(t) = eP(s, t) = X(t) + I \(t—u)dH(u), 
where | 
H(t) = f e%dF(u) 


and | 
ya) = PEE) + 1 | e-a, tw) NaH. 


The first term on the right is directly Riemann integrable. As in Athreya 
and Ney (1972) it can be shown that, for any o’ < a, 


sup “Phs, t) < 0- 
t 


Choosing « > 0 so that o' = o — e > 0, we have, 


| y(t—u)(a(s, t—u)—T)dH (u) < M | exp {—(a—e)(t—u)}dH(u), (6 3.92) 


where « is the Malthusian parameter of the Bellman-Harris growth process. 
If we choosee < a then it can be shown that the integral on the right at (6 3.92) 
is of bounded variation and integrable on (0, 0). If we show that the left 
hand side of (6.3.92) is Riemann integrable in finite intervals, then it is directly 
Riemann integrable (Cheong, (1970)). This can be seen on observing that 
P(s, t) is the difference of functions satisfying an equation of the form as 
(6.3.90), but with the driving functions being given by 1 and F(t). It can be 
shown that these functions are monotonic. Now, from the key ranewal theorem, 
(6.3.91) follows. If q < s < 1, the limit at (6.3.91) is positive. Hence positive 
for0<s< 1. 
This completes the proof of theorem (6.3.28). . 

_ The following result due to Pakes and Parthasarathy (1975) 1s 4 generali- 

‘ation to the supercritical case when 1— F(t) is asymptotically expon ential. 


Theorem 6.3.29: (Pakes and Partbasarathy, 1975) 


S , , uch that 
“Ppose F(-) is non-lattice, that there is a positive finite constant, % s 


i exp {(o—<)t}4F(t) < 9- 


0 
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Suppose also that F(-) is non-lattice, that there is a positive finite constany 
g 


such that, 
f7 raro) = 


0 


and for any 
=o. | * exp {(o—e)t}d F(t) < o. 
0 


Suppose also that, e°'(1—F(t)) > K, a finite constant and for cach h > (), 
(+h 
| e'dF(t) > ch, t > œ, 
t 


c-being a finite positive constant. Then, 


etP(s,t) > K +c | j e%P(s, t) a(s, t)dt, 
0 
and the integral is finite. 


Proof: 
Once we show that, 
Sup exp (o't) P (s, t) < œ for any o’ <a, 
t>0 


the integral will be seen to converge. This follows from theorem (6.3.28), 
because the solution p* (s, t) of (6.3.90) with k (s) replaced by 


k* (s) =b+(1—b)k(s),0<b<1 
satisfies, 
P*(S,th>P(s,);0<¢s<1;t>0. 

It can be proved by starting p,(s, t) =p§ (s, t)=s, and observing the correspond- 
ing property for the sequences pp (s, t), Pa (S, t) recursively. 
Now, (6.3.90) implies, 
eP (s, t) = e (1L—F(t)) + 


f exp o(t—u) P (s, t—u) a (s, t—u) dH (u) (6.3.93) 


where 
t 
H (t) = | e% dF(u). 
0 


It shows that H (-) behaves like a renewal function and the key renewal 


theorem is applicable to the integral in (6.3.93). 
Next Pakes and Parthasarathy (1975) have considered the case where i 


does not exist. Let F, (-) denote the n-fold iterated convolution of F ( 
According to Chover, Ney and Wainger (1973) we say that 


F()EẸF(d);dÈl 
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ng conditions are satisfied: 


¢ the follow! 
j 
jim 1-F, (1) exists -- C << ©; 
(i) ~o | — F(t) 
1 —-F(t—b) 
äi) i er ome =¥O)i-—w<b<a, 
where y (b) = e for some r > 0 


and 00 è 

i dii) | ort dG (t) exists = d < œ, 
0 

where ¢ = od and if c = 2, (ii) and (iii) are implied by (i) with r—0 and 

rl. 

Í Now they have proved the following result. 


theorem 6.3.30 (Pakes and Parthasarathy, 1975) 


IF (+) ce £ (d) anddi < 1 then, 
lim P(s,t) _ Lr rf e™ P (s, u) a(s, u)du 


1->0 I-K ldr > 0. 


Proof 
The proof is same as that of Theorem 2 and Lemma 3 in Chover, Ney and 


Wainger (1973). 
For any e > 0, (6.3.90) gives 


R,(t) + (1—0) | P(s, t—u) dF(u) < P(s, t) 


< R,(t) + (t+ e) j P(s, t—u) dF(u), (6.3.95) 
0 


where (a, b) =(t—e, t) or (t, t +e) according as O<S< qr 4 <s<l 
respectively and 


R(t) = 1—F(t) + f r P(s, t—u) la(s; t —u)—b] dF(u}, 
j- 
~ Is a sufficiently large continuity point of F(-)- 
Methods a a of the limit at (6.3.94) follows from 
mi 3 Chover, Ney and Wainger (1973). 
P mpletes the proof of theorem (6.3.30). 
= 1, theorem (6.3.30) gives, 


and P(t) ~ 1-Fia-9) 


(6.3.95) using the same 


P(t = O(1—F(t))» JZ b PO 
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Pakes and Parthasarathy (1975) have shown that the exact rate of cony 
| er. 


gence of P(t) is, 
PE) ~ c(l — F(t, t-> 0, 


where 
O<cy< ow. 


6.3.8 Critical case 


Pakes and Parthasarathy (1975) have considered the case, m,—1, with the ir 
migration epochs generated by an inhomogeneous Poisson process {N(t), t — \ 
with A (f) = E(N(t)). In this connection they have proved the following result 


Theorem 6.3.31 (Pakes and Parthasarathy, 1975) 


Let the following conditions hold, 


(i) m< œ, È qjjlogj<o: 
j=l 


(ii) lim NOW, 0<rA<00 


{00 
and lim (A(t)—A(t) exists; 
(iii) =P p3t® < œ for some £ > 0, 
y =A"(1_)/2; 8 = h'"(1_)/6; and 
(iv) G(-) has a density g(-). 
F 14+’ 9(t)dt < œ for some < > 0 


and 
m= | t®e(t)dr—nr?. 
0 


Then with 
liad Ay Moly, 


li g = 
iim tP(s, t) = Hs), |s| < 1, 
exists, is finite, positive and power series expansible in the open unit disc. 


Proof 
Let 


(s, t) = toP(s, t). 


BRAN a H G j 


pakes (1972b) we have, 
prom f 
— log (5, 1) i | I 
g [I~ a(s, ¢. dA (u) — 5 log t 
i : (6.2.96) 
= condition (ii) and the dominated Convergence th 
thec 


Jifference between the integral (6.3.96) and rem we can show 


l rom th 
that the & 


t 
À | l—a(s, ud 
» ( ( ’ ))e u tends to 0 as t> ef, 


Now using the mean value theorem we have, 
t 


—log 15, 1) = A(O) + 1t) + RC) O(1) as t-> y 


where t 
l(t) = f [mo —K'(E(s, u))] (1—A(s, uydu 
and 
A(S, t) < &(s, t) < 1. 
Therefore, 


D(t) <A f [m—k'(A(s, u))] (1 —A(s, u))du 


Using Lemma 1 of Pakes (1972a) it can be shown that. 1.(; | 
The terms /,(t) and J,(t) are defined as, » A(t) converges as t > x. 


l(t) = Am, | l (1—4(s, u))du 


and 
L(t) = Am, | (1—A(s, u)—, fyu)du. 


From the ear ly steps of the proof of theorem 4 of Chover and Ney (1968) 
and using the conditions (iii) and (iv) we get, f | 


ol! àt y’—ò yì | 
l — A(s, t) = y 75 | = | (1 + r(s, t)) (log t), (6.3.97) 


where r(s, t) + Q ag fe 
H ; . 
ei. he absolute conver gence of J,(t). Thus. Y(s, t) converges to a finite 
This on, Now, the theorem follows from Vitali’s theorem. 
completes the proof of theorem (6.3.31). 


03.9 4 
be-dependent branching process with thinning immigration 


Raq 
ion E onsidered a thinning renewal process with interarrival ere 
th renewal . n*(t). Let a, be the probability of the immigrants arriving vr 
distribution poch from a recorded renewal epoch. Then {an} is a proba nity 
“*8Se5 with ; All the results are known for the age-dependent branching pro- 

™migration with life time distribution function G(t) and offspring 
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carry over to this situation where with probability, a, 


generating function /(s) e with 
at the nth epoch from a ‘settled’ immigrant survives, 


the immigrants arriving 
Let, 


H(t) = È ank(t) (6.3.98) 
where F,(f) is the n-fold convolution of F(t) with itself and let, 


q(s) = È ays”, (6.3.99) 
n=i 


be the generating function for an. 

Let 3 — En a,, be the mean of the probability distribution {a,}. Let the 
population size at time f be denoted by U(t) and m, be the mean number of 
particles that arrive at every immigration epoch. 

Let, 


Ayo = i t dF(t) < œ; M = f tdG(t) < œ and o? = h” (1). 
0 J0 


Corresponding to theorem (6.3.16) Rade (1972) has obtained the following 
result for the critical case. 


Theorem 6.3.32 (Rade, 1972) 


If m, = 1, h'(1) < œ, U(t)/t converges in distribution to a random variable 
having the gamma density, 


[r(A] e! (t/x)4-1; t > 0, (6.3.100) 
where, 
A = (M^ )/ (0? 5d) and t = o? fh; 
Choosing the mean thinning ò as mes (then A = 1) so that the limiting dis- 
0 


tribution is negative exponential. We also note that this distribution is inde- 
pendent of the immigration parameter Aj. 


6.3.10 Compounding Bellman-Harris Processes allowing immigration 


In the Jagers process (Jagers (1968)) a random number N; of particles with 
the same generating function, 


k(s) = & qð, 
J=0 


where, gy = P(N, = j), arrive from outside the process at times 7), i = 1, 2» 
such that the interarrival times t; = 7) — Tip i = 1, 2,..., Ty = 0 are inde- 
pendent and identically distributed random variables with the distribution 


function F(t). Once they arrive the particles reproduce and die. The life time 
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pution function 1s denoted by G(t). The offspring generating function is 
gist"! 


h(s) = È? pjs’, 
J=0 


, U(t) be the population size at time 7, 

parthasarathy and Krishnamoorthy (1976) have assumed that each batch 
i migrants at time T; founds a colony and every such colony attracts 
of.  adary stream of immigrants. Specifically, Nj, particles with generatin 
: re (8 arrive at times, Tij m= fn -|- lig aa -- hy, j = 1, J... T i 
fanet lony formed at time T;, where {t;;} forms a sequence of dependet 
to Ar anti cally distributed random variables with distribution function H(t) 
myo) be the number of particles living at time ¢ of this process. Ascume. 


aless otherwise stated, that, 
uitv” 


m = h'(1), mo = k'(1), Ag = f; tdF(t); 


= f 1dG(t); M = f tdH(t) - 


are finite. They have studied the asymptotic behaviour of the mean number of 
particles living at time ‘t’ for the above process. 


Let 
Zij(u, w), Zijk(u, w), u > 0; i, j, k= l, 2, E PE 


denote respectively a doubly and tribly infinite family of independent one-di- 
mensional Bellman-Harris processes with, 


Zis(0, w) = 1=Z;,(0, w) 
and independent of the processes {T;(w)}, {Ni(w)}, and {Nij(w)}. 


Let, 
A(s, t) = E(e#); m(t) = A'(1, t) (6.3.10 1) 
i P(s, t) = E(s¥); M(t) = P'(1, t) (6.3.102) 
Q(s, t) = E(s’); M (t)=Q0'(l, t). (6.3.103) 


th If the processes {7;(w)}, {Ni(w)}, {Tis(w)} and {Ni,(w)} are independent, 
en O(s, t) satisfies the integral equation, 


2s, t) = 1—H(t) + j O(s, t—y) P(s, t—y) K(A(s, ty) 4H) 


and s 
M(t) satisfies the integral equation, 


M(t) = | M,(t—y) dH(y) + | M(t—y) 4H(y) 


+m | ' m(t—y) dH) (6.3.104) 
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For the compounding Bellman- Harris processes allowing immigration, Partha. 
sarathy and Krishnamoorthy (1976) have obtained the following results. 
Let ‘a’ be the Malthusian parameter given by, 


my i e-* dG(t) = 1. (6.3.105) 
Let, 
c = (m;,—1)/ami |" te-* dG(t) (6.3.106) 
Now, for the supercritical case they have, 
M(t) ~ c, e*! as t -> œ, (6.3.107) 
where 
Cs = Ca(Mo + ¢,/€), C1 = | e—* dF(t) 
and 
n= 0th. 
(1—c:) 
For the critical case they have shown that, 
M,(t) ~ t?/Ag as t-> 00, (6.3.108) 
and for the subcritical case, 
M,(t) ~ (C4/Ao)t as t-> œ, (6.3.109) 


where 
C, = (Moà)/Aa(1 —m;)). 
Also P(s, t) satisfies the integral equation, 


P(s, t) = 1—F(t) + I. P(s, t—y) k(A(s, t—y)) dF)  (6.3.110) 


When H(t) is exponential with parameter ‘b’ Parthasarathy and Krishna- 
moorthy (1976) have shown that, 


O(s, t) = e-t! |i T bf O(s, u) P(s, u) k(A(s, u))e®du | (6.3.11) 


| Differentiating both sides of (6.3.111) partially with respect to ‘t’ and 
integrating, they have obtained that, 


O(s, P = exp | |" = Ps, wi (ACs, wa | (6.3.11) 


Further when F(t) is exponential with parameter ‘a’ they have shown 
that, 


P(s, t) = exp | -< f (1—k(4(s, u)))du. (6.3.113) 
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„mit theorems for compounding Bellman-Harris Processes allowing 
63 immigration 


Yə 
—v 
yi 


CASE: For the supercriti 

RcRITICAL ical case, Parthasarathy and 
ee amoorthy (1976) have proved that, (ce%t)—1 V(t) converges in distibatien 
Krt ass suming that the sequences {7;} or {Ni}, {Ti} or {Ni j} to be inde- 
wit i oe identically distributed or even mutually independent. In this con 
ae they have proved the following result. i 
ect! 


theorem 6.3.33 (Parthasarathy and Krishnamoorthy, 1976) 


pefine the set, 


j _ Nilw) . 
s={w; 2 exp (—«Ti(w)) Fi Nij(w) exp (—aT;(w))< œ} (6 3.114) 


if jp log j < œ, then (ce*t)-1 V(t) converges in distribution to a random 
yariable, 


00 N i(w) 
Vw) = & erp (=a KWN È wij(w) 


© Nj(w) Nij(w) 
+ z exp (—aTi(w)) 2, exp (—a«Tij(w)) 2 Wijk(w) 


(6.3.115) 
where Wi(w) are independent and identically distributed random variables 


independent of {ti}, {Ni}, {tij} and {Nij} and having the same Laplace transform 
$(s) = E(e-™) satisfying, 


$(s) = | f h(ġ(se=))dG(y). (6.3.116) 


Proof: 
We have 


; p w) N,(w) 
(cer) V(t) = 2 l 2 Z; (t —T;(w)) (ce) 
N(t, w i W (w) 4t\— 
i $ ) Nyt y" )) Ng Zindt—Ti(w)— T; ;(w)) )- (ce t) L 


jal jæi pa 

_ N(t, w) 

= 2 exp (~aT(w) H ’ Zij(t Tw) (exp a(t—T:(W)))) 
4 E w) N;(t-Ti(w)) 


aa Ap (—aT;(w) 2 exp (—aT7is(W)) 


Nii(w) p 
2 Zinlt Tw) —Tiy(ow)) [exp el- Ti) — TH) 
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Athreya, Parthasarathy and Sankaranarayanan (1974) have shown that 


(c exp {a(t -l »)))" Zij(t— 1) > Wy as t > œ. 


Also, as f -> ©, 
[c exp {a(t -T — Ty) Zin(t—Ti—Ti) —> Wijk 


This completes the proof of theorem (6.3.33). 
Parthasarathy and Krishnamoorthy (1976) have further found that p(s) 


in the following two important cases. 


CASE (i): Here the interarrival times forms a stationary ergodic sequence „f 
non-negative random variables and {Ni;(w)} is such that 


lim | Njj(w) | < e% 
J 


almost surely for all i, and 
lim | Niy(w) |F < e% 
k 
almost surely for all j. 


CASE (ii): Here the interarrival times of the primary and secondary processes 
are independent and identically distributed non-negative random variables and 
{N;;(w)} is a sequence of independent and identically distributed random vari- 


ables with, 
P(N = 0) < 1 and E(log N)*< œ, 


where N means either N; or Ni;. 


CRITICAL CASE: For the case (ii) Parthasarathy and Krishnamoorthy 
(1976) have proved the following result. 


Theorem 6.3.34 (Parthasarathy and Krishnamoorthy, 1976) 


Assume that 
m, = 1, k”(1) < œ. 
Then, 
V(t) 


—— > Ml (Ap ^), as t > œ, in mean square. 


t? (6.3.118) 


Proof: 
In the case (ii) mentioned above, when 


{Ti(w)}, {Ni(w)}, {Ti(w)} and {Ni,(w)} 
are mutually independent, 


E(e™) =m EKOO exp {—aT}))]_ = ELK #(0 exp {~T + TD) 
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using the definition of V (t)and Wald’s theorem they h 

t- 00s ave shown that 

nr (N()) ~ E N ©) E (N: (D) E (Ni) Var (Z-T,—T i 

var Z (t) > 0 as t -> œ, We have. i— Tij). (6.3.119) 
V (t) 


Var Keb t > oo. 


gince 


Therefore We note that, 
yV (t) 


t2 


V (t) 
+E| t? ? as t> œ. 
o as t —> œ we have, 


N (t) 1 
es >> and E|” alee l 
0 t Ee : 


Als 


This completes the proof of theorem (1.3.34) 


SUBCRITICAL CASE: Following Pakes and Parthasarathy (1974), Parth 
, rartha- 


sarathy and Krishnamoorthy (1976) have stated the following th 
eorem for the 


subcritical case. 


Theorem 6.3.35 (Parthasarathy and Krishnamoorthy, 1976) 


ifm, <1,F( EF (d) and dk (q) < 1 then 


imge) _" [exp DQG, DPE, DKA(S, Hat 
| nb = d—dk (4) 
where q is the probability of extincti . 
in theorem (6:4 30) y of extinction of the Bellman-Harris process and r is as 


>0  (6.3.120) 


6.4. LIMIT TH 
EOREMS FOR THE 
zi BELLMAN-HARR 
TH EXCHANGEABLE INTER-ARRIVAL anak an 


Consider th eT 
> one SRF space (Q, F,P)anda o-field B contained in F. Let 
variables with joint distribution functions Kr... rm and 


i istribution functions K2 F(X : 
uppose for arbitra . rim O ( (o EIE P ) with respect to B. 
ry finite subsets 11, -sfm of subscripts, the conditional 


independ 
ence of the X’s is given by the property, 
Th = 
en, Kear = | Eae KË, ' (6.4.1) 
| nm = E KË ee kK. h 
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ration with respect to Pp, 


ion i by inte 
here the expection 1s got D) i the Conditiona] 


ity given the o-ficld B. 
atiables are conditionally independent si 


w 
probabil 

If the random V 
conditional distribution function K? then, 


Kre rm (X15 eee Xm) = E (K? (xı) n K? (Xm)). (6 4 vy) 
th) 


Thus the joint distribution functions of any m of the random variz 
do not depend upon their subscripts but only upon their number ‘m’. ae 
representation is not always unique (Feller, 1966). a 
If the joint distribution functions have this property, for every finite übte 
Fj es Tm WE Say that the random variables X,, ..., Xrm are exchangeable 
de Finetti introduced this concept in a more precise form as follows - l 
The concept of exchangeability is equivalent to that of conditional inde- 
pendence with common conditional distribution function. 
Let us now assume that the inter-arrival times, ¢,, ¢,, ... form a sequence 


of exchangeable random variables where 


h Common 


EES, EE PE EE E 7,0. 


Tben the joint distribution function, 

Ka (Xi 05 Na) OF bissa by 
is given by. 
Kn (Xis -+s Xn) = E(FP (x,), ... FP (Xn)). 

Let Z (t) denote the population size at time ¢ in the Bellman-Harris 
branching process without immigration. Let U (t) be the population size at 
time t in the Bellman-Harris process with immigration. 

Let, 

A (s, t) = E (s709). 
Then, 
oo t ft t n 
EUO) = E P(N(t) = m| | . | z (AS t= x0) 
n=0 OVX1 xn—1 (=1 
digs. xn Kr (Xis Xa) 


Using (6.4.2) we have, 


E (s = EE” My), (6.4.3) 


where 


UB (t) UB(t—t,) Zli) 


E(s °°) =1—F8(t) + E[E (s )E(s 


Differentiating both sides of (6.4.3) with respect to s and putting $ 
have 


E (U (t)) = M(t) = E(M® (t)), 


MBP (t) = E (UP (¢)). 
Hence from (6.3.60) we have, 
(6.4.4) 
M(t) ~ (Ec8) e*', t >œ, 


where 
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where 
op = copi eR) and of = |” ara 
l 


Now, from (6.3.67) we have, 
(cer) 1U(t) = È exp (~aT) È 
7 Ta ap \— 
E 1) Z (ce) Zi (tT). (6.4.5) 
Using (6.4.5) we have, 
E(exp {—sU(t)/(ce*)}) = ELE N(t) 
D) = ELEC m k(Blser*7, tT) (6.4.6) 


where 
B(s, t) = Efexp {—sZ(t)/(ce*)}] 


c = (m,—1)|(am? j te-“!dG(t)). 


Using (6.3.58) and taking limit in (6.4.6 
F 4. S 
sarathy (1978) have obtained the oe he aei ii and Partha- 


6.4.1 Supercritical case 
Theorem 6.4.1: (Sankaranarayanan and Parthasarathy, 1978) 


If Zjp; log j < œ, the la 
, place trans mif dietributt 
t+ 0 is given by, form of the limit distribution of U(t)/ce* as 


Y(s) = E(p*(s)), (6.4.7) 


where 5(s) satisfies the integral equation, 
ys) = f° yeee) 
0 
6.4.2 Critical case 


From (6.4.3) we have, 
E(exp {—sU(t)/t}) = E(E(exp {—sU7(1)/#}))- 


Taking the limi 
tmit as ¢ i 
the following result. oo and using theorem (6.3.16) they have 


(6.4.8) 


obtained 


Theorem 
6.42 (Sankaranarayanan and Parthasarathy, 1978) 


t)/t converges in distribution as 


Under th 6 U b 
e hypothesis of theorem (6.3.1 ), ( 
m is given y 


> © to 
a proper random variable, whose laplace transfor 
E(1 + xs)" i (P 
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where 


pe = MA, /(ABo*), AB = l tdF!(t). 
0 (6.4.10) 


6.4.3 Subcritical case 


From theorem (6.3.19) Sankaranarayanan and Parthasarathy (1978) h 
obtained the following theorem for the subcritical case. | ane 


Theorem 6.4.3: (Sankaranarayanan and Parthasarathy, 1978) 


If m, < 1, under the hypothesis of theorem (6.3.19), U(t) has a limiting distr;. 
bution if and only if (6.3.58) holds. In that case, 


lim P(s, t) = 1— ELAP) " E(s¥"|-(1—k(A(s, t)))dt]. (6.4.11) 


Using theorem (6.3.23) Sankaranarayanan and Parthasarathy (1978) have 
obtained the following result. 


Theorem 6.4.4: (Sankaranarayanan and Parthasarathy, 1978) 


Under the hypothesis of theorem (6.3.23), 


M(t) ~ A | m(u)du, t > ©, (6.4.12) 
0 


where 
A = E[(az)-"*). 


7 


Branching Process With Disaster 
Sasters 


71 INTRODUCTION 


Here we consider a one-dimensional populati l 

duce according to an age-dependent ai ioe pie Particles repro- 
‘disasters’: Which occur at the random time (t,). The (t i za ei subjected to 
epochs of the renewal process which proceeds lidependeatty tie aii 
When a disaster happens, each particles has probability p, (0 — 
surviving. The survival of any particle is independent of the a A je 
other particles. 

Let Y(t) be the number of particles in the population alive at time ¢. 
Assume further that Y(0) = 1. Thus, the number of particles surviving the ith 
disaster is a binomial random variable with parameters P and Y(t), where 
Y(t) is the number of particlrs alive just before the ith disaster. 

When a suitable interpretation is given for the disaster, the above process 
can be applied to many phenomena. Some form of disasters are epidemics, 
famine, war or earth quakes. Generally the survival mechanism is more in- 
volved than the one discussed here. However our simplified model is still of 
considerable practical interest. We can consider a bacterial population which 
is randomly subjected to radiation, aS an example of a process, where the 
survival mechanism is same as the one assumed here. In this case without 
loss of generality we can assume that each particle survives the radiation effect 


with probability p. 


1.2 NOTATIONS 


random life time of length L, pn 
articles produced by eac 
robability generating 


ime t, when disasters 
ess, Whose 


A 

dist that each particle has natural 

Da bution G(t). Let M be the random number of p 
'ticle, when natural death occurs, and h(s) be tts P 


uncti | 
ila Let Z(t) denote the number of particles alive 7 er pa 
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life time distribution is G(t) and offspring probability generating function i 
h(s) Assume that {Z(t)} is independent of {t)}. It is obvious that Y(t) < 210 


with probability 1 for all t > 0. 


Let, 


Then, 
i 
fi =2 T;, i p- l; fo — 0. (7.2.2) 


j=1 


Assume that {T;} are independent and identically distributed random variables 


with common distribution function F. 


73 ASSUMPTIONS AND MAIN RESULTS 


Assume that, 
(i) G(04) = F(0+) = 0; G and F are non-lattice. 
(ii) 0 < P(M = 0) + P(M = 1) < 1; where M is the number of off- 


spring born to an individual. 
Also assume that, h'(1—) = m, < ©. 


(iii) E(T,) = < o. 
(iv) PO = 1) = 1. 


Sudbury and Nilsen (1975) have proved the following theorems in 
th the behaviour of the branching process with disasters. 


+ 


Kaplan, 
connection wi 


Theorem 7.3.1: (Kaplan, Sudbury and Nilsen, 1975) 


E(¥(t) | Z) = PO EIZH); t > 0, (7.3.1) 


the renewal function N(-) is defined as N(t) = k, if and only if 
tk < t< tky; k >O, 


where 


and F is the o-field generated by {Ti}i>1 


Proof 
We can write, Y(t) as, 


Z(t) 
Y(t)= È n >0,t>0, 
i=l 


where 
1, if the ancestry of the ith particle alive 


— at time ¢ in the Z process survived all 
1 = | the M(t) disasters upto time t. 


0, otherwise. 
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since the {"}i=1 depend only on the > 


ad ependent of the {Z(t)} process, w 
be 
ECYC) |F) = 


Ni 
{N(t)} Process, which is as 
e Can see that, — 


PN E(Z(t)), 
This completes the proof of theorem (7.3.1). 
we easily see that the following re 

above theorem (7.3.1). 


CoroLLARY 7.3.1: 
E(Y(t)) = E( PNO) EZ(A): 1 > 0. 


The asymptotic behaviour of the above quantities are discussed below 
Theorem 7.3.2 (Kaplan, Sudbury and Nilsen, 1975) 


Assume that, there exists a constant ‘a’ such that 


mM, |’ e dG(t) = 1, 


(7.3.2) 
Deftne, 
y = A7! log p +a 
where à and m, are defined as in the beginning of the section 7.3. 
Then, 
y <0 = lim inf E(Y(t)| F) = 0, ae. (7.3.3) 
f->00 
y >0 = lim inf E( Y(t) |F7)= œ, ae. (7.3.4) 
[->co 
In addition if there exists a constant ‘8’ such that, 
0 
T 
hen, ns 


E(Y(1)) ~ ef, ast > 0» 


where Y1 = a—8. 


Proof 
If (7.3.2) is true, from Harris (1963) it is known aa 


s at 
E(Z(t)) is asymptotic toe’, 
no 
12 T, then q always exists and if mı <1, a may in 
ey, 1972, Chapter 4). iler, 1966, Vol: 1, Chap 
(7 : nce N(t) ~ 2-1¢ almost everywhere, (Feller, 
~= IS Clear when y+ 0. 


If t exist (Athreya and 
m 


28 
56 BRANCHING PROCESS AND ITS ESTIMATION 


When y = 0, to prove (7.3.3) it is enough to show that, 


lim inf E(Y(t;)|F) = 
j->00 (Y(t) |F) =0 ae. (7.3.7) 


Now note, 


E(Y(t) |F) = p! E(Z(t)) < Kp! exp (a È T;), 
j=1 


where K is some constant. Since y = 0. 


p' exp (« È Tj) = exp ( È W), 
= j=l 
i 
where the Jm are independent and identically distributed with E(W,)=0 


J=1 


Now (7.3.7) follows because, 


lim inf ( 2 W) = — œ 
j->0oo j=l 
almost everywhere. 

To prove (7.3.6) we study the behaviour of, B,(t) = E( pN“). 

This can be obtained from the basic Renewal theorem (Feller, 1966 
p. 349). It can be shown that B,(t) satisfies the renewal equation, ) 


t 
B) =1—F() + p | Bt- 3) dF), t > 0. 
To show that B,(t) is asymptotic to e°, (8 > 0) provided there exists 
a B satisfying (7.3.5), standard renewal type arguments can be applied. 
Now (7.3.6) follows immediately. 
This completes the proof of theorem (7 Sen): 
There are many subclasses where we can find the asymptotic behaviour of 


B,(t) even when « or B does not exist. We now consider one such situation, 
we first make the following definition. 


Definition 7.3.1 


The ‘sub-exponential class’ P? consists of all distribution functions ‘G’ 


such that, 
lim 1—G, (t) _ 7.3.8 
mT Ein (7.3.8) 
where, 


G,(t) = f G (t—u) dG (u). 


Athreya and Ney (1972) have shown that, 
B, (t) ~ 1—F (t), as t > œ, 


when F is a member of Z. 
It therefore follows in this case. 


E(D) ~ e (1-F(O)- (1.3.9) 
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Hen 
a CO, as t+ CO. 
Thus, 


a>O0>E(¥ (t))> ©, a t+ o 


7.4 PROBABILITY OF EXTINCTION 


Here we assume that « and 6 exist. Since for all 


t20,V(th< Z(t) 


almost everywhere, we assume that m, > 1. 
When m, < 1, we have, 


< lim sup Y(t) < li = 
0S ae p (£) < lim sup Z (t) =0, a.e. 


Now we take, a >0. Kaplan, Sudbury and Nilsen (1975) have proved 
the following important theorem in connection with the extinction of the 
branching process with disasters. 


Theorem 7.4.1 (Kaplan, Sudbury and Nilsen, 1975) 


With probability 1, 
P (lim Y (t) =0 | F) = 1 if and only if y <9, (7.4.1) 
t->00 


where y is as in theorem (1.3.2). 


Proof 
Take y < 0. From Fatou’s lemma and theorem (7.3.2), 
a 


0 E (lim inf Y (t) | F ) < lim inf E (Y (t) | F) = 0, a.e. 
t-> t-> 


Thus, 
P (lim inf Y (£) = 0|F) = 1,2- 


t->00 


Since Y (t) is integer valued and 0 is an absorbing state we get, 
lim inf Y(t) = 0 > lim Y ()= ° 
t->% ere 
Now (7.4.1) follows. 
- — we consider the case y > 0. 
nd Kaplan (1973) d 
: „(a eno 
Take the {Y (z)} process conditioned 00 F _— ee th 
mi the ages of the respective particles that oe was ‘2’ az. 
n> l), given that the age of the initial particle 


Here we follow the methods of Karlin 


te the vectors 
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(1963) we note that, {¥,(a)} is Markov branching process, byt not ti 

homogeneous. mg 
Choose A > 0, which can be determined later. Let ny (x) denote th 

number of components of x < A, for any vector x. Define, for j > l, j 


Va) = na (X;(a)) = number of particles alive after the jth disas- 
ter of age < A, given the initial particle 
was of age ‘a’. 


Let D > 0, which can be determined later. 
Now, since y > 0, there exists an integer k, such that, 
B=logD+kgy > 0. (7.4.2) 


Define the random variables, 
o, ikọ 
oe; = Dip'keexp (« È T;),i > 1. 
jel 


Thus, from the strong law of large numbers we always get a finite, integer 
valued rondom variable J, such that, 


pı > exp {(@—e)},i > 0<e < B, (1.4.3) 


with probability one. 

We can treat {o,;} as sequence of constants, satisfying (7.4.3) since we are 
conditioning on F. 

To prove the extinction is not a sure event, it is enough to show that, 


lim = P (Vin > 0)| Vito > 2131 <i< j—1l; F) > 0, ae. (7.4.4) 


n—>oo j=1 


Let, 
By =P (Vik > p3 |Vik > pi 1 Si <j—1;F). 
To find an estimate of ®;, we assume without loss of generality that, 
h” (1—) < œ. 


Define, W,(t, A) as the number of particles alive at time ¢ of age < 4, 
given the initial particle was of age ‘a’. 

Select A such that, 1 — G(A) > 0. We can easily find the positive cons- 
tants B(A) and C(A) such that, 


inf E (Wa (t, A)) e-* > B (A), (7.4.5) 
ior) 

and 
sup E (W? (t, A)) exp (—2at) < C (A). (7.4.6) 
t> 
a<A 


> . ` 
Let y be any positive finite dimensional vector with, 


PROG 
> CRSs Witty DISA, 
nad) > le), TERS 249 
reatest integer in v 
nese [9] = Da A Ser IA x, Take fai) ag the 
mponents of YS A. Magnitudes of th 
c0! e 


pul, 
> y 
y) = P (Viro > Y | Ving > 
a0) (Fire > P | Vino P liji; y > 
O-Dhe = y F) 
where 


r 
X(i—1)kg == Xu- (0). 


can be shown that, 


be [oj—a] 
Dj (y) > P (2 Y > Pj), 


shere, the {3:} are independent random variables havin 


, hat the time of the k!" di , 
s Vk (ai) except t o disaster ist, —f i 
4 We can easily shown from (7.4.5) and (7.4.6) that (J-1)ko Instead of r, 


E(8;) > B(A) ph exp (eltira — ty-1)ky)), 


g the same distribution 


(7.4.7) 
and 


Var(8:) < C(A) exp (20(ty.4 — tyke) = EC). (7.4.8) 


Assume 
€ > 0, let D = B(A) (1—6) 
and choose k, as in (7.4.2). 
Now, for sufficiently large ‘j’, it can be shown that, 
Pa [Pj] EC) 


j=l 


This is obtained from (7.4.8). 


> 
Since the final lower bound is independent of y, we get, 


D; > l ~ p) 


Thus to prove (1.4.4), it is enough to show that, 


S [eral EU) < o0, ae. 
a P 


-— 
— 


it can be shown that, 


BY using (7,4,3) and the deffaition of P.» 


)] exp (6-9) 


<0 > K<: (149) 


Leo) 
= exp QUI — t(j_-1)ko 


Si 
ce E(t.) < oO, we get, 
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2 PIEXP(a(tjzo — tij-1ro)) exp (J(B—E)/2)] < op. 


Thus, by Borel Canealli lemma. it can be shown that the left hand side of 
(7.4.9) is finite almost everywhere. 

This completes the proof of theorem (7.4.1). 

Kaplan, Sudbury and Nilsen (1975) have further considered the situation 
when the extinction is not a sure event and studied the behaviour of the branch. 
ing process with disasters, In this case they have shown that all the non-zero 
states are transient. 

They have proved the following lemma (7.4.1), which will prove theorem 
(7.4.2). 


LEMMA 7.4.1 (Kaplan, Sudbury and Nilsen, 1975) 
Let {X(t)},>9 be a positive integer valued process with ‘0’ as an absorbing state. 
Let, | | 
D' = {lim X(t) = 0} 
t->00 
and 
F; =0{X(8),0<s<t} 


(If £ is any collection of random variables, o(L) is the smallest o-field generated 


by L). 
If, 
lim sup E(Ip'| Fr) > 0; 
t-> 0 
whenever 


lim inf X(t) < œ; (7.4.10) 
t->% 


where Ip’ is the indicator function of the set D', then, 
P(lim X(t) = 0) + P(lim X(t) = œ) = 1. 
t->0o t->% 

Proof: 

Using the martingale theorem in Breiman (1968, p. 93) we get, 
lim E(lp' | Fi) = Ip’, a.e. 
t-> 00 

Take any sample path of the X(t) process not in D’. 


Let, | 
lim inf X(t) < oo. 
->00 


Then, by (7.4.10) we get, 
lim sup E(Ip' | F) > 0. 
fl-00 
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Thus we see that the sample path is in D’. By this contradiction our lemma 


(7. 4.1) follows. 
This completes the proof of lemma (7.4.1). 


Now, they have proved the following theorem (7.4.2) by using the lemma 
(7.4.1). 
Theorem 7.4.2 (Kaplan, Sudbury and Nilsen, 1975) 


P(lim Y(t)= 0)+ P(lim Y(t)= o)=1. (7.4.11) 


Proof : 
Here we consider two cases according as, A(0) >0 or h(0) =0. First we 


prove (7.4.10) in the case when h(0) > 0. Define, 
q = P(lim Z(t) = 0| Z(0) = 1). 
{-Po0o 


In this case g > 0, because A(0) > 0. By the assumptions in section 7.3, 
we can show that, | 
E(Ip | F) > q* whenever Y(t) =k, (7.4.12) 


where, 
F, =0(Y(s),0< 3 t) 


and Ip is the indicator function of the set, 
D = {lim Y(t) = 0}. 
[oo 


Now (7.4.12) gives (7.4.10). 
We now consider the second case, when A(0) = 0. Here we get q = 0, 


because h(0) = 0. 
To prove (7.4.10) we need the {Xn} 
proof of theorem (7.4.1). 
a > 
Let | y | denote the number of components of any vector 3. 
Put, 


process, which is defined already in the 


D = {lim RA = 0} and F, — o(X,, Xa» oes Xn; Ti eam Tr) 
n->00 


To prove (7.4.10) it is enough to show that for any integer ‘k’, there exists a 


E(Ip| Fn) > Cx whenever | Xa | = k. (7.4.13) 
Let {Xi} be the components of Xn. Then, 


and E(Ip | F n) = E(E(Ip |F n, Tn+1)|F n) 


\Xnl , 
Ello \F m Tna) 2 T Ej(1—p)*T"], 
j=l 
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S 
t age-dependent branching process, where the age of the 


where {Wx(t)} is a 


‘nitial particle is x. . . 
m “Grin Jensen’s inequality we have, 
E[(l — př xT ma] 2 (1- pE Tna), 


Further we get for any *, 
E(W(t)) < 1 + EZO) m. 


i E(Ip|Fm Tan) > (1 — p) UEZ T ndm I Xn |, 


Since, Tn, is independent of Fn, we get, | 
E(Ip | Fa) > (1 — p)itmeE(Z(To) | Xn | F(T), (7.4.14) 


here T, is such that, F( To) > 0. 


Now (7.4.14) gives (7.4.13). | 
Thus (7.4.10) is true, and (7.4.10) implies (7.4.11). 


This completes the proof of theorem (7.4.2). 
- Particularly in the exponential case, we take, 
| G(t) = 1—exp (—a—t); à > 0, 


where, à = E(7}). 
Define the normalisation random variables, 


A(t) = E(Y(t)| F) = p~e e"; t> 0, 


where « is defined as in (7.3.2). F and N(t) are as in theorem (7.3.1). 


Let, R(t) = Tn 


Now Kaplan, Sudbury and Nilsen (1975) have also proved the following result. 
Theorem 7.4.3 (Kaplan, Sudbury and Nilsen, 1975) 


Take, G(t) = 1 — exp (—A—t); à > 0. Then, 
t-> 
exists with probability 1. 
F ° uw . 
7 P ther, if h”(1-) < œ, R is non-degenerate. 
P(R > 0| F) > 0 with probability 1. 


Proof 
Consider the family of o-flelds, 


G: = o(Y(s)}, 0 < $ <S t; F), t> 0. 
t e e 
© Prove (7.4.15) it is enough to show that, {R(t} Givo is 2 Mr 


Now 
gale with 
theorem (7.31) amt thee onditional probability P.F). For thi 
-*) and the fact that E(Z(t)) = exp (at) for an exponential 
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it can be shown that, 


E(R(t + 8) | Gi, F) -- RA). 
Hence (7.4.15). 
To prove that, T is non-degenerate, it js cnough to show that 


lim sup E(R*(tn) | F) < œ, with probability 1. (7.4.16) 


Using the martingale property, we get, 
E(RY(tn) | F) = ERYfn-1) | F) + EUR) — Rtn)? | F). (7.4.17) 


But, 
ERC) — R(tn)P |F) 


— p-n e-un E( E([Z (ta) —pe*™Y (tn Pl G,,_,)| F). (7.4.18) 


Conditioned on G;,_,, 
Y(tn—1) 
Y(t.) = z X;; (7.4.19) 
J= , 

Y(tn=1) , , , , l 
where that {x i} are independent and identically distributed random vari- 

j= : 
ables, with X, baving the same distribution as the number of descendants of 
one ancestor surviving the first disaster which occurs at time T,. 

Also, E(X,) = p exp («7,,).. 

Hence, 


E({Y(tn) — p exp (aT) Y(ta-1)]? |Gin,) < CY(tp-}) exp (2xTn) (7.4.20) 


where C is a constant. 
Thus, 


E({R(t,) — R(tn-1) | F) = CR(tn-y) P™ EXP (=i (7.4.21) 
Using (7.4.21) we get, 


lim sup R(ta) < œ almost everywhere (7.4.22) 
n->00 

and 
2 p-! exp (—at)-1) < © almost everywhere. (7.4.23) 


i 


| 
— 


Now from (7.4.21) and using (7.4.22) and (7.4.23) we get, 
lim sup E(R%(tn) | F) << © with probability 1. 
n->0o 


This Completes the proof of theorem (7.4.3). 
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75 LIMIT THEOREMS FOR A BRANCHING PROCESS 
WITH DISASTERS 


In the previous sections population model with disasters wa 
Assuming that a population grows according to a Bellmain-Ha formulated 
some basic facts about this process were also established. Here At Process, 
Kaplan (1976b) have given some limit theorems when the extincti threya ang 
occur. A typical result deals with the limiting behaviour of the ced ra m 
of the Y process on the set of explosion. 'stribution 
Define, 
Y(x, t) = number of particles alive at time ¢ of age < x. (7.5.1) 


Y(t) = number of particles surviving at time t. (7.5.2) 


Y eC 
B(x, t) = m0 ) providing Y(t) > 0. (7.5.3) 


They have proved the following results. 


Theorem 7.5.1 (Athreya and Kaplan, 1976b) 
lim ¢,/i and the malthusian parameter ‘a’ 
į ->00 


—_— 


Let, p =A, logp + % where ħ = 


is such that, 
mı i ott dG(t) = 1. 


Jo 


Assume p > Qand inf V(y) > 9. 
yeSupp G 


Let G = {838 is bounded measurable, and g(x)(1 — G(x)) e** is directly 


Riemann integrable}. 
Then, for each g © G, 
lim P(| B(g, t) - B(g)| > £; lim Y(t) = 
t->0o 


f-Þp00 


with probability 1 for every £ > 9, where, 


o|Fy=0 (7.5.4) 


F is the o-fteld generated by (ti), 
| i g2 (1 — CNY 


vix = — py BB) = 
1 — G) | e (1—G(y)) d) 
0 


and m, = h'(1_). 


Bellman- 
t for the be ly sketch the 


Proof 
will on 


The proof is simi 
which is given in Athre 


main ideas. 


lar as that of its counterpar 
ya and Kaplan (1976a). So, we 
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‘ace we are conditioni 
ae ean i ee on F, we can assum ' 
deterministic times, fy, i > |, e that disasters occurs at 


Using the additive property of branching process w 
e Can write, 


Vie. ts) = Y(t) 
(g € 5) = 5$ Y (x), ng, 3) 
p | (7.5.5) 


the 


where (xn i = 1, 2,..., Y(t)} is the age ch 
: art of the Y 
Tex; , S) 1S the Y process g 
“ i i = 4 em ` np &-values of the a licen, a ca ý ‘ 
+s in ot descent initiated by a particle of age ae ieee 
| xı at time t. The 


Y(1) 
Yon 0 (8, Dh are independent random variables at time t. Y : 
che same distribution for each i. + Le, o(8, 3) has 


Let 
e1 —G 
y= Jy "t= God 
Mı f ye"? dG(y) 


Now (7.5.5) can be written as, 


gr 1 Yt) 
pa a) Yi P t + = = 
bo (tts) = yy 2 [Lei (8, 9) — Me, o@ le 


1 Ya 
+ Fp è, Men o8, 8) et —mpneto-¥-H (x) BE) 


= B(g) 2 
4. pN(tts) ny 1 
Y(t) fod re) 
PPa = a(g, S) + b(8, sS) + c;B(g). 
M(g, t) a E(Y(g, t) | F), g EG, t> 0, 


Therefore we have, 
B(g, t+s)= (a(g, s) +ibdg, 8) + &B(g)) 
iB, tH (a(l, S) + bl, 5) + &) 
s) and 5,(1, s) can be made small uniformly 
ficiently large. By Kaplan, Sudbury and 
nce assumptions in the beginning of the 


Now we have to show that, bg, 
“9 respect to ‘£’ by choosing ‘s’ SU 

ilsen (1975) and using the independe 
section 7.4 we have, 


Mex t) (2, s) 


= pNt+s)-NO Mx, (g 5); (7.5.6) 


since g & G, 
lim Mx (g, 5) 0 = nV(xi) B(8). 
big, S) < pN(t+s)-NO AF SS (Mx, (g, $) er —nV(xi) B(g)l- 
t) i=1 
he law of large 


U > 
Sing the corollary t of Athreya and Kaplan (1976a) and t 
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numbers we can show that a(g, 5) and a,(1, 5) go to zero in Probabilit 

t> oœ for a fixed ‘s’, c, is bounded below in probability. Using the ein. ay 

of lemma 2 of Athreya and Kaplan (1976a) we can show that a(g, s) b 
Es 


properly. To handle c,, we assume that, for any s > 0. 


P [tim (N (t48) —N (t)) < ol =L; 


where N (f) is as in theorem (7.3.1). 


Further we assume that inf V (y) > 0. 
ye Supp G 


In this proof we have used onc of the above assumptions. This complete; 
the proof of theorem (7.5.1). 
REMARK 7.5.1 For theorem (7.5. 1) it is interesting to note when, 
P (lim Y(t)=0|F)>0 
t->00 


with positive probability. Kaplan, Sudbury and Nilsen (1975) bave proved 
that, for general (f;), 
P (lim Y (t) = 0| F) + P ( lim Y (t) = œ P=; 
t> f > 0 


with probability 1. 
The following useful lemma is necessary for the proof of theorem (7.5.2) 


and further is of independent interest. 


LEMMA 7.5.1 (Athreya and Kaplan, 1976 b) 


Let 
0 > 0, put X(t) = e” Y(V, t) 


where 
A(t) = M(t) log p + at 

and V (x) is as in theorem (2.5.1). Then, {X (t), F 150 isa positive martingale 
and hence converges to a random variable X with probability 1, where, F, denote 
the a-algebra generated by F and the family of the Y-process upto time t. If. 
h” (1) < œ, the limit random variable X is non-degenerate. In fact, 


P(X >0|F)>0 (75.7) 


with probability 1. 
If in addition, the (t;) form a renewal sequence, G has a density, and 


inf Vi(y)>9, 
Y E Supp G 
(1.5.8) 


P(X =0| F) = P (lim Y (t) = 0] F) 


with probability. 
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Pot ae establish the martingale Property, Fi 


“IK f, g > 
5.4) we get, > 9. From (7.5.5) and 
E (Y (V, t+8) | P) = pom YO o 
jm M8), (1.5.9) 
m Harris (1963, Chapter 4) we get, 
Mx (V, 8) =e" V(x), 0 < x < oja () 


using (7-59) and (7.5.10) we conclude that, 
E(X AIP) = x (ty, 


Thus, 
(X (t), liso 


ig a martingale. 
Biaoe the AU), Are positives, trom ‘the martingale Convergence theorem 
we can show that, lim X(t) = X exists, with probability 1. e 


To prove (7.5.7) it is enough to show that, 
Sup E(X? (1) | F) < o 
almost everywhere, or equivalently, since t; > co almost everywhere and are 


measurable with respect to F and E(X? (t) | F) is increasing in 1, 


Sup E(Y? (ti) | F) < œ 
almost everywhere. | 
Using the martingale property, we have, 


E (X? (thas) | F) = E (X? (t) | F) + E ([X (tia) — XE | P. 
Since by conditioning on the age chart, 
Y (V, ty) pests Y (V, h), 


can be considered as a sum of Y (t,), independent components each having 
mean 0. Therefore, 


E[( X (tin)-—*X (t,))? | F] = exp (—28 (tiz1)) 
ELE Var [Yet (V, tim ti)] | F] 
j=1 


Also when 4” (1) < oœ, by Harris (1963) we get 
—t 
Var (Yoj, (V, ti —t)) < K exp (28 (iah 


here K ig a constant independent of / and j. 
hen there is a constant K’ such that, (8 (t) E(Y (ti) | F)). 


E (%2 (ts) | PF) < < E(X? (t) | F) + K' exp (- — B (ti)) (eXP 
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a lim mT xp (~ (bt))) E Y (t) | P) 
Tim E(X? (4) I” Hi exp (— (Pf ! | 
ik E (X° (1) SR Ga EXP (~C) 
~ < oo, with probability 1. 
because, o | . | 
lim exp (—B (t))) E O (t) | F) < œ 
with probability l 
and . 
S exp (—6 (f;)) < œ with probability 1. 
=| 


Thus the proof of (7.5.7). 
To prove (7 5.8) define the random variables, 


0, = Pno (X=0|F),0O<y< CO, 


We write 0,(w) for 8, to indicate the sample point w. 
Let F(i) denote the o-algebra generate by t, ..., t and the family of y 


process up to time f. 
By a simple conditioning argument we can show that 


P(X = 0|F(i)) = P(Y(t,) = 0| FO) 
Y(t;) 
T El (Y(tj)#0) hae Oy, (w;) | F (i), 


where ),,..., Yyap are the ages of the i : ; 

Aiba particles alive at time t;, and w; i 7 

cal sample path of the renewal process (t),;—1;))>, is i Is a typi 
Hence, P 


E Y(ti) , Y(ti) 
(Z IPO =È 0,,(W) dP (w), 


where P is the measure i i 3 
induced by re induced by the (t;), which is the same as the measure 


Thus, 
| P(X =0) = P(Y (t) — Z(ti) 
) (Y (ti) 0) + e(| 7 Oy, (w) dP (w); Y(t) + 0) . 


(tji—ti)>1. 


Using Fubini’s theorem, 
E ( f Y(t;) 
Z 0) dP (W); ¥() x 0) 


Y(t) 
E fz jal Oy, (W); ¥(ti) #0) dP (W) 
Let f’ denot = 
Particle dies, it ou density of G. By observing at the time when the initia! 
y20, Proved that there exists a function ‘A’ such that jo 
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0,=1 | > one 
y pn (1~A(y)) S(uty) 
where A is independent of y and ~Giy)y # 


0 = 
th hk , 
From theorem (13.24) of Hewitt an a a all u, 
erg (1965) we 
get, 


| pN ts) (1—4 (4) f (uty) Bien 


Ontinuous jp < y 
Hence 0, is continuous. 


Now from theorem (7.5.1), R 
we get for almost everywhere wW, 


mE Y(t;) 
CF O); He) 40) = 0, 


i->co 
Thus, 

lim | Ee 

on J ACR Ox; (W); YC) # 0) dP (w) <0, 
Hence, 

P(X = 0) = lim P(Y(t;) — 0) — . 
a= EH =) =P (lim Y(t) = 0). (1.5.11) 

Since, 


P(X = 0|F) > P( lim ¥(t) = 0|F) 


with probability 1, (7.5.11) implies (7.5.8). 
This completes the proof of lemma (7.5.1). 
Athreya and Kaplan (1976b) have obtained the following theorem asa 
direct consequence of theorem (7.5.1) and lemma (7.5.1) 
since, 
e-PO Y(t) = X(t) BV, t). 


Theorem 7.5.2 (Athreya and Kaplan, 1976b) 


Let the conditions of theorem (7.5.1) hold. Then, 
lim e0 Y(t) = W 


{->00 ; 
exists in probability, where B (t) is as in lemma (1.5.1). If 
h” (1) < œ, then, P(W >0|F) > 0 
with probability 1. 
If in addition the (ti) form a ren 
= — P (lim Y(t) 
p(w =0|F) =P (im 


quence and G has a density, 


= 0| F) 


ewal se 


ists constant Y andẹ>0, 


with probability 1. 
e, for allt 


The process Y(t) grows e 
Possibly depending on the samp 


j here ex 
-nonentially, whent 
vole path such that, Y(t) Z Y 
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Athreya and Kaplan (19766) have proved the following theorem for the 
stochastic process Y which grows exponentially. 


Theorem 7.5.3 (Athreya and Kaplan, 1976b) 


Let 


o>0, inf V(y)>0, 2 flog] py < ©, 
y E Supp G j=2 


and assume that the Y process grows exponentially. Then for any bounded 
continuous function g, 


P ( lim | B (g, t) |—B (g) | > e; lim Y(t) = œ | F = 0) 
i-> t-> 
with probability 1 for every « > 0. 


Proof : 
Proof is similar to that of theorem B in Athreya and Kaplan (1976a). 


Further Athreya and Kaplan (1976b) have established another theorem 
as an immediate consequence of theorem (7.5.3) and lemma (7.5.1). 


Theorem 7.5.4 (Athreya and Kaplan, 1976b) 


Let 
0>0, inf Viy)>90,Xijlogjp;< æ 
y E Supp G j=2 


and assume that the Y process grows exponentially. Then, 


lim e- Y(t) = W 
t—>oo 


exists with probability 1. 

If h” (1) < œ, P(W>0|F) > 0 with probability 1. If in addition the (ti) 
forms a renewal sequence and G has a density, then the Y process automatically 
grows exponentially and 


P(W = 0| F) = P(lim Y(t) = 0|F) 


with probability 1. 


7.6. BRANCHING PROCESSES WITH IMMIGRATION SUBJECTED 
TO DISASTERS 


Sankaranarayanan and Krishnamoorthy (1978) have considered a Bellman- 
Harris process with disasters. They have assumed the immigration to take 
place at epochs 7,, T,,... occurring according to a renewal process at whic! 
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jal, 2ye. particles, with generating function 


Ni 
(e0) 
K(s)= È qs, 
j=0 
| acess. This immigration process js | 
pin the Prove: | assumed to be independent 
af owing population. p of the 


tT = TiTi > 1, T =0 


: d identically distributed rando j : 
be independent an ed random variables with distributi 
r H(t) and my = k' (1). istribution 
Let N,(t) and N,(t) respectively denote the number of immigration and 
gjsaster epochs upto time ‘t’. Define, 


BE) = N, (t) log p + at, (7.6.1) 
where p is as defined in the introduction of Chapter 7. 

Let U(t) be the population size at time ¢ in a Bellman-Harris process with 
immigration and X(t) be the population size at time ¢ of the same process 
subjected to disasters. They have shown a simple representation argument that 
e-6 X(t) converges in distribution to a random variable. 

The have made the following assumptions: 


(i) The natural-life time ‘L’ of a particle has the distribution function, 
G(t)= P(L <t) 


and at the end of its life, each particle produces ‘j’ particles with probabi- 
lity ‘py. The offspring generating function is denoted by, 


h(s) = Sp si and m, =/h'(1) 
0 


In section 7.3, Kaplan, Sudbury and Nilsen (1975) have considered 
the branching process { Y(t)} with disasters occurring at the instants f, f,.-. 
Each particle has a probability p,(0<p< 1). The time between PAPE 
disasters are assumed to be independent and identically distributed wit 
distribution F(t). 
Heré Sankaranarayanan and 
G(0,) = F(0,) = H+) = 9; 
i F and H are non-lattice. 
<P(j=0)+ P=) <1, 
an individual; | 
(ii) they assumed that, Mı, Mo < © and 
(4) =% < œ; E(T,) < ©. 


Let 


Krishnamoorthy (1978) assumed that, 


where j is the number of offsprings born to 


R(s, t) = E(s*™)- 
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Then as in the Jagers process we obtain, 


R(s, t) = (1— A(t) + f R(s, t—y)k(B(s, ty) )4H(Y), (7.6.2) 


where 
Bis, t) = E(s¥). 


Let, 


mee t) ,and M(t) = R’(1, t): 


se {— 


m(t) = 


Differentiating (7.6.2) and putting s = 1—, we have, 
t t 
M(t) = Í M(t—y)dH(y) + m Í m(t—y)dH(y). (7.6.3) 
0 0 
(7.6.2) can be written as, 


R(s, t) = (1—H(t))— | (1—k(B(s, t—y))) R(s, t—y)dH(y) 


$ | R(s, t—y)dHO). (1.6.4) 


Applying the key renewal theorem in (7.6.4) they determine the asymptotic 
behaviour of M(t) in the following result. 


Theorem 7.6.1 (Sankaranarayanan and Krishnamoorthy, 1978) 


Define, 
f q- ml 
| vm | y ery dG(y) 
and : (7.6.5) 
|a, = N o—nt dH(t) 
0 
Then, | 


M(t) ~ SB er ast >, (1.6.6) 


where yı = a —ß, « and B are as in (7.3.2) and (7.3.5) respectively. 

Next, without assuming the sequences {t;} or {N;} to be independent or 
identically distributed or even mutually independent, Sankaranarayanan and 
Krishnamoorthy (1978) have proved the following result. 


Theorem 7.6.2 (Sankaranarayanan and Krishnamoorthy, 1978) 


Define 
A = {w3 2 Ni(w) erTi < oo}, (7.6.7) 
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If È j ps log j < 0, then e) X(t, w) converges in distribution to a random 
F i 


variable, 


> a va” W,;(w) on A 
V(w) e jal ij , 


im] 


00, on A, 


(7.6.8) 


where Yı = « — B and W,,(w), i, j = 1, 2, ... is a collection of independent and 
identically distributed random variables independent of {t;} and {N;} and having 


the laplace transform, 
(s) = E(e—”) satisfying, 


#(8) = |" W(p(se-™)dG(). 


Proof: 
We can write X(t) as, 
Ni(t) Ni 


Y= È- I Y-T) 
im] j=l 


Hence, | 
Ni (t) Ni 

eMOX(t) = È exp {—(R()—B—T)}_& e=- ¥i(t—T)) 
i=! j= 


By Athreya and Kaplan (1976b) we get, 


e—FU=Ti) Y;(t--T)) —> Wij ast > œ. 


N 


Now taking the first summation in (7.6.11) we can find that, 


(1.6.9) 


(7.6.10) 


(7.6.11) 


(7.6.12) 


lim exp {—(@(t)—@(t—T;))} = lim exp {(N,(¢—T;) —N,(t)) log p—a«T}}. 


By Parthasarathy (1975) we find that, 


MO apy as t> 0. 


Thus, 
lim e-()-AC=T)) ~ e~Ti, 
too 
Where 
y = (1/d3) log p + «. 
Hence, 


Ni(t) Ni 
e“POX(t) ~ $ ei S Wi 
i=] j=l 
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Next they have considered the case when the probabilities of survival of 
disasters differ from one another as follows. Let p,, pa -.. be the probability 
of surviving the first, second, ... disasters. Correspondingly they have defined 


By Ba, SS by 


D f etit dF(t) = 1, i = 1, 2... 


Let 
y; = «—ßı and y = max (Yr Yq +). 
Now, 


Nt) Ni 
X(t) = 2 Fs Y,(t—T;) 
=] 


i=1 
where Y;,(t) are independent and identically distributed random variables with 


the same distribution as Y(t) and Y,(t) ~ e”%' as t > œ. 
Then as t > ©, 


co Ni 
ev! X(t) ~ D e—YTi 2 Wi; for y 2 Yi, 
= J= 


where the first summation sums only over those Bellman-Harris process with 
disaster having growth rate e”. 


7.7 MARKOV BRANCHING PROCESS WITH DISASTERS 


Next Sankaranarayanan and Kirshnamoorthy (1978) have considered a popu- 
lation process in which each new particle occurring at time ‘£’ splits into ‘j’ 
(j = 0,1, 2,...) new particles during (t,t + òt) with probability òa + 4; 
$e(1 + 0(1)). Each particle acts independently of the others. Let disasters 
take place independently of this growth process, at instants, f. fy, ... Each 
object has a probability p, 0 < p < 1, of surviving a disaster, which is assumed 
to be independent of the survival of all the other objects. Each particle lives a 
random length of time with an exponential distribution with mean a~. During 


its life, it survives all the disasters. Each particle splits into a random number J, 
of offsprings at the end of its natural life time wirh probability 


aj 


a? 2 — 0, 2. 3, 


where 


a = M t dy F aat o < o and a, = 0, 
Thus, the probability of no split is 1—aŝt. Let, 


oO 
g(s) =a & ajs) 
j=0 


with a, = 0, be the offspring generating function. Let F be the o-field generated 
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Let Z(t) be the populati ' 
i ee p Pulation size at time fins 
Then the population at time «7? į th 1n a Markov branching process 


n C è 
by, Process Subjected to disasters is given 
7 Z(t) 
Y(t) = È mt>0 , 
eaii a (7.7.1) 
where 71; 18 defined as in the proof of 
theorem (7 
Thus, E(¥(t) | F) = py p m (7.3.1). 
aster epochs at time z. Z0), where, N (t) denote the number of dis- 
Hence, 
E(¥(t)) = E(pro)E 
Ji pNOJE(Z 
We know that, VEO, 
E(Z(t)) = e^ 
where (7.7.2) 
A = u (£) and u(s) = a(g(s)—s) with 0 “a Z D. 
Hence, l , 


E(Y(t)) = E(P) et , 


‘By Kaplan, Sudbury and Nilsen (1975), if F belongs to the sub-exponential 
family then, 
E(P) ~ e-Ft, (7.7.3) 
where $ is defined as in (7.3.5), 
Thus, 
E(Y(t)) ~ eQ-! ; t > œ. 


For the critical case, that is when à = 0, with F(-) belonging to the sub- 
exponential family, E; Y(t)) ~ 1— F(t), as t > oo. 

If N,(t) isa Poisson process with parameter u then, Sankaranarayanan 
and Krishnamoorthy (1978) have shown that, 


E(Y(t)) = exp {tA — u (1—p))}- (7.7.4) 


78 MARKOV BRANCHING PROCESSES WITH IMMIGRATION 
SUBJECTED TO DISASTERS 
Here Sankaranarayanan and Krishnamoorthy (1978) have considered a Markov 
ranching process with immigration subjected to disasters. In eae 
assumptions made for a Markov branching processes, they have regenerate 
at “7” new particles enter the population during (t, £ + 8t) with provabilly 


Si. + by St(1 + O(1)) Ot > OF = 0, 1, 2, .-.)- 
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. tion of a Markov branching 
According to the law of reproduc L process, the new 


objects reproduce. 
Let 


b(s) ines >> bs’, with > b; = 0; D, = 0 for j =- l, 2, o. and b, < 0. 


be the instants at which disasters take place and p be the 
survival of a disaster. Let the population size at time ¢ in the 


process with immigration be denoted by {U(t)} and {X(r)} 
bjected to disasters. 


Let hs fs: 
probability of 
Markov branching 
be that of the same su 


Let 
P(s,t) = È, PDS = EO) UO) = 1), 
where | 
p,(t) = P(U(t) = j | UO) = 1). 
Let 


A(s, t) = E(s2 | X(0) = 1). 
Pakes (1975c) has shown that, 


t 
P(s, t) = A(s, t) exp Í b(A(s, u))du. (7.8.1) 
0 
Differentiating (7.8.1) and putting s = 1— we get, 
E(U(t)) = (1 + 0) — du (7.8.2) 


where A is as in (7.7.2). 
If the distribution function of the time between any two disasters is F(t) 


we get, 


E(X(t) | F) = p9) [ef i ©) — aa (7.8.3) 


where N,(t) denote the number of disaster epochs upto time ¢. 
If F(-) is number of the sub-exponential family, they have shown that, 


E(X(t) ~ [o (1 -$ “) — ©] e-6' as t + oo. (7.8.4) 


Further, if the disasters occur according to a Poisson process with para- 
meter p, then, 


E(X(t)) = ewan] ex (1 -| 0) ~ “1 (7.8 5) 


A LIMIT THEOREM 


Let W(t) = X(t)/A(t), where the Normalized random variable A(t) is defined 
as 


A(t) = E(X(t)| F) = ps e™; t> 0. 


' 
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ayanan and : 
result. Krishn 


am 
Corthy (1978) have proved the following 


I he e 


Assume 


Then, G(t) = l—e~ta, qa > 0. 


lim W(t) — 
a. TUJH, (71.2.6) 


exists with probability 1. Further if, h”(1_) < ©, th 
I C1. s the 


fact, PW > 0 | F) >0 with probability 1 P AASE EA T 


Proof 
Consider the family of o-fields, 


G: = of X(t), 0< s < t; F}, t> 0. 


To prove (7.8.6) it is enough to show that { W(t), Gps, is a submartingale 
with respect to the conditional probability, P( -| F). For exponential G, to prove 
the submartingale property we use (LSA): 

Further it can be shown that, 
= X(t) 
E(W(t + s) |G., F) > a — W(t). 
Hence W(t) forms a submartingale. 
By the theorem of submartingales in Doob (1953), p. 354), we can find a 
random variable X = (co) with, E(X(o)) < K, a constant having the property, 
lim X(t) = A 


t->00 


almost surely. 


7.9 ON AN EQUIVALENCE OF THE DISASTER PROCESS 


Now consider a Bellman-Harris process with life time distribution — 
G(t)and offspring generating function h(s). Krishnamoorthy (1975) on — 
that there is an external mechanism which kills the particles a . trond 
their births with probability q, O<g<l. Hence they survive he pr ie os 
p=1~—g. Let the disasters take place at instants, fi» bases vi ea is 
distribution function of the time between two resco ae adden num- 
denoted by F(t). At the end of its life, each pipes sp! i n baet oone. 
ber, j, j= 0, 1, 2,... of particles. Thus if A(s) is the o ere AD A 
rating function in the ordinary Bellman-Harris proce» ring mean, pm, where 
it is given by A(g + ps). So, we get the following olsprine i i 


m = hI). 
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Krishnamoorthy has given the equivalence of this ap the branch. 
ing process with disasters introduced by Kaplan, Sudbury and Nusen (1975). 


7.9.1 Equivalence of the branching process with disasters 


Let B(s, t) = E(s¥“) be the generating function of the number of particles 
Y(t) alive at time ¢ in the branching process with disasters. Then B(s, t) satisfies, 


B(s, t) = (1—G(t))s + | " h(q + pB(s, t—y))dG(y). (7.9.1) 
0 
Let 
m(t) = E(Y(t)). 
The parameter ß is defined by, 
m,p|- genet dG) = I, (7.9.2) 
-0 


where «, the malthusian parameter is given by, 


m, i e—*! dG(t) = 1. (7.9.3) 
0 


(«—f) is > 1 or < I according as m,p > lor < 1. 
Applying the key renewal theorem he has obtained, 


m(t) ~ c’e@-P)! as t—> oo, 
where 


AP oa m,p—1 
(m,p)? («—B) | te~(*-8 dG(t) 
0 


If we put, 
dF(t) = m,e~*' dG(t), (7.9.4) 


in the process considered by Kaplan. Sudbury and Nilsen (1975', then that 
process and the process considered here have the same asymptotic behaviour 


as e(*—-F)', except for a constant. Krishnamoorthy (1978) has shown that in the 


critical case a suitable choice of p makes the distribution of Y(t) independent 
of the parameters. 


CRITICAL CASE 


7.9.2 Galton-Watson process with a killing mechanism 


Krishnammorthy (1978) has considered a Galton-Watson process with a killing 


mechanism in which a Particle survive with i ] 
. a, a terna 
mechanism kills the particl Probability p. The exte 


qneorem 7.9.1 (Krishnamoorthy 


1978) 
mn the critical case Cee à = 0, where x ic ie 
p“(h ()—~m3 + m, |p ia asm LTA af 
then, i Var Y, < o 
oY | 
lim P( 
noo ARO IL > 0) = exp | ey 
Ph") =m A. (7.9.5) 


where Yn is the number of livin | 


§ Particles in 
Watson process with a Killing mechanism hc Seneration of the Galton- 
If p is chosen, such that i 


Pmt] irene + 2) 
P 


e ae Y 
then lim P (= > aS ee 
ee n y | n > 0) = ey, (7.9.6) 

which is independent of the parameters. 
Proof 
To prove the theorem it is enough to show that, 

lim E | exp (-« (=) Y, > o| = ;“2>Q. 

ee nj | 14 go? ” (7.9.7) 

2 
where 
o* = Var Y; 


This is sufficient since the right hand side of (7.9.7) is the Laplace trans- 
form of the right hand side of (7.9.5). The conditional expectation in (7.9.7) 


1S, 


Tafel) nO) jpa _Ln tal OD (7.9.8) 
1—h,(0) [n(1 —ha (e7) 


ps). By using the basic lemma of Athreya 


p: i fh 
where h, is the mth iterate of h(q + nce, we get, 


and Ney((1972), p. 19) and the uniform converge 


_ ot 7 í (7.9.9) 
—— FTF 
bes n(1—h,(e*!)) 2 «a 
l 7). 
From (7.9.8) and (7.9.9) we get (7.9 a (19.1). 


This completes the proof of theore 


pis nd with a 
1.9.3 Galton-Watson process with immigration 4 


killin chanism T 
ing me ation and with a killing 


i ith immigt ‘ rocess. 
Here we consider a Galton-Watson ew M che nth generation of the p 
S1Z 


mechanism. Let Y, be the population 


310 BRANCHING PROCESS AND ITS ESTIMATION 


Krishnamoorthy (1978) has obtained the following theorem analogous to th 
€ 


` theorem of Quine and Seneta (1969). 


/ 


Theorem 7.9.2: (Krishnamoorthy, 1978) 


In the critical case suppose the process {Xn} satisftes the conditions (i)-(vi) given 


in the theorem (6.1.2). Then, “~~ converges to arandom variable having density 


f(x) = T'(171,/6) 0018 ’ (7.9.10) 


where 
0 = h"(1)/2p? and m, = k’(i—). 


Here 


k(s) = 2 q;si 
© j=0 


is the immigration probability generating function with, 
/ qj zi P(Nn = J): 
N, being the number af immigrants at the nth generation. 
7.9.4 Bellman-Harris branching process with a killing mechanism 
Here Krishnamoorthy (1978) has considered a Bellman-Harris branching process 
with a killing mechanism as discussed in the beginning of the section 7.9. 
Let Z(t) be the population size at time ¢ ina Bellman-Harris process generated 
by A(q + ps). Let G(t) be the life time distribution. 
Following Goldstein (1971), Krishnamoorthy (1978) has proved the 
following result. i 
Theorem 7.9.3 (Krishnamoorthy, 1978) 
In the critical process, if 
PhU) = o? < w; 
| (e0) 
0 


and t?(1 — G(t)) > O as t > œ, then, 


lim (2 < x| Z(t) > 0) = | — exp {—(2), p?/o2)x}; x > 0. (7.9.11) 
{<P o0 \ 


/ 


( 
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ifp is chosen as, p = o/V 2N, then | 


lim p(Z®) | 
t->% ( t S F120) > 0) 1 


iy i x > 0, 7.9.12 
which ts independent of the Parameters 


Proof | 

Let A(s, t) = E(s2() Then, th 
hae : 9 e L ‘ 

Z(t)/¢ conditioned on non-extinction a transform of the distribution of 
E(exp {—uZ(t)/t} | Z(t) > 0) SS On 1 —A(e-ult, t) 


1-40, (7.9.13) 
The right hand side of (7.9.13) equals 


((o7/20,)(1 — emul ah aie + 
l ae ke et A 1] [(1—A(e ult t)\ (| —e-wity] 
| [Co?/2 A) t + Ier (7 PA Jl (7.9.14) 
Using the result to Athreya and N 


ey ((1972) p. 158), th 
(7.9.14) > 1 as t > œ, and the denomin p. 158), the numerator of 


ator of (7.9.14) ast + œ equal to, 


[(o%/2h4) + 1/(u + O(1))] 11 — A(O, 1) -> 14 ry/uo? 
Thus, 


lim E(exp {—uZ(t)/t} | Z(t) > 0) = u(1 +3) 


From the continuity theorem for Laplace transforms given by Feller (1966), 
the theorem (7.9.3) follows. 


This completes the proof of theorem (7.9.3). 


7.9.5 Bellman-Harris process allowing immigration with a killing mechanism 


Let us consider a Bellman-Harris branching process allowing immigration witha 
killing mechanism. Let the immigration takes place at the instants i Tas.. The 
population size at time f is denoted by U(t). Let F(t) be the inter arrival time 
distribution function, Let ‘j’ particles enter the population at an immigration 
epoch, with probability qj, and k(s) = 2 qis be the immigration probability 
generating function. Further assume that,'k’(1) = mi < ©; 


0 


N tdF(t) =M < © and | 1dG(t) =, < ©. 
0 


Krishnamoorthy (1978) has stated the following theorem as an analogue 


of Kaplan’s (1973a) theorem for the critical process. 
Theorem 7.9.4 (Krishnamoorthy, 1978) 


In the critical case let 
af m p? h’(1)/2 a CO. 
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Then, U(t)/t converges in distribution to a random variable with the gamn, 
density, hi 
(xju) - exp (—x/u) 
— \ Z hh > 0 ‘ 
f(x) ur (8) 3 =— Ys | (7.9.15) 


where 
p — r9(o7/ p°) and u G [AP J 


If p is chosen as, p = a/ (A0?) /(MoM), then U(t)/t converges to an exponential 


density given by, 
f(x) = (elmo) exp {~ (Ao/mo)x} (7.9.16) 


which is independent of the parameters. 


8 


Population Models In Branching 
Process 


g.1 POPULATION-SIZE-DEPENDENT GALTON-WATSON PROCESS 


8.1.1 Formulation of the Process 


Let us consider some classes of population-size-dependent Galton-Watson 
process, where extinction occurs with probability 1. 

A population-size-dependent Galton-Watson (SDGW) process {Z bmo: «,... 
is a Markov chain with state space Np the set of non-negative aces. oa 
with transition probabilities given by, 

(1, 0, 0,...) if k =0 


(Pri Zits, it Ea = KY) pli seis = l l l (8.1.1) 
TTET a if k > 0 


where 
(Dj) jeqsy095--- are probability distributions, k = 1, 2,...; 
kPj is the probability. that an individual living in a population of 
size k has exactly j offspring; 
*k denotes k-fold convolution of a probability distribution with 
itself. 


Let the initial distribution be fixed, E(Z») < ©. 
We assume that 


yr all k = 1, 2 8.1.2 
kPo > 0, KP, > 9, kPo + kPi < l, forallk = 1, ee ( ) 
5 8.1.3 
yn = È jp; < © for all k = 1, 2,... (8.1.3) 
j=0 
Define 
(8.1.4) 


p= 2 J(j—4)kP)» 
j=0 


- 'ctributi ite. Here « 
Provided second moments of the reproduction distributions are fin 


* denote positive real numbers. 
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Let 


y: = 2a/t, whenever « and t occur. 
and } . 


T = time to extinction of {Zi} 
Define 


eae =e (8.1.5) 


First we consider only the case q =1. 
Theorem 8.1.1 (Reinhard Hopfner, 1986) 


Assume 


hm = 1+ afk, gt = t+ 0 (1/k) < œ for all k = 1, 2,... (8.1.6) 


<i , Sup Zj% api < © for some § > 0 | (8.1.7) 
Then, if y< 1, | 
 Pr{T > t1} a qt, EZ, ~ cst? as t > œ (8.1.8) 
If r = 1, then 
P, {T >t—1} ~ clog t, EZ, ~ ¢,t/log t, t > œ (8.1.9) 


for some positive constants C,, ..., Cy. 

Before proving this theorem, let us introduce some more notations and 
results and prove some lemmas that are needed to prove this theorem and the 
following theorems. 

Let us start with the probability generating functions given below: 


. f(s) = 2 kPj sÍ, k = 1, 2, PDE = SS l (8.1.10) 
j=0 
h(s) = E(s71 | Z, = k), k = 0, 1, 0< s < 1. (8.1.11) 
From the definition of SDGW processes, we get shat 
h= (if k= 1s 2y 0 (8.1.12) 
and 
oA = | 
Write | 
: fit, s) = E(s?), t =0, 1, ...,0<5<1 (8.1.13) 


for the p.g.f. of population size at time t. 
Let M(«) include all continuous and non-decreasing functions 


g:[0, £] —> [0, 1], 
g(1) = 1, g(0) > 9, 
with a continuous derivative Oon & small left neighbourhood of 1 such that 
g'(17) =% 
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ie M(1, 7) be the subclass 
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Of all 
differentiable near 1- with 2 M(1) Which are twice continuously 


g’’(1-) on T, 


with 


S) > E g 
For arly g(s) SonO<ye<], 


g >10, 1] -> [0, 1), 


tes its f-th functional iter. 
g; deno onal iterate, ¢ = 0. | ; 
9 Ay sses Bo =| identity, 


St41 = 2g). 
If A E M(«) and a E M(1, T), then the sequence 


t—1 
(I A(a0))), 


is regularly varying with index-y, 
Thus, there is some function 


L:R+>Rt 
varying slowly at oo such that 
ii 
I] 4(a;(0)) ~ t L(t), as t > œ; 
j=0 l 


under further conditions on A and a. 
L(t) tends to a positive limit as £ > oo. 


LemMMA 8.1.1 
Let 

A, B E€ M(a), a,b E M(, 7) 
Assume 7 


A(s) ak(s) < kh(s) < B(s} b*(s), k = 1, 2: 0<. 


Consider functions L4,a, Lg,» varying slowly at oo, such that 


A A(a;(0)) ~ t- Laat) 
j=0 


TE BOO) ~ Leal) 
j=0 


as t -> œ. Assume 
lim La,a(x)|LB a (*) 


x->0 
exists and is positive. 
Ifr <1, th 
SOEP prit tlw ott [Lad 
E(Z:) ~ cat” |[L aval!) 


a iti nstants. 
SE-> o, where Cz, Ca are positive ad 


(8.1.14) 


(8.1.15) 


(8.1.16) 
(8.1.17) 


(8.1.18) 
(8.1.19) 
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| Proof: 
We have, 


f(t, 8) = È Pr (Zia = k} ahs) 


and ¿h > A-a* for all k = 1, 2, ..., oh = 1. 
Hence, for0 < s < 1, 


PED a EE eG 


> A(s) [f(t—1, a(s))—f (1, 0)]—Pr {7 = 1) 


Iterating this relation we get, 


Define, 


and 


on O<s<1 (asusual x,-!: = 1). Then, (8.1.22) implies that, 


f(t FL >T A (a (9) FO, % (9) 


= 5 i A(ay (s)) Pr (T = t—k) 
k=0 j=0 
ERO Z T A (a;(0)) yf 
t=Q j=0 
Raya (S) == 1 A(a; (0)) (1— f (0, a, (0)) 5 


P hsa (s) E (s7) > Pasa (S)—Raya (s) 0 < S < ] 


Define 
co t-l 
Pg,» (s)= 2 H Bid; (0)) s! 
t=0 j=0 
and 
œ t-—l 
Rass (5) == TI B(b; (0) (1—f (0, & @) $ 
tæ0 j=0 
onð<s< l. 
Since 


ih = B-b for k=l, 2s 


wè can obtain that 


By equations (8.1.25) and (8.1.28), 


(1—85) Pg, (5) ` |—S 


ee! © (st) < Raya (s) 


Rp,» (S) 
i (1—s) P 4,0 (S) 


P x5 (S)-E (ST) < Pp» (5)— Rass (5), 9 <8 < | 


o<s<! 


(8.1.21) 


(8.1.22) 


(8.1.23 


(8.1.24) 


(8.1.25) 


(8.1.26) 


(8.1.27) 


also ` 


and 
t (1~6, (0)) -s 2/t as t -> œ% 


Pa,a (S) ~ l 
A (s) TIS M(I—y) Lasa ( 


1 - 7 
Pp,» S) Ma o — l 
( (1= s> l (1 y) Ley, (5). as st 1 / (8.1.30) | 
Using (8.1.17), we can Conclude that, 
lim inf (1—s)y _1 \ (1—£ (s7)) | 
sii ( s) Läsa F =) (=A! = 0 (8.1.31) 


Evaluate the equation (8.1.22) at s=0 and define non-negative terms 


Ai i=, | acon by A= 0 
and 


k-1 +1 
5 II 4A(a;(s)) Pr (T = t—k) = T A (a; (0)) f (0, a, (0)) + A,, t= 1, 2, 
k=0 j=0 j=0 


(8.1.32) 
Then, clearly, 
A, < Pr{T =0} +...4 Pr{T=2} <1. 
Thus, the series 
œ 
A (s) z= D At s' 
t=0 
converges on O<s<l. 
But equation (8.1.32) yields 


(8.1.33 
Pasa (8) E (ST) = Pasa (S) Rha (8) + ACS) mo ) 


m .34 
|—E (st) Raya ()-4A (8) Qegcl. (8.1.34) 
“ys (1S) Psa (5) 


Obviously, eae T, 


ms 
A (s) < Rasa (s) on OS 


Since | 
Rasa (1) < a 


and A, non-decreasing, we have that 
| A (1) < Rava (D 


When A (1) — Raa (3): 
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then from equation (8.1.30) we get a contraction to the fact given by equa- 


tion (8.1.31). 


Hence 
A (1) = Raye (1) 
mas ] }—E ( T) 
is S 
. ô -n | aM 


exists and is positive. 
Now. using the fact that, 


7 co 
LEOL S Pr{T > tyst,on0<s<! 
1 t=( 


and the Tauberian theorem (Feller (1971)),, we obtain the results given by 
equations (8.1.18) and (8.1.19). Also from equation, (8.1.15) and the expres- 
sion 


fa, =È Pr Zig = k} eh (5), 0< 5 < | 
k=0 


we obtain that 
E (Zò = E (Zi) + œ Pr {T > t—1} 


1—1 
— E (Z) + «2 Pr{T > j}. (8.1.35) 

j=0 

Now consider the case when y = I, 
If 
„h > A-ak, forall k > N, 
AE M (a) a E M (1,7), Y <h 

then 


l t—1 
q = 1, provided X, II A(a) (0)) diverges. 
j=0 


This completes the proof of lemma (8.1.1) 


Not ke i: l - 
ca ay p < l, the last condition can be obtained directly from equation 
5.1.14), , 


LEMMA (8.1.2) 


Under the hypothesis (f , 
ond ypothesis (8.1.15) and (8.1.17) of lemma (8.1.1), assume Y _ | 


1-1 
Zx A (a; (0) = w, 
-0 


Then there is some L: R* + R+ varyig slowly at w 


O > 


with j - 
lim Daya Lx) = 0, 
such that / f 
TS t—l a~n IL) 
“iid | (8.1.36), 
E (Z;) ~ Cin t E 
a (8.1.37) 


gh O where Cy, Cio are positive constants. 


Proof i i 
As in the proof of Lemma (8.1.1) we obtain equation (8.1.29) with 


Riz (1) < oo, Re. (1) < Os 
Let 


~ 


t—1 
u = I A(a,(0)), t= 0,1... 
J = 


1—1 
S; = p > Ui, t = l, Pines 
{=0 
Since (w), is regularly varying with index —1, (s,), is slowly varying, and 


(>a 


Thus equation (8.1.30) becomes, 


Pas) ~ L( —) 


| —s 


Px a(S) ~ lim (Lg o(*)/L4,a(*)) L(A1/1—s) 


xv-->30 


as t > co: where L is slowly varying at œ such that 
La a(x)/L(x) > 0 as x > œ. 
Now, Proceeding as in Lemma (8.1.1), we get lemma (8.1.2). 


LEMMA (8.1.3) —_ 
Under the hypothesis of Lemma (8.1.1), if y < ! and Lemma (8.1.2) fy = 1, 


One has 
JS At) 2)" 


lim E(exp (—^Z:lt) | Z: > 0) 
{—->oo 
for all pa 0. 
Proof 
R p 
“aluating equation (8.1.22) at s = exp (— 


(Kt, exp (—a/t)) — ft, OG — IG 0)) 


A/t), we get, 
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rA,a(t, A) ş PT >t—k} } 
>1— [aant 2, PATS MOEN] Lay 


where 


TA,o(t, A) = a A(a;(exp E a(exp (—A/f)))),t = 1, 2... 


valt k, 9) = TE A(aj(exp(—aJt)))(1 = Alar (exp (~M) 


ae ea) ee (8.1.45) 
Also we have, 


my 

T Alajlexp (—2/k))) > (1 + 28/2)”, as k > œ (8.1.46) 
k(1 — a,(0) > 2/2 as k > œ (8.1.47) 
“alee (T VID = a0) —> (1 + At/2)-1 as k > œ (8.1.48) 


Now using Lemma 3.1 of Hopfner, R. (1985), the arguments in Jagers, P. 
(1975) and the regular variation of the sequence (Pr {T > t}) and proceed- 
ing on the lines of Vatutin, V.A. (1977), pp. 408-409, we can show that the 
right hand side in inequality (8.1.44) converges to (1 + At/2)-1 as t + œ. 

Next from the relations, 


\ | xh < B.bk 


we can obtain the inequality corresponding to (8.1.44), with upper bounds 
for (f(t, exp (—A/t)) — fit, O/C — fit, 0)) expressed in terms of B, b and their 
iterates. Again, the right-hand side tends to (1 +- At/2)—1 as t > ov. 


Thus, 
lim E(exp (—aZ,/t)| Z, > 0) 
t->% 
t->00 l =Ni, 0) 
= (1 + Art/2)-3 (8.1.49) 
for all A > 0. 


Proof of theorem (8.1.1) 


R. Hopfner (1985) has proved that, the conditions (8.1.6) and (8.1.7) imply 


the eon of A, B E M(a), a, b © M(1, 7) such that (8.1.15) holds. (ie) 
ACs) aX(s) <ih(s) < B(s) bks), k = 1, 2,.. OSs <1, with constant func 
tions L4 a, Ley ) 


Now applying lemma 


| (8.1.1) to Lemma (8.1. t of 
Theorem (8.1.1). ) (6.1.2), we get the statemen 


qheorem 8.1.2 (R. Hopfher, 1986) 
ynder conditions (8.1.8) and (8.1.7), 


lim E = | 
fell (exp ( AZt) | Z, > 0) = (1 - 
(1+ àt/2)= 8 


Proof 
The statement of Theorem (8:1.2) 


se i follows f 
(1974), and Fujimagari, T. (1980) an rom Le 


mm i š 
d Lemma (8.1.1) » SM) of Agresti, A 


Remark 
If km = l + ajk, 

pe =gh 0 (1/5), k = E 2.3: 
and higher moments of the reproduction distributio 


gamma laws occur as limit distributions of 
up to the time t. 


ns are uniformly bounded, 
Z,/t conditioned on non-extinction 


Note: 

Above results are parallel to those obtained for critical Galton-Watson pro- 
cesses with immigration, where immigration is not permitted when the process 
is in state 0. 


Theorem 8.1.3 (R. Hopfner, 1986) 


Suppose m < 1 and 
¿m < m + alk, kPa È 1— m + à, k= 1,2,... (8.1.51) 
for some § > 0. Then there is u € (m, 1) such that 
PAT > t— 1} < cg-pl, E(Z:) < Ceu’, as t > 
where C Cg are positive constants. 
Proof | 
Suppose there is some 3 > 0, such that 


kPo Z | — m + ð, k = j a ae 
Then 
,0<sc<il. (8.1.52) 


= 1, 2,.. 
ifs) > 1 — ym(1 — s) + 8(1-- 5) aa | 
mn m. choose è small enough so that 


Under the assumptions of the theore 


a(s) =1—m(1—S) t s(1—s)? 
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is a p.g.f. Using (8.1.52) 
kf(s) > 1-(m + x/k) (1 —s) 4. S(1—s)?,k = 1.2 


and hence IRIEN (8.1.53) 

KCS) = (x f(s))k > ak(s) (1 _ a(l- “a 

kas) J? 
k=l, 2. VERS (8.1.54) 
ln a left neighbourhood of 1 such that 
]— 
we have aLi) cials), 
I —s)\* a(l — s) 
j— 2U- s) a-s) 

o E k= 3... 
Also, 
and kPo he for all k = 1, 2,... 

k 
ek an 
h(S) > ak(s) (! aay) >o, 
k>k„0<s<1 
where | 
a/k,a(O) < 1. / 
From the above relation, we can deduce that 
inf rh(s)Ja*(s) 
kml, 2,0. 
is bounded away from 0, on0 <s <1. 
We can find some A € M(a) such that, 
A(s) = 1—a(1—s)/a(s) (8.1.55) 

on some left neighbourhood of 1 and 

kh(s) > A(s) aks), k = 1, 2,.., 0< S< 1 (8.1.55) 


Now using the arguments in Seneta, E. and Tavare, S. (1983); we can complete 


the proof of Theorem (8.1.3). 
First we note that, 


lim m~ (1—a,(0) exists and is positive. 
t-> 
Since a(-) is a subcritical p.g.f. with finite second moments and 
A E M(a), 


we have, 
t—1 
lim II A(a,(0)) > 0 
t j=0 
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i ° NB ? 
Evaluating equation (8.1.22) oe RANCHIN 
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Ea 0, we Bet 
E Sra t Sy 
= = 2ast—k rT as k} (8.1.57) 
t—J] 
ET s4 = H ‘ 
ast ae A(a;(0))(1 —f(0, a0), 
f=0, 1, 2,. 
and eee. a 
V4 T A 
ast = . í 
jg ACONI — Aa; (0) 
7 t=], 2,... 
a l (8.1.58) 
PRT >t} S u4, k=l 2 
| on (8.1.59 
where the sequence (u,,,,,), is defined recursively by ) , 
u 1439 — — 
Asay = PAT > 0} = 74,4, (8.1.60) 
ft—Í 
U Asasi = l Asasi -+ 2 VAsast-k UdAsask 
k= 
f=1,2.... (8.1.61) 


Moreover, 


l Arari = 0 (m"') 


VAros = ‘0 (mn') 
and 


oo 
2 VAsast < l. 


[=æ | 
Hence, there is 
U Asa € (m, l1), 
uniquely defined by 


p> VAsavt (1/pA,0)" a l, 


t=1 
such that, 
lim UA rastl tA a 


[—>00 
exists and is positive (for details, see section 2 in Seneta, E and Tavare 
(1983) and p 330 in Feller, W. (1968). 
Thus, 
lim sup Pr { T > t tha S = 
because j 
a > i-l} 
E(Z) <mE(Zea) tert? 
al i Pr { T >J] 
<mE (Zo) + ae ý 
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Now, with u = wa,,, the required results of Theorem (8.1.3) holds 


Remark 


In some cases, we can find u © (m, 1) such that positive limits of 


u~ Pr{T > t—1 
and 


u-' EF (Z,) exist, as (> o. 


8.2 POPULATION SIZE-DEPENDENT BRANCHING PROCESS WITH 
LINEAR RATE OF GROWTH 


$.2.1 Formulation of the Process 


F.C. Klebaner (1983) considered a process, which is a binary splitting popu- 
lation-size dependent process. In this process, a particle divides into two with 
probability p; which depends only on the size of population 2i Define Z,, a; 
a homogeneous Markov chain on non-negative integers with transition matrix 


FP =(P 3), where 

| (7) 1 (lpi, i = 1, 2.7 = OL, 
en 

Pi; = Pr (Zn =) | Zn =D) =< 0, i=0,j>0 or i>O0andj >2i 


1i=0,j=0 
{ (8.2.1) 


Oe py <o dy tS Gy 2. cx 
Let Z, be a positive integer with the usual assumption that Z, = l and 


1 d 
Pi aT! l, ? ( ) 


Equation (8.2.1) can be written in conditional form as, given Z, > 0, Zn4, has 
binomial distribution with parameters 


2Zn; PZn: 


Let (Q, F, P) be the underlying probability space and the existence of 
this space is assured by the Kolmogorov theorem. 


Extinction Probability 


PROPOSITION 8.2.1 
Let 
Q = {Za > 0}: q = P(Q). 
Then 
P(Zn > Q) = 1—4. 


{ 
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proof : 
For any k > I, consider, 


fa = PC U (Z, = 
kk (U {Zn = k} |Z, = k) 
=1-P( À 
co CELIA = k) 


S LP iy ae =e 0} | Le = k) 
~ l —P(Z, = 0| Z, = k) 
=s l — Pr 


= I—(1 —p,)* <]. A 


All states k > 1 are transient because {1, 2, 3,...} is a class of communicat- 
ing states and the proposition follows. 


Theorem 8.2.1 (F.C. Klebaner, 1983) 


q = P(Zn > 0| Zo) < 2Z/(2Z} + 3Z,+ D, 
Hence 


Proof: 


By a result of Schuh, we have for a non-negative random variable X, with 


f(s) = E(s*), 0< s <l, 


s (i)fr 


Hence, for i > 0, we can write 


1 
E( |_| Z, = i) =| (1—pi +p)” ds 
Zn +! 0 
and this pgi ; 
a l (! —P2n) | 
Ez | Z ) = [izn=0} + Mzn>0) | az Fl)pzn (Za + U) Pz 
Zn + | 


L s 
< izn% + U(Zn>9 JZ, pan F pza PZn 


l 


a l izn=0) -+ liZn>0) Li + Fol Ẹ Pzn 
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-= where I4 stands for the characteristic function of a set A and the last inequality 
in the above relation follows from equation (8.2.2). 


Also 
l l Pzn 
> 121) SIZ, 2 Iz, ee eee, 
E (z 4 S {{Zn=03 + L{Zy>0} lz. +1 (Z+ 1\(Z,4+1 F 


1 Ji 
p Itz„=0} + Lizn>v} | "a IZ, | 


Taking expectations on both sides of above equation, we get, 


l l l 
pee SS PI) a yP 
(zz cg r) i (z T 7 hewow 223 +3Z,+1 ap 
This inequality on iteration gives, 


l 1 n j 
e(z gz -a fo l 
Zn t | (Zo + 1) k=0 (Zk>0} 222 + 3Z; + 1 dP. (8.2.4) 


From (8.2.4), we obtain, 


ase aan 
F A E | ~ (Z +1) 2277¥}3Z Hl 


0 


2Z2 + 3Z, F 1" 


Now, by dominated convergence theorem, 
lim EQ1/Zn+1) = gd. 
n->00 
This establishes the required result of the tħeorem (8.2.1). 


Asymptotic growth rates 
Theorem (8.2.2) (F.C. Klebaner, 1983) 
n ‘OMverges in distribution to q Proper distribution F, which has an atom of size 
q at the origin and the density of (4, 4) distribution on (0, +.00) namely — 
: 44 fx | 
F(x) =q 4 CEET | t3e—“ dt (8-2.3) 
e 0 i 


` Proof 


We can prove the theorem by the method of moments. By induction on k, we 


show that, 
lim £ (=) e3 (k + 3)! 
n->00 n 6 x 4k (I~g), k=] a 
conside!» | os gi (8.2.6) 
0, Z, = 
EZ | Za) = | Zn=0 
22, | = 
Taking expectations, we get ni» Zn >O. 
E(Zniy) = E(Zn) + P(Z,, > 0). 
This equation on iteration gives, 
E(Znai) =Z 5 P A 
5 T2 (Zk > 0) (8.2.7) 


Also, ` 
P(Z, > 0) +(1—q), n> oo. 


Using this fact and equation (8.2.7), we have that, 


lim E (=) ees (8.2.8) 


n>oo 


Let k be fixed. Suppose that 


Bi = lim E (=) 
n->co nj 
exists and is finite for all i = 1,...k—1. 
Then we must establish that 


k EE 
CK — lim E (=) = £ 3 Bk-; (8.2.9) 


n->00 


Let a and aM! respectively denote the kth moment and kth factorial moment 
of Zn, i-€. 
alk) = E(Z j a= E(Z"1), 


where for any x, 
xiki = x(x—1)...(x—k + 1). 


Then for all n, we can write 
re, Ma ate (8.2.10) 
© a) T A Ay Fst 


| im 


‘ned from the 
Where the coefficients aj, j= 1; 2,...k—1, are uniquely determi 


ollowing expansion in x: 2 2.11) 
(8.2. 


k-i 
xk = x + Z ajx 
j” vebi 
. mia] distribu 

the binomial 
Now, using the expression for the factorial moments of | 
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tion, we obtain for Z, > 0, 


(zit, | E W = 2Zn(2LZn—1)-. (2Z,—k+1) pz, 


| k 
= 2Z,(2Zy)-—1)...(2Zn—k + 1) (5 i az) 


| k l 5z) 
eee) (1 7,) IZ, 


k-1 ; 
= (Z+ DE (1+ E bi-j Za’) (8.2.12) 
J= 


where b;, j = 0,...k—2 are uniquely determined as the coefficients in the follow- 
ing expansion in x: 


1 2) f kel — 7 
(1 3 x)(1- x) SF x) =14 Ebri (8.213) 


We see that the expression in (8.2.13) is a polynomial of order k—1 in x. 
Relation between the coefficients and the roots of a polynomial gives, 


1 (—1)iS,, (8.2.14) 
where ° 
Sj = 2 Xh Xig +.. Xij 
1 XigH.. æ ij 
j= 2j 


is the jth root of (8.2. ae SS 4 nig Ke. 1, 
Starting from equation (8. 2, 12), we obtain for all Z > 0. 


k—-1 
F(Z, |Z »)= [Ze + zà car + 2 bZ | 
j=0\J/ . j=l 


k-l / k k-1 k—2 
= Zt 2 (G )z H Z beZ t 2 ie 
j jal n 


(8.2.15) 


where the coefficients c; in the last sum are uniquely determined from the . 


following expression in Xi 


"I /k k-i ~ 
2 J p ~ I—_ Q , 
[> (| E | 2, Dy —j—y X | = 2 ow (8.2.16) 


Taking expectations in (8.2,15) we get, 
j=0 


k—1 k k=l 
a, = ylk y v x 
ali al > (| Jap oh z bk- alk) 


+ z cya) + > of Z) dP (8.2.17) 
i, {Zn > 0} j 
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ysing equations (8.2.10) and (8.2.17), We obtain | ) 
(k) — 
Aner == alk) 4 Ale) 4. Rik) 
n 
(8.2.18 


(k) — 5) G) oe k 
Ay oo ot dha ies S , pal y y / 
j=l j=0 \ ] n rae Ikaj 


-iak ag 
B = S cy a) +. 5 € | 
a nr K 7 | ? 
Fah j=— k41 i Ean a di (8.2.20) 
rating equations (8.2.1 ' | 
lteratlng q ( 8), (8.2.19) and (8.2.20), we get, 
a) — 5 Al&) 1. BUA) 
+1 we m | BM)) (8.2.2) ) 
Now, let us show that 
lim B® _ 9 
See nk-1 (8.2.22) 
and 
_ AP č Fkk=1) | 
lim zr = [E + k| Bk- (8.2.23) 
From equations (8.2.18), (8.2.19) and (8.2.20), we write 
(k) k—2 a? 1 0 
lim — = lim = c; —~-+ lim —- Je; Zi dP (8.2.2. 
ee. sojat -0 i n>oo MTE jok} j {Zn>0} ” iiai 


By using induction hypothesis, we get the first limit in equation (8.2.24) 


0 
to be zero. The sum in the second limit in (8.2.24) is bounded by 2 c;. Thus 
j=—k+1 
the second limit in (8.2.24) is also zero. This establishes relation (8.2.22). 


Next to establish (8.2.23) we write, by using (8.2.18), (8.2.19) and (8.2.20). 


i (a—i) 
Ck) k—1 (j) k-l!/k , a k=l > te 
lim 4 = S a lim “H+ 2 (; ) tia part 2 bk- lin Er 
n->00 nk-1 j=1 J n—->00 nk-1 j=l J n->0O n j=l fo 
i (8.2.25) 
— A, a A, P A; ` 
Now, by induction hypothesis, it follows that 
(k—1) rae 
. An+ | -= a = *Bx-1 (8.2.26) 
A, = lim ~77 °%-1 k-11 
1 ped nk- 
A, = KBy—y 


s / i t, 
Using equations (8.2.11) and (8.2.14), it can be easily shown tha 


k- ~ (k—1)k/2 
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and hence 


(k —-1)k 
Ay = 1" 
1 2 k—1 (8.2.27 


Similarly from equation (8.2.14), we obtain 
(kK — 1)k 
aay taal a (8.2.28) 


Now from (8.2.25) (8.2.26), (8.2.27) and (8.2.28) we i 
, k get the relat 
Equations (8.2.21), (8.2.22) and (8.2. 23) imply, ton (8.2.23), 


? 


(k) D AW 
i PRE ocan i =0 k(k — 1 l 
m mS aJ aas 
2 mk- nO 5 pk- 
m=1 0 m=] 


Next we see that 


> m*k-1 
lim -F = Ik (8.2.30) 
From (8.2.29) and (8.2.30) we get relation (8.2.9) and thus equation 
(8.2.6) is established. 
Moreover, for 0< u < 4, 


k + 3)! 
= (— 1) ut = (1-9) 3 2(> e Et < o 


This implies that the sequence {8,} determines distribution. F. By the Rao and 
Kendall theorem (1950), it follows that Z,/n coverges in distribution to the 


distribution F. l | | 
Let ¢ be the Laplace transform of F. Then ¢ is uniquely determined by the 


following asymptotic expansion about 0: 


foe) Bx 
ae | —])kKT* yk 
 (u) = 1 +t 2 ( 1) kr 


| S23 a Nk +H«+3(—F). 
O<u<4 (8.2.31) 


Differentiating the equality 
5 (-7) =h 0<u<4 
keo\ 4 


three times and using simple calculations we obtain, 
i l—q 43 4 j e] 
j) = -a Cex 


4 4 


(8.2.32) 
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Now, we can easily see that, #(u) is the Laplace transform of the. distribution 
F given by equation (8.2.5) and this completes the proof of theorem (8.2.2). 


COROLLARY 8.2.1 


Conditioned on non-extinction, Z,,/n converges in distribution to v (4, 4) distri- 
bution. 


Proof 
We have 


=r SP (Zt = x, 0) SS F(Z, =U.) =F (240) 
So, 


lim P (Z,/n < x, Q) =4q. 
Now from Theorem (8.2.2) and equation (8.2.5), the Corollory follows. | 
Theorem 8.2.3 (F. C. Klebaner, 1983) 


The sequence {Z,,/n does not converge in Probability. 


Proof: 
We first show that {Z,,/n} does not converge in L?, by proving that {Z,/n} is 
not on L? Cauchy sequence. 
Consider the covariance function 
E (Znam Zn) = E (Zn E (Znym | Zn)) (8.2.33) 
Since the process is time homogeneous, we have for all j > 0. 
E (Enim | vie = J) =E (Zm | Lo = J) < jJ+m, (8.2.34) 
from equation (8.2.7). 
Now equations (8.2.33) and (8.2.34) give, 


E (Zeno = EZME (Zn) (8.2.35) 
Consider, 
2 2 
«(Beep =e (as cE- 
2n n 2n n n 
yA 3 An 
= r (22) — e(2) (8.2.36) 


using (8.2.35). 
Equations (8.2.8) and (8.2.9) imply that, 


lim Za ala l 
mele (2) -Eg pata 


and this proves that {Z,/n} is not an L2 Cauchy sequence. 
Now, if we assume that Z,/n converges in probability to some random 
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Hoge W , then by theorem (8.2.1), second moments of Z,/n conve 

vA e limit. Then convergence of moments and convergence in ab, e : 

ogether imply L? convergence (Loeve (1955), P. 164), which is etc oe 
ion. 


Hence the theorem. 


COROLLARY (8.2.2) 


There are no constants c,, such that Z,/c, converges in probability to a non 


degenerate limit. 


Proof 


The proof of the corollary follows from the Khintchine’s law of positive 


types (Loev’e (1955), P. 203) and theorem (8.2.3). 


The almost sure behaviour of {Z,,} is described in the following théorem 


Theorem §.2.4 (F. C. Klebaner, 1983) 


(a) 2 1/Zn =-+ © on O a.s. 


n=9 


b) È 1/Z < + œ on Ọ a.s. 
n=0 


Proof 


Let 
Gy =: 0 (Zp Lio Za) 


be the c-algebra generated by Zo» ...; SA 

O77f.Z,.=0 
Pn = o (Z, E A = n—l 
n (40 ZAT (1+ z) if Za > 0 
k=0 Lk 


Then ¢,, 1S o,-measurable. 


- Cif Z, —0 
E Le 4 == i 
(Zuta | 9n) PORTAT 


Equations (8.2.37) and (8.2.38) imply, 


E (n+ | On) ae Pn 
Also, 

E ($n) =E ($) =} E (Z) =1. 
Hence {dn on} İS a bounded-in-mean-martingal 
gence theorem a 

ble W with E(W) < 1 (i-e) 
Zai (1+ z) W. a.s. on Ọ, E(W) < | 

k=0 Zk 


nd Fatou’s Lemma, this sequence converges to a rand 


(8.2.37) 


(8.2.38) 


(8.2.39) 


e. By the martingale conver 
om varia- 


(8.2.40) 


POPULATION MODEL l 
` SRANCH l 
WA 
n —> -+ œ a.s on O 


.. relation together with eqatj 
This re qation (8.2.40) j 
mply that 


i (1+ 1 
Jk + 1/Zk) > + was. on O. 


This establishes Theorem (8.2.4) (a). 
Taking limits as i +> © in equati 
| = (8.2.4) we 
| ’ get 


q<3—2 | l 


OT e 
k=0 J{Zk>0} 2z: + 3Z, e dP. 
Since | | 
{Zk > 0} D O, 
we have, 
z] dP <5 dP 
= 32 127, 4 
k=0J02Z, + 3Zk + 1 D k=0 | ese 272 437, Li = 129: (8.2.41) 


Now from (8.2.41), the required result of Theorem (8.2.4) (b) foll 
2. Ows. 


Remark 


By the law of large numbers f. : 
ia or double arrays (Teicher, H (1980)), tefoliaws 


Zn+,/Zn—> l, n > œ a.s. on Ọ 
Using the methods of Theorems proved in this section, we can establish 


similar results for population size dependent branching processes with Poisson 


offspring distribution l 1+ >) _In this case the limit distribution of Z,/n 


is y (2, 2). 


8.3 POPULATION-SIZE DEPENDENT BRANCHING PROCESSES 
WITH GEOMETRIC RATE OF GROWTH 


ranching process model {Zn} where | 
n the population size. | 

: ranching process {Zn) 18 
nsition probabi- 


F.C. Klebaner (1984) has considered a b 
e law of offspring-distribution depends 0 b 
a As defined earlier, a population size dep aopen with tra 
_ Omogeneous Markov chain on non-negatlv aad 
Nes given by 
| | po tort = 0,29 
Pi; ae P (Zire = Za a i) =g i> 0 l (8.3.1) 
Soi for i = 0, J i 
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where p” stands for the i-fold convolution of the sequence { Pix} at point ; 
J. 


Z, gives the initial distribution of the chain, and Z, is taken to be iona 
dom. Let P; be the probability measure when Z, = i. (When is fixed, the aie 
X 


is dropped from notation). 
We assume throughout this section that, 


Pno + Pm < 1, Pm > 0 for all n > 1. 
Fujimagari, T (1976) and Klebaner (1984) have shown that 
P (Za 0 or Z> ©) =1. 
In this section we consider the case, when the means of offspring distri- 


butions 
{Papp J = 0, ly 2; net 


tends to a limit m = 1, 
Let 


co 2 co . 2 
Mn =È jPnjs n= BP Paim 
j=l =| 


be the mean and variance of offspring distribution when the population size js 
equal to n. Let 


m = lim m, , l<m< ow 
n->00 
En = Mn —mM l lim c, = 0 
->00 
Wn = Znaim” ` W = Sup W n. 
n 


Fa = 0 (Zo... Zn), the o-algebra generated by the first n generations of 
the process. 

Then F.C. Klebaner (1984) has shown that, if 

|en | < Kı n=, o? < Kn? (8.3.2) 

for some constants Kı, Ka, « > 0, B < 1, then {W,} converges almost surely 
and in Z? to a non-degenerate limit W. Thus it can be seen that conditions 
(8.3.2) are-sufficient for Z,, to grow geometrically fast. 

With these assumptions, we give necessary conditions for convergence in 
L? of W, and necessary and sufficient conditions for convergence in L? of Wn 
to a non-degenerate limit for a class of processes {Z,,} 


Moments of the process and a martingale 
From (8.3.1), we can easily establish that 


(8-3-3) 


E (lnx | F) — Lin MZ = mZy, -T Zn Zn 
(8.3.4) 


E (Wray | Fn) = Wn + Mm W, ez, 
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n (8.3. 
E(Wi-a) = Zo +m F E(W ez.) i 
v=0 v (8.3.6) 
EZ? | Fn) E Zro, ie Zam, 
= MZ + Ame, 
n T 2mMZ2ez, + Ze, Zna? 8.3.7) 
E(Wiaa) = EW?) + mE (m 22a | 
+ 2m- 2 -2}; 
EWrezn) + mEW ne, (8.3.8) 
n 2 
W2 ) = Z2 -2 v2 
E(W2,,) orm = E [w Z, + 2mez, + 3) (8.3.9) 
Let 
n—| | 
In =m" Z} Wez , Ya = W,—T, (8.3.10) 
v=0 x i 
From (8.3.5), we infer that, 
E(Yn+1 | Fn) = E(Wnri | Fn) — Tari 
— Wa — Tn = Yn (8-3.11) 


This implies that{Y,, F n} is a martingale. Now, we present a lemma, which is 
to be used in proving the following theorems of this section. 


LEMMA (8.3.1) 
Let f(x) be a positive non-decreasing function. Then foranym >l,c>0 


Proof 


= 2 I) 
2 ficm") < œ if and only if 2 oe 


We have, 


co oo a a 
z Nem”) < œ if and only irf; f(em*) dx < 


(see Knopp ( 1928)). . 


“© if and only if 


This is true if and only if 


p ID u< © 


cm 
\ 


œ fin) , 
erie: o9 


n=l 
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s Lr(r = 1, 2 f W 
"(f= l; 2) 0 j 
Necessary Conditions for Convergence IN ( | 


m> linm 
Consider a class of processes {Zn} such that m, converges i ott ne lonotone 
ni from above or below. All e have the same sign a eli Pe 
n fro fy : 
fas 10 ing sequence. Let e(x) denote a positive non-increasing unction such 
increasi | 


that 
e(n) = | €n |o n 2 l. 
and 6°(x), a positive function such that 


o?(n) = o2, n Z Is 


Theorem (8.3.1) (F.C. Klebaner, 1984) 


If sequence {E(W,)} is bounded, then there exists a random variable W with 
E(W) < œ, such that W, converges to W almost surely. Moreover, 


> lez, |< œ a.s. on {W > 0} 
n=0 
Proof 


If {E(W,)} is a bounded sequence, then from (8.3.6), we see that. there exists 
a constant K such that for all n 


|= EWez,)| < K. | (8.3.12) 


Since z, are all of the same sign and W,, are non-negative, from (8.3.12), 
we get that for all n 


Z, EW, | ez | < K. (8.3.13) 
This implies that 

EA EW, | EZn | =< 00 (8.3 14) 
and 

bA Wa | ez | < œ a.s. | (8.3.15) 


<i OPN , 
ince {E(W,)} are bounded, using (8.3.10) and (8.3.13) we get that, 


Sup E| Yn| < oo. 


Hence by the martin 
variable Y such that Y 
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n=0 ' 
By Fatou’s Lemma 
F a. tn gd 
(W) < lim inf inf E(W,) < œ. 


By (8.3.15), we also have, 


$ 
k | ez | < œ a.s. on {W > 0} (8.3.16) 


COROLLARY Souk 
If Wn converges in Lt (r > 1), then W, converges almost surely. 


Theorem 8.3.2 (F.C. Klebaner, 1984) 


The following condition (A) is necessary for convergence in L! of Wy to a non- 
degenerate limit W: 


Biel < © (A) 


Froof 

Let W, converge to W in L’. Then by Theorem 8.3.1, we have, 
S e(W,m") = È lez,| < œ a.s. on {W > 0} (8.3.17) 
n= () n=0 


Since e(x) is non-increasing, from (8.3.17) we get, 


$ (Wr) < E e(Wymr) < œ, as. on {W > 0) (8.3.18) 
n=0 


n=! 
W is non-degenerate implies that 
P{W > 0} > 0. 


Hence by (8.3.18) and Lemma (8.3.1), condition (A) holds. 


Theorem 8.3.3 (F.C. Klebaner, 1984) 
I 
/ ojn men + en > 0 > 9 

r L?. 
for some o and all n, then {Wr} do not converge ™ 


Proof 
From equation (8.3.8), we have that 
EW24, > EWn + 0m 
— (1 + pm”) El Wa) 


> (1 + em Zo 


2EW$ 
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This shows that EW? > œ and thus the theorem follows 
Theorem 8.3.4 (F.C. Klebaner, 1984) 


Suppose that there exist 
$ a function o? (x) such that o? 
at o*(x)/x iy non- 
-increasing q 
nd 


onin +- 2me, + ef 
nave the same sign for all n > 1. Then condition (B) given below is an 
A) A 
conaition for convergence in L? of W, to a non- -degenerate limit W: 


2 
S On 


CESIar y 


kie 72 = © (B) 
Proof 
If W, > W in L? it follows by 3.9) that, 
= EW? | =" + 2m ez, + | < © (8.3.19) 
By Corollary (8.3. 1) aad ite (8.3.19), we get 
oo or, 
2 + 27, | < œ a.s. on {W < 0} (8.3.20) 
Using equation (8.3.20) and e 3.16), we obtain, 
5 oc œ a.s. on {W > 0} (8.3.21) 
n=0 


o,/n is non-increasing and 0 < W < œ. Hence from (8.3.21), 


~“ O S AP) < 00 o?( W, m”) o o2 
W 1 o x | n YZn 
( 2, ee “Wome ZZ VA <= © a.8. on {W > 0} 

(8.3.22) 
Now, equation (8.3.22), the non-degeneracy of W and Lemma (8.3.1) imply 


that (B) holds. Hence the theorem. 
Sufficient conditions for convergence of W,, in L? 


Let {Z,,} be a class of processes such that there exists a positive non-increasing 
function ¢(x) satisfying |<«,| < e(n), n > 1, xe(x) is concave on R+. 


LEMMA 8.3.2 
Let f(x) be a positive non-increasing function on Rt, such that xf(x) is non de- 


creasing and 
5 f(n)|n < œ (8.3.23) 
n=0 

Let {an} be a sequence of positive numbers satisfying for some m > 1 and al 


n 2 0. 
| An+17 -An | < An Kam”) (8.3.24) 
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Then 
(i) lim an= a exists 


n= 0 


si ists a Constant Z : 
(ii) T here ee o dependin 
that if aj > Zo, then a œ> 0. S On x Junction f and ; ] 
| n Such 


Proof l 
From equation (8.3.23), we get that 


lim f(x) =0 
x->co 
Hence there exists a constant c such that fe) = 1. Define 
a bor asl (em). 


By Lemma (8.3.1) and equation (8.3.23), it is clear that, 


l < Xo < 9. 
Let 
b, —_ anlc. 
Then from (8.3.24), we get that b, > 0 and 
| bnp — ba | < bn f(bncm") (8.3.25) 


From (10.3.25) it follows that for all b, > 1, (10.3.26) and (10.3.27) hold. 


Also, 
| bns —bn | < bn fem”) (8.3.26) 


b (1 —f(cm")) < bni, < ball +S(em")) (8.3.27) 


Here we consider two cases: 


l. There exists 7, such that bn, > Xo 
2. Foralln `> 0, bn < Xo 


Case 1 
In this case, we show by induction on n that for all n 2M» 


n—l » 28) 
| < bn I (1—ficm*)) < bn < br nd + fem’) 


We have, e 


-E oh 
bm Z X0 ee By the 


| i fo 
f we together with (8.3.27) implies that (8.3.28) 's true 
Ole of ny, it is clear that, basn > 1- 
, ates 97) we Se 
Suppose (8.3.28) is true for 7, then by (8.3.27) 
+ 1. From (8.3 28) we get for all n 7" 


e that (3.3.28) is true 
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l < bnr < M = Di II (1 -+ f(cm")) < 0 (8.3.29) 
n=n0 


Using (8.3.29) and (8.3.26), we obtain that 
|bn+1—bn| < MRem") (8.3.30) 


(8.3.30) implies that {bn} is a Cauchy sequence and hence converges to a finite 
limit è, 1 < b < M, using (8.3.29). 


Case 2 
Since xf(x) is non-decreasing, we get from (8.3.25) that 
| bny1—bn| < bn S(bnem”) < Xo f(xacm”) (8.3.31) 


Equation (8.3.31) implies that {b,} is a Cauchy sequence and hence converges 
to a limit b. 
Thus in both cases 


lim b, = b exists and is finite. 


n->oo 


Hence 


lim a, = a = bc 
n->%0 


exists and is finite. Taking b, >x,, we arrive at Case 1 with n, = 0. Hence 
b > 1. This implies that if 


Ay È CXy = Zp, 
then 


agc>Qd0. 
This completes the proof of the Lemma (8.3.2). 


Theorem 8.3.5 (F.C. Klebaner, 1984) 
Suppose that condition (A’) given below holds, 


5 e(n)/n < œ, (A) 
then ™ 
(i) There exists lim E(Wn) =a, 0 <O0< o. 
(ii) There existy 7 random variable W with EW < oo, such that 
Wa, >W a.s. 


Proof 
From equation (8.3.5), we have, 


E(Wass) = E(Wn) + m-™1 E(Z,¢z,). 


Hence 


| E(Wn+1) —E( Wn) | = nant | E(Z 


n&Z n) | 


< m~- E(Z,¢)( Zn) 
<m-"-1 E(Z,¢)EZ,,) 
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= m EW ,&(EZ,) 


due to the concavity of function x e(x). 
From (8.3.32), we get, 


Denote by 


| E(Wass)—-E(W,,) | < EW,m-1e(EW,m") 


m = inf m, > 0. 
n 


Then using (8.3.3), we see that 


E(Zn+1) = m E(Zn) ZS m+ Zy = 0 and E(Wn) =. 0 for all n. 


(8.3.32) 


(8.3.33) 


Equation (8.3.33) implies that the sequence {E(W,)} satisfies conditions of 
Lemma (8.3.2) with 


xf(x) is non-decreasing, since it is concave on R+. Hence 


exists and is finite. 


Also, 


So for alli > 1 
and 


We also have, 


f(x) = m™ (x) 


lim E(W,) =a 


n-> 0 


a>0Oif Z > Zo: 


lim E,W, = ai 0 S 4 < © 


->00 


aq; > 0 if i> Z 


P{W, < x)= È PiP; (Wn < mX) 


From this equation we get, 


E; Wn = m! 2 P,jE; Wn-1 


j=0 


lterating the above equation, we obtain for alli,k > l 


E,W, =m-* 2 PY E;Wr-k 
j=0 


(8.3.34) 


(8.3.35) 


(8.3.36) 


(8.3.37) 
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- Taking limits as n > oo in (8.3.37) and using (3.3.34), we get, 


© p(k) 
a =m *> Pi’ a, for any i, k = 1, 
j=0 
We have assumed that 


Poo + Pm < 1 for alln > 1. 
Hence there exists k > 1 such that P® > 0 for some j > 2%. Thus we obtain 
a, > Ofor all i> J. 


This completes the prcof of Theorem (8.3.5) (i). 
Now consider the martingale defined by (8.3.10). 
Due to concavity of x e(x), we see that 


E | Wp ez, | < EW,e(EW,m") 
i< (8.3.32), and 


ES | Wiez,| == E| Wn Ez, | 
n=0 n=Q 


< È EW, (EW, m’) < © (8.3.38) 
n=Q 


Using Theorem (8.3.5) (i), condition (A’) and Lemma (8.3.1) the last 
series in (8.3 38) is finite. Now (8.3.38) together with Theorem (8.3.5) (i) im- 
plies that 


Sup E| Y, | < oo. 
and thus 
Y, —> Y a.s. to a random variable Y. 


From (8.3.38), we infer that T, converges almost surely. Then by Fatou’s 
Lemma and Theorem (8.3.5) (i). 


Wna > Was. E(W) < œ. 


This completes the proof of Theorem (8.3.5). 
Before proving the next theorem, we introduce the following fùnctions: 
o*(x), a positive function such that o?(n) > o? 


2 
g(x) = = + 2m (x) + €(x) 
h(x) = xg(vVx). 
Theorem 8.3.6 (F.C. Klebamer, 1984) 


° ° . ; P . E _ . es a N ` nd 
Suppose that g(x) is non-increasing, h(x) is non-decreasing and functions h(x) d N 
xe2(+/ x) are concave on R*. Suppose also that the following conditions ( 


CO 
and ( B’ ) hold: ING PROCEsg 343 
co a(n 
2 L < © 
co 1a) 
co?(n 
a ule < œ% 
(B') 


2 -2n z 
| EWS EW2 | < m 2n-2 EZ? (Z = ma2n-2 Eh(Z2) 


(8.3.39) 
By the concavity of A(x) we get for any random variable Y > 0, 

Eh(X) < h(EX) = EX .3(VEX) (8.3.40) 
Take 

X = Za in (8.3.40) 
Then 

Eh(Zn) < EZ; g(V EZ?) (8.3.41) 
Also, since g(x) is non-increasing and 

EZ, < VEZ! 
we get from (8.3.41) and (8.3.39) that 

| EW? — EW? | < m? EW2g(EZ,) (8.3.42) 
Theorem (8.3.5) implies that, there exists 3 > 0, such that 

EZ, > Sm" for alln > 0 
Hence from (8.3.42), : 

ñ 3.4 
| EW? , — EW2 | < mEW2g(8m") ae 
nt n 
. y et 

Now, from condition (A') and (B’) and Lemma (8.3-1) "ee 

$ g(èm") < 0. 

næl. 
This together with (8.3.43) gives, that (8.3.44) 


lim EW? exists and is finite | 
n> rarjable y. Then by the tri- 
Let |X |] denote the Z? norm of a random “® 
angle inequality, we have 
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n—1 
Yall < Wall + Tell I Wall +m > | Meg | (8.3.45) 


Since the function x £? (V x) is concave, we get 
EW% © (Zn) < EW; £? (EZy) < K€? (8m") (8.3.46) 


Using (8.3.44) and the fact that e(x) is non-increasing, where K is constant such 
that, 


EW? < K for alln. 
From (8.3.46) and Lemma (8.3.1) 


12 | Prez, i< E I Wa ez | 


n=0 
< Kk, 2 e(3m") < co (8.3.47) 
where 
K, = VK: 


Equations (8.3.47) and (8.3.46) imply that 7, converges almost surely and in 
L? and 


Sup || Yn || < œ. 


Hence, by the martingale convergence theorem, we obtain that 


Y, > Y a.s. and in L? 


and thus 
Wa, > W a.s. and in L?, 


L? convergence of W, implies that 


lim EW, = EW > 0 


n->oo 
using Theorem (8.3.5). 
This proves that P (W > 0) > 0 
and the proof of the theorem is complete. 


CoroLLory 8.3.2 . 
Suppose that for some N and all n > N the following conditions hold: 


len | <K,log-*n (C) 
on < Kan log® n (D) 


for some constants Ki» K, > 0, a, B > 1. Then W,, converges almost surely 
and in L? to a non-degenerate limit W. 
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Proof 
Take, 
N >N, 
log Ñ > (2a vB) + 1 
eum K, log x , forx >Ñ 
= LK, log“ Ñ forx< N 
o* (x)= ~ 


x xiogf x , forx>N 
K, N log-®@N , forx < Ñ 
Then choosing K, suitably, we can have 


Ky | en | < e(n) 


o < o? (n) 
Then we can verify that the conditions of Theorem (8.3.6) are fulfilled and 
conditions (A’) and (B’) are satisfied since, 


2 I/n logn < œ for anya > |. 
n=2 


Note 


Zubkov (1974) has given sufficient conditions for almost sure covergence of 
Watoa non-degenerate limit W. If «, = K/log (n +1), then s, > 0, monotone 
decreasing. Condition (A) fails because 


x I/n logn= œ 
n=2 


So by Theorem (8.3.2), the sequence {W,) does not Converge in L? to a 
non-degenerate limit. 


- 8.4 THE TIME TAKEN FOR A POPULATION TO GROW FROM 
SIZE m TO SIZE km | 


P Is always interesting to calculate the time t 
ge: size or if itha 
ze. Aidon Sudbury 
a the original pop 
e taken for a popu 


el ‘ 
“ither to INCrease to a 
Integers, 


aken for a growing population to 
S negative growth rate for it, say to fall to half its original 
(1983) has given limit theorems for these quantities, 
ulation size, m, is large. Let Txsm,y, x < m < y, be the 
lation size m at t = 0, to leave the interval (x, y), that is, 
tleast y or fall to atmost x, where x and y need not be 
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We consider the cases in which individuals have independent ex 
life times and the chief results are proved in the following theorems Ponentiaj 


Theorem 8.4.1. (Aidan Sudbury, 1983) 


Suppose we have a continuous time branching process, the Particles of wọ hich } 
independent exponential lifetimes (rate a) and offspring distribution an ave 
u and variance o°. Then, if mean 


(i) à = a (u—1) > 0 (supercritical) 


Ink 

< Í asini km r Sa 

mehe E al a 
o (tk)/Aky/ m 


(ii) à = a (u—1) < 0 (subcritical) 


Ink 
lim P Dini komyeo a ive 


me CG lalkym J OM 


vhere 


o (fk) =k (k—1) (62 + U—1)) pI 


Proof 

Supercritical case 
Consider a branching process in which each particle i has N; (t) descendants 
alive at time ¢ after its birth, where 


E {N; (t)} = w(t), var {N; (£)} = 0%(t) 


and p(t) and o*°(t) have positive continuous first and second derivatives. Let 
the lifetimes of the individuals until divisions be exponentially distributed 
with mean a~!, Then we can have the following inequality: 


PLZ Ni(t) >y) <P { Tomy, < t} (8.4.1) 


Every time a particle dies, the population makes a jump with mean (p— 1) > 9 
and variance o*, where u and o? are the mean and variance of the offspring 
distribution. Also the probability that a random walk, (mean p~! and 
Variance o°), starting at y never visits the region y—y, Yọ > 0, is asymptoti- 
cally 


exp {—2 (u—1) Y4/o%}. 
For large enough yy, this probability is less than 
exp {— {u— 1) Yo/0°}. 


POPULATION MODELS IN BRANCHING PROCESS 347 


Thus, We decompose the event - 

SNU > y—-Yo 
nto events conditional on whether the population has exceeded y before t or 
l 


not. This gives: 
P {2 N; (t) > Y—-Yo} > P 


(population exceeded y before t} 
x (1—exp (—(u—1) Yo/o")). 


Now, the event T (m, y) < t includes the possibility that the population 
has died out before t, on event whose probability is bounded above by &”, 
where & is the extinction probability. 

This fact, together with (8.4.1), we have 


P{ SN(O>I} <P {Tomy <8 
i=0 l 


<P (2 N (t) > Y— Yo. 


(1—exp (—(u—1) Yo03)! +4". (8.4.2) 


Now, by the Berry-Esseen theorem 
Sup | P{ È N; (t) < myu (t) + m? o(t) x}— (x) 
x i=1 


< C, E| N, (t)—e(t) È/o° (t) m2 (8.4.3) 


and thus normal convergence holds uniformly in x and uniformly in t-values 
inside a compact interval not containing the origin. Define 


w(t) = Ki q = t(m, x) = xo(tk)/ u (tk)m!!? + Ík (8.4.4) 
Then 


p m42(k—p(z))o(2) -> —x, as m —> oœ (8.4.5) 
ut 


t=, y = km and yy =m 0 < 8 < Fin (B42) 
Now, using (8.4.3) and (8.4.5), we get, 


P iz Ni(t) > km— mô} = P e = m (“Hoot 


+> 1—0(—x) = (x) (8.4.6) 


The O e 
uter terms in (8.4.2), both converge to ®(x) aud thus we obtain, 


im P Ín, m, km < tk + Tae et = P(x) 
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or 
lim P {eet 


Since the individuals are assumed to have 


we get that exponential lifetimes with mean g=1, 


— eM. 627) — o? + (u—1)? 
u(t) eM, a?(t) = (Er) (et — ert) 


(See Athreya and N 
Also, since ey (1972)). 


u(t.) = k, tk = A- Ink 
the proof of part (i) of theorem (8.4.1) is complete. 


(ii) Subcritical case 
In this case we use 


in equation (8.4.6). Since extinction is not an extra possibility but a certainty 
as m —> oc, in this case, we need not make use of the term &” and thus, using 
the similar argument as that of supercritical case, with the above modifications, 
we obtain, 


Ink 
ee Pe 
m->0o o(tx)/ | A | k/m ( ) 


This completes the proof of Part (ii) in theorem (8.4.1). Hence the theorem. 


Critical case 
A central limit theorem cannot be so easily derived for 


Tam, m, Bm> O <a<I1<&8, 


when the process is critical, because it is the increasing variance and not the 


mean which takes the population across the boundaries. | 
In this scction, we consider the case in which, the offspring p.g-f. 


f(s) = (s + s™)/2 
continuous-time simple 


(i.e.) the birth-and-death process with rates m/2 or the . ? 
d on absorbing barrier 


symmetric random walk with rate m at the point m an 
at 0. For this process we have the following result. 


Theorem 8.4.2 (Aidan Sudbury, 1983) 


lim 
m->oa 


p Termen = 2 [((1—«)ß In B + (B—1)a ln a] 
m B—a 
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Temmen) z 4 1 
lim var ~n (B—a)? Ke —«a)8 Ing + (8 —1)a Ina] 
| | x [P(L—ax)(61-3, B) + «(B—1)(a—1—Ina)) 
gies” ao (8~1)(8" 
: Qam pm : aa OF = —1)...(Br-1—] l 
ŮŮ a 
im | my ear 
„g on whether the population leaves (am, Bm) aboy 
i eth ond death process with rates at m of m/2. i i nee, 
or | 
im BY ee" exit at Bm b = g1) 2818 _ 2E- ma 
3 B—a ~~ (@—a\(1—a) 
lim ee exit at am ' =(«-1)+2 «3 Ina 4 B°1—a) Ing 
eee m P—a (B—a)(8—1) 


proof 
Levus initially fix J and n and abbreviate Ti m,n tO Tm. Let Xm be the waiting 
e until a split occurs at the point m. | 


Put 


tim 


Efexp (sTm)} = Fn(s) = f-(m)sr 


FS) = yg hmals) + Faal) 


Expanding in powers of s and equating powers of srt}, we obtain, 
| 
faln} (feagn--D) + fn + 1) = = Aln) (8.4.7) 


Consider the differential equation, 


Um—} (Um_—y + Ummy) = h(m), t = Un = 0 


This equation has the solution, 


(8.4.8) 


= Le Am) "Sr h 849) 
Um =2(m—l) È h(r)+2 2 (r—l)h(r)— ae me a (r—1)-h(r)  ( 
m l 


i i ith boundary 
Now the term on the right hand side of equation (8.4.7) is lm, with bo 


COndition 


EIT} = 0. 


h(m) = 1/m. 


Replacing the sums in (8.4.9) by integrals, we obtain 


1-2), mla) + 0) 
B laiada] = 2m[(1 —«) Ing + a Ina + (=) n(? 


| is O(m°). 
‘INCe the error involved in replacing ÈZ m’ by | mdm is 0( 
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Hence, 


2 | 
im {2 Tom monif = gg [IP IB + (B— 1a Ing 


m->0 
Similarly, we can obtain, 


4 
lim ‘a Var Tommandy EET [(1—a)B Ing + (B—1)a Ina] 


XIB(L—a)(B— I~ Ing) + a(B—1)(a—1— Im) 


Next, we shall calculate the expected time to exit from (am, 8m) given respectively 
that exit occurs at am and Bm. 
Put 


Um = E{T m,m,gm | exit occurs at Bm} 


dm = E{Tom,m gm | exit Occurs at am} 
and 


l = [am], n = [Bm + 1] 


Then the probability that the exit is at n given the first move is to m—] 
is (m—1—1)jn), 
Hence, given the exit is at n, the conditioned probability of the first jump 
m—1|—TI 


m+ 1—l 
is to m—1 isf mE, ) and that to (m + 1) is 3 ( m ) 
This implies that 


—l—/ —/ | 
Um— $ (=5 ) Um—1 + (” tl ) um = l/m. 


Pm = (m—I) Umy 


Putting 


we get 


Yn—3(Vm— -= Vm41) = (m—TI)/m, 
This equation with 
f(m) = (m—1)/m 
is in the form of equation (8.4.7). 
Now using the Solution given by equation (8.4.9), we obtain, 
n= 2B (EL) 2 mee 2 ated 


i r m—] i r (n—l) l r 
Approximating the sums by integrals, 


we get that 
a Spele 2aß Ing _ 2æ(B-1) 


— (8—a)(1—a) Ine + O(1/m) 


Similarly we obtain, 


a 


m 


m =~ (la) + 288 tna, 287(1—a) Ing 


K 1/m) 
Ba teyp +m 


a l 
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These equations on taking li 


mit as m+» CO leld 
Now consider the case ; ete 


n which & = 0. We have, 


lim z {Femen = 2g 


quired resuit. 


M>) m 


= Y AREN m 
lim Var {eean = 4ng (8—1—Jng) 


M> 

and 
lim F f Temen exit at em! = (8—1) 
M->0o m 

Put 


h(m) = meni q 0(m2-2) 
in equation (8.4.8). 


When / = 0, we get a solution of the form 
2 | 
= a a+1 a 
| Um aa F © 1) 74+ + 0(m°) 
By the successive substitution of the values of f(m), ia equation (8.4.7), we 
get, 


— l` 2 — r—1__ 
f(m) = 2m In B 2m ED 2m Ce 2m re + 0(mr-1) 


This implies that 
e Tom, m r 2r — 2—] eee Fr] 
lim E4 (=en) a e ord Gay m 


Error bounds for the probabilities 


First let us state a theorem due to Hall, P, which uses convergence to a chi- 
Squared distribution. 


Theorem (P. Hall) 


Suppose X takes values only in the set a + dZ, d>0, Z={... —1,0, EA a 
that E{X} = 0, o°(X) = 1, u, = Efx3} > 0 and E{x*} < œ. Defining v = [8m/p2 
and Sp = X,+...+ Ym, 


] 
Pim? Sm < x} = P fon Ear rr sn 


+ mtd d gg -DG + Oh Ha) + 0r, 
“niformly in x of the form (ma + rd)/Wm, where rE Z, as m > œ. 


OW we substitute 
— qt = t(m, x) 
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and then 
t = t = t(m,—x) 


in equation (8.4.2), using the expression (m, x) defined in equation 
Ignoring the exponential term and & in (8.4.2) and subtractj 


(8.4.4). 
ing the equati 
obtained by substituting the tuo values of t, we get OOS 


P {E.Ni(z*) > y—yo} — P {F Nà) > y} 
>P T < Tysmsy < wy 


> P{ZNi(tt) > y} — P {2 NT) > y—yo} (8.4.10) 
Put 


Xı = (N:(t)—u(t))/o(t) 


for t = t+, t into the above-theorem due to Hall. Let F, be the distribution 
function of (2v)-"2 (%2—v). Then the left-hand side of (8.4.10) becomes, 


F(x + O(m—2))—F,(—x + O(m-1"*)—- me? 6-1(t,)) 
Now x must be approximately Z,(a/2) where 


F(Z,(«/2)) —F,(—Z,(a/2)) = 1—« 


To produce a(1—«) confidence interval for Tysmskm. The largest error is due to the 
term in m®—l2, which is exhibited in the final equation. 


The formula 
2 2 2\3 - 
Kya = (z J5 + I—ġ) 


is extremely accurate for v > 100. Thus we may approximate 


Z(0,/2) = i (ane a a =) 1] 


where for v > 1000, 1.96 < Z,(0.025) < 2.00. 


Therefore we have, 
Zv(a]2)o(ty) , m 4) f 
P Tat dah SA. sn O(m 
i rS akyn Ek" l 


= 1a + O(m) + Ofexp {—2(u— 1m?) + 0E"): 


Ink 


T 
om, km T 


9 


Estimation Theory in Branching Processes 


9.1 NON-PARAMETRIC ESTIMATION IN THE 
GALTON-WATSON PROCESS 


Here we consider the Galton-Watson process {Z,};-0, Where Z, denotes the 
number of objects in the population at time ‘n’. Given Z, > 0; 


Zn 
Lit) = 2 Xj; 
j=0 
where the X,’s are independent random variables with probability generating 
function, 
9 . 
h(s) = 2 pjsi, 
j=0 


where 
pi = P(X, = j). 
If Z, = 0, then Z,,, = 0. Assume that, Z) = 1, Po + Pı < land p; #1. 
Let h(s) be the generating function of Z,. Then, 


h,(s) = h(hy_,(s)), n = 9, 1, 2, .... 


Since Za = 1, h(s) = s. Take h, = h,(0). 

Stigler (1971) (see Pakes (1974b) for reference) has proposed a means ot 
estimating A(s) and the probability of extinction of the process, viz. q, which 
is the least positive solution of s = h(s). This was accomplished by isolating 


a generation of size Z, = m > 0 and defining the estimators, 
p; = (number of X, = j)/m, (j = 0, 1, 2, ...) 
and 
h S) = 5 psl. 
hmíS) fa Pj 


The properties of {hn(s)} and certain functionals thereof were studied as 


354 BRANCHING PROCESS AND ITS ESTIMATION 
m -> œ. In particular when the process is sub-critical g that m, = h (] Sie 
then, this approach gives mis-leading results. This 1s A to the fact that (z 
tends to stay small so that it is not appropriate to consider large values of m 
Pakes (1974b) has considered the non-parametric procedure Suggested bi 
Stigler. He has defined estimators for the offspring probabilities and probs. 
bility generating function and for the extinction probability of the Galton. 
Watson process. These estimators are shown to be conditionally Consistent 
and asymptotically normal in the non-critical case and to the lack these pro. 
perties in the subcritical case. He has also considered the Corresponding 
situation when immigration is permitted. 


9.1.1 Sequences of estimators of p; (j = 0,1, 2, ...) and A(s) 


Here we assume that the age of the process is known and that if 7, is POSitive 
we are able to observe Z,(k), the number of objects having exactly k-offspring 


(k = 0, 1, 2, ...). 
Now we define the estimators, 
P(n) = Z,(k)/Z, (9.1.1) 
and 
h(s, n) = £ p(n; 0< s< 1. (9 1.2) 
k=0 
If Z, = 0 we set p,(0) = 1. We say that {p,(n)} is c-consistent, if, 
P( | p(n) — pr | > e | Za > 0) —> 0, (n + œ; e > 0). (9.1.3) 
Now we write, 
P,(+) = P(- | Za > 0) (9.1.4) 
and 
En(-) = E(- | Za | > 0). (9.1.5) 


The multinomial theorem shows that, 


E [exp (— Opu(n) | Z, = j)] = (2 pr exp (—Ox//)V, 
= om () 
P od (9.1.6) 


Il 


(J 
Hence on writing, 
a”) = P(Z, = j PF > 0), 
we obtain, 


En (exp (—OPi(n))) = z (1 = pie(1—e-81)yha (9.1.7) 


and 


- _ 019) 
Fn xp (Ohe, m))) = ¥ (È py exp (Ostia. | 
Y =Q A 


: | 
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From (9.1.7) and (9.1.8) we find that Px(n) and h(s, n) are c-unbiased and 
we also find, | 


Var (P(n) | Zn > 0) = pe—p,V, (9.1.9) 
and 
Var (h(s, n) | Z, > 0) = o%(5)V,, (9.1.10) 
where 
o*(s) = h(s*)—(h(s))? (9,511) 
and 
Vn = E(Z5"|Z, > 0) = $ ayy (9.1.12) 
j=l 


Nagaev (1967) has shown that, 


(i) ifm,<1,0 < lim V, < œ 


n->o00 
(i) ifm, = 1, and A”(1—) < œ or 


(iii) if 1 < m, < œ then V, > Oasn > œ. 


Thus under conditions (ii) and (iii) our estimators are c-consistent and 
when m, < 1, this is not the case. 


9.1.2 Comparison of estimators of p, with those 
introduced by Harris (1948) 


Harris (1948) introduced the maximum likelihood estimators of px given by, 


pn) =( 3 LZm(k)f 3 2). (9.1.13) 
m=0 n= 


When | < Mı < œ, it follows from Yaglom’s theorem (Athreya and Ney, 


(1972, p, 30) and Pakes (1973)) that, {p,(n)} is a c-consistent estimator of px- 


When m <1, { pi(n)} converges almost surely to the quotient Ys Y of two 
Positive integer valued random variables whose probability generating functions 
(8) and g(s) respectively are the solutions of the functional equations, 


g(s) = sh(g(s)). (9.1.15) 


Thus estimators of Harris ( 1948) are not consistent, though they may be 


C-COn. 
Osistent when m, < 1. 
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9.1.3 Asymptotic behaviour of the variance of the estimators 


Nagaev (1967) has shown that ifm = | and A’’’(1 —) < œ then, 
V, = o((log n)/n). 


A further moment assumption yields the following result. 
Theorem 9.1.1 (Pakes, 1974b) 


If m, = 1, E(Zi**) < œ for some 8 > 0 and y = h”(1—)/2 then, 
Va ~ (yn) log n, (n > œ). (9.1.16) 


Proof 
We know that, /,(s) = h(A,-,(s)), (n = 0, 1, 2, ...), h(s) =s and h, = h,(0). 
By Nagaev (1967) we get, | 


_ f? h,(s)—h, 


Taking qn = 1—h, we have, 


fille T: n—| oo 
D= | MO a h'(in(e-)) | 
0 qn m=0 1/an 


From Pakes (1972a, Theorem 1) we find that the product in (9.1.18) is 
~ Kn™, 0 < K < œ. Since ga, ~ 1/yn we get, 


e-¥an du. (9.1.18) 


I, = o(1/n), as n > œ. 
From the lemma of Athreya and Ney (1972, p. 74) we get, 
(A,(s)—h,)/ (1 —/,) | 


5 Ns) [5-4 (=) tog (1+ col 


war 19 
t (1—s) (5 (s)—& (0) + ra (s)—r, o | ? C} | 


where 
and = yth" (1-16, 0 < Es) < 1 


Fa (s)—> 0 as n> œ uniformly in'0 < s < l- 


The contribution of the &(-) andr, (-) terms to 


1 
l, = | (-) ds, is 0 (n-), 
Again by le 4 | 
mma of Athreya and Ney (1972, p. 74) we gets 
(l—h, — 1 
A s) = (1+ yn(1—s))- , | 1—(1—s) en (s) j) ’ 90) 
IF (Is) int "gl 
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where 
Pn ($) == o(n-1] 
jiformly in 0 S $ < L. = 
It can be shown that, 
I, ~ (yn)- log n as n -> o. 
This completes the proof of theorem GED 
For the supercritical case Athreya and Ney ((1972), p. 38) has sh h 
mae as shown that, 


WS) = lim 1” (ha ($)—q) exists for 0 <s < l 
where 
n=l" (q) < l, 
Also it is the unique solution of the functional equation 
Q(A(s)) = n Q(s), (0 < s < 1), 
2(4) = 0, Q'(q) =1. (9.1.21) 


If 1 < m, < oo. then we can find a sequence of constants {C,} such that 


Zn 
Ct œ and a W, (n > 00) 


almost surely, Where W is a proper non-degenerate random variable and has 


a distribution function. 
In the following lemma Pakes (1974 b) determined the rate of growth of 


O(s)as sft 1. 
LEMMA 9.1.1 (PAKES, 1974b) 


If m, > 1, F(Z, log Zi) < œ 
and 
§ = — (log njlog «) then, 


O(s) ~ QO) I—s)~, as s Î 1, (9.1.22) 


where Y(-)and F(-) are the Laplace-Stieltjes transform and distribution function 
of W respectively. 


Proof 
BY iterating (9.1.21) we get, 
s 
O(s) = n" Q(h,(s)). l (9,1-23) 
Setting 
S, = exp (—m,~"), we get, 
(9.1.24) 


Q lsn) ~ 7" Q(4(1)). 


Since (1X Sn) ~ m,—" and Q(-) is non-decreasings t 
This Completes the proof of lemma (9.1.1). 


he lemma follows. 
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Pakes (1974b) has proved the following theorem by using the above lemma 
(9.1.1). 


Theorem 9.1.2 (Pakes, 1974b) 


In addition to the conditions of lemma (9.1.1), let è < 1. Then, 


1 
Va ~a" (1—0) | (a(s)/s)ds (9.1.25) 
where 
a(s)=Q(s)— Q0) = lim n= (ha(s)— ha) 
Proof 
The product representation of Kendali (1966) shows that 


9-"(Uin(s)—An)/s = o(h(s)— po), 0 < 5 < q. (9.1.26) 
By the dominated convergence theorem we get, 
1 
|" (ha(S)—hn)/s ds ~ n” | ) ds, 
0 


0 


Also 
, z 
|, (q—h,)/s ds ~—n" q(q) log q. 
Let l 
Q,(S) = n” (1,(s)—q), 


then the mean value theorem gives, 


Ons(8)/On(8) = h' (Enh (q), (9.1.27) 


where 
q < Én < h(s). 
Hence {Q,(s)} is monotone increasing. By lemma (9.1.1), 
lim QO,(s) = o(s) is integrable in [q, 1]. 


Thus by monotone convergence, 


1 
I. (An(s)—q,)/s ds ~ j” | O(s)/s ds. (9.1.28) 
q 
By observing a(s) = 
This completes 
Pakes (1974b) 


2(s)—Q (0) and a(7) =—Q (0), the theorem follows. 
the proof of theorem (9.1.2), 


has proved the following 


lemma. 
LEMMA 9.1.2. (PAKES, (1974b) 
Let 
CO=PWet|Wso,0< 


t< 0, E (Z, log Zı) < o0 
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and 0 < è < o. Then, 
G(t) ~ Kt?, as t } 0, (9.1.29) 


where K is a positive constant. 


Proof 
Let, 


40) = [7 e dat) = Oa) 
and 
h*(s) = h(q+s(1—q))/(1—q). 
It can be shown that, 
a ha (8) > Q(q+s(1—g)/U—9) = 2%(s) 


From the functional equation satisfied by 4(0} (Athreya and Ney, 1972, 
p. 25) we can show that, 


d(m, 9) = h* (¢(8)). 


By iteration we get, 


glm”) = ha (Q(1)). 


Whence 
b(m,") ~ n" O* ($0) 
and since ¢ (-) is monotonic we obtain 
| (0) ~ K0-*, as 0 > ©, (9.1.30) 
where 


K = Q*(¢(1)). 
Now. from the Tauberian theorem (Feller, 1966) the lemma (9.1.2) 


follows. 
Next Pakes (1974b) has proved t 


above lemma (9.1.2). 


he following theorem (9.1.3) using the 


Theorem 9.1.3 (Pakes, 1974b) 


Let m, > 1, E(Z, log Z1) < © and | < è < ©. Then, 
KARIR 


V, ~ lm", as n > @, 


where 
[= E(w-"| W > 0) < ©. 
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Proof: 
G(t) G 
F A pee i (Oa 
rom lemma (9.1.2) we can show that 7 > 0, as t-> 0. So, o, IS Integra. 
ble on (0, 1). Hence, 
1 
1—1} dG(t) is unif 
f (t) niformly bounded for 0 < e < 1. (9.1.32) 


From (9.1.32) we get ] < wo. 
Assume 0 < € < œ and W, = mi" Za. Then, 


na y, = En: 0 < Wn < £) + (We! W, > 
mi V,= ana (or > mea (9.1.33) 
Denote the first and second expectation in (9.1.33) by e(n) and e(n) 
respectively. From Jensen’s inequality and the Helly-Bray theorem we find 
that, 
E€ 
e(n) > G?(e)[(1 ~9 | fdG(t)]-!, as n —> oo. (9.1.34) 
0 
By lemma (9.1.2), we can show that the integral in (9.1.34) is ~ K’el+8, 


as e 0, where K’ is a constant. 
Hence, the right hand side of (9.1.34) converges to zero as e | 0. 


Let F,(t) be the distribution function of Wn. Then F,(t) -> F(t) at all 
continuity points of the latter. | 
Since, e,(n) = | t-i dF,(t), by the Helly-Bray theorem we get, 
€ 


ea(n) > E(W: W, > €). (9.1.35) 


Now by taking the limit e | 0 in (9.1.35) we get the proof of the theorem 
(9.1.3). 


9.1.4 Limit theorems for the estimators 


Here we first take the estimators { p;,(n)}. The subcritical Yaglom theorem 
(Athreya and Ney, 1972, p. 16) shows that, when m, < 1, the right hand side 


of (9.1.7) converges to, 


Z (pel —e-8"))i a} (9.1.36) 
j= 


where 
A(s) == 
J= 


Pe hae (9.1.37) 
is a proper probability generating function satisfying, 
I—A(A(s)) = m (1 —A(s)). (9.1.38) 
This again illustrates the statistical unsuitabil ity of Pakes (1974b) estimators 
in the subcritical case. 
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However whe 
n 1 <= mM, 


ditions, which one might rea 
are c-asymptotically normal. 


< œ, Pakes (1974b) 


shall see that subj i 
Sonably expect to hol subject to con 


d in practice, our estimators 
Theorem 9.1.4 (Pakes, 1974b) 


If px > 9 m, = 1 and MS et oD op <m, < œ then 


P | Zn \Y2 — 
as n> O; —-o< Z ce os: 
function. < © where @(-) is the standard normal distribution 
Proof : 


From (9.1.7) we get, 
En (exp i0Z,"? (p,(n) —px)) 


=> ((exp (—i0pz/j"")) (1—p_ (1— exp (i0/j42)))i a. 


First we take m, = 1. Split the range of summation into three parts, 
J S Kın; Kın < j < Kan; j >. Kn 
where 
IE E Ky < @. 
Denote the resulting components by 2,, 22, and 2, respectively. Now, by 
critical Yaglom theorem we get, | | 


| >, | > 1-e-*’, as n > œ. 


Similarly, lim sup | 2, | < 675”. 
n—->oo 


In 2, j > œ asn —> o. 
It can be seen that the coefficient of a)” takes the form 


—1/2 
exp (—0'p,2-PR2+00 )). 


Hence, 
2, = exp.(—O%px(1- 7). 
| je exp (o(nZ)™®) dP (Zn < nZ |Za > 0).  (-1.40) 
Kı i 


-Kly —e-Kal’, 
The integral in (9.1.40) converges to e Kuy —e—? 


This completes the proof of the theorem ( tion over j is 
< ©, the proof is very similar except the summa 


i i> Ka Cn 
{i <k, Ci} {K, Cr <j< KC ij? 2 } 


9.1.4) for m, = 1. When 1| < m, 
partitioned into 
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where {Cn} 1S the 1 | 
(9.1.1). Sequence of norming constants introd 


By the same ar 
guments P 
(9.1.5) and 6.1.6), s Pakes (1974b) has obtained the following the 

Oremg 


uced before lemm 
a 


Theorem 9.1.5. (Pakes, 1974b) 


If pk > 0, m= land h” (1—) < œ, then, 
Py [n/p -PH )** (py (n)—px) < Z] > H(Z) 
asn>O;-Oo <I Zz ow, 
where = 


f” ez diz) = [exp ey- 


Theorem 9.1.6 (Pakes, 1974b) 


If pk > Oand 1 < m, < œ then, 


Pa COT Ph) y? (pk(n)— Pk) < Z\—> H(Z) 


llc a (9.1.42) 
where 
[7 gloz dH(Z) = i e7812» dG(y) and G(-) 
p: i 
is as in lemma (9.1.2). 
Next Pakes (1974b) has proved the following result. 
Theorem 9.1.7 (Pakes, 1974b) 
If 
m, = l, k”(1—) < œ% 0r ifl <m < ®©, 
then, 7 | 
Pn[(Zn/9°(s))” (h(s, n)—A(S)) < Z)—> (Z) 
as 
n>æ2;—-0<Z< 0%. 
Proof: 
From (9.1.8) we get, 
E,(exp i0Za™2(h(s, n)—A(s))) | 
( 43 


(0.0) . j n) 
m B n $ oe (i0skj?Y ají : 
= Z (exp {HOW} E, EOP 
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When m, = lA (1—) <0o and | 363 
the proof of theorem (9.1.4) 
j> œ asn-— œ. Now, 


S fixed in (0, 1), 


we split the s fas j 
For the Only ultim um Over j as in 


ately significant middle range 


Exp 10s*j-U2 — i J epeks 
where + FOS — 92s2h 127 1. rej), (9.1.44) 


rk(/) = = (iO s%j—-U2)n My}, 
Now (9.1.44) gives, 
Lr |< | 0 [3 s3% j—312/12, 


> >] be) e tl | . 


œ 


Ș ET Binn aa 
2 Exp FOSY? = 1 + iOh(s) j-H?—62h(s2)/2j + O( j-4/2). 


Let T be the term (.)/ i i 
shown that (-)/ in the right hand side of (9.1.43). Now it can be 
T = exp (—670%(s)/2) + o(j-*?), 
where : 

Kın <j < Ky. 

Hence the proof of theorem (9.1.7) form, = 1, A”(1—) < œ. 

Similarly we Can prove the theorem (9.1.7) for 1 < m, < œ. 
| This theorem (9.1.7) is the dynamic counterpart of theorem 1, ii (k = 0) 
in Stigler (1971). There is no counterpart in the dynamic situation for the 
subcritical part of Stigler’s (1971) theorem. 


9.1.5 Estimation of the extinction probability 


The sequence of estimators {gn} of the exinction probability is defined by, 
gn = inf {s|h(s, n) = $3- (9.1.45) 


Within the present context the properties of these estimators seem more difficult 
to elucidate than in the ‘static’ context considered by Stigler (1971). 
It can be seen that, {gn} is not c-unbiased. Also, when m, < 1 the sequence 


Jn} i ymptoti jas it i hen m, = 1. 
{qn} is not even asymptotically c-unbiased but it is so w =! 
: surely on S = {W > 0} we get, Irn almost 


Since A(s, n) > A(s) almost 

surely on S. 
Let Py(-) denote P( |W > 0). | 
Now, by Stigler (1971) and theorem ( 


Pw((Zn)'¥2 (1—0) (qn—9) S 


Thus, Pakes (1974b) proved the following the 
Theorem (i) in Stigler (1971). | 


9.1.7) we get, 
Z) > O(Z) as n> %- 
orem which is an analogue of 


(9.1.46) 
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Theorem 9, 1.8 (Pakes, 1974b) 


U 1< m, < © then Z,2 ço S c-ai i 

n` (9n—@) is ce-as ’mptot i 

variance oè = (Waa) — gd ya, CP MPtotically normal wit, mean zero any 
For the critical case Pakes ( 1974b) has proved the: followin t) 

analogue of theorem 2(ii) in Stigler (1971). $ 


Theorem 9.1.9 (Pakes, 1974b) 


lfm = 1 and hD —) < ©, then {qn} is C-consistent and 
Pa(Z g) < Z) > P(Z(y/2)¥*); Z> 9 (9.1.47) 
OZ =. 


Proof: 
Following Stigler (1971) we have for Z > 0, 


P(Z,*(1—q,) < Z) 
SPU =A =z] Crn, n)/2 > RA, n)—1), (9.1.48) 
where Zn = ZZ, and (1 —Za)t <hl 


We can show that the last term in (9.1.48) differs from, 


Pa (Zh (ra, n)/2 > Zh, n)— 1)) (9.1.49) 


by less than, 
Pila = HP, « Z*)—> 0 as n -> oo. 


To prove that (9.1.49) converges to the limit distribution in (9.1.47), we 


use the fact that, 


bu(0) = È (exp (—i0j 12) È py exp (i0kj-U2)) ajm, 
| j=l k=0 


For , o 
Kın <j x< Kyn, (-)) = exp (—y0? + o( J="Ż)), 


so, as in the previous proofs, we find that. 


L Plh (l, mja ] ) 


is c-asymptotically normal with mean zero and variance 2y. 


Hence the equation (9.1.47) follows. a 
This first assertion of the theorem, will follow when we show that h (fn, 11) 


is c-convergent in probability to A’’(1). Minkowski’s inequality gives, 
0 < (Ea((h” (rn. n)—h"(1))?)!? 


S (E, (h0, n)—h"' (Fn, n))*)"? + (E (k0, n)—h’’(1))*)!? 


2 1/2 
er + En~ 


We can show that s, — 0 as n > œ. 
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Using mean value theorem we get 

9 


" E, deve 5 = 
Cn S (2, h (1, n))*) -|- o(E ("C n))?: Z, < Z»). 
_ Asn—> œo, the last term in tl : i 
a dominated by 1e above inequality > 0, The remaining term 


o(hA) (1) V.) > 0, asn—> o. 


This completes the proof of theorem (9, 1.9) 


9.1.6 Galton-Watson process with immigration 


Here we consider a population process in which objects reproduced as in a 


Galton-Watson process with offspring probability generating function h(s). 
Also there is an independent immigration component acting in each generation 
(Athreya and Ney, 1972, p. 262). 

Let 


k(s)= 2 gj i, 
j=0 
where q; is the probability of 7 immigrants in a given generation and also let 
EA = 1. 
It is known that the population sizes at times, n, viz. {X,) is a Markov 
chain. We set, 
p = P(X, = j|X, =i), (i, j,n =0, 1, 2...) 


When the number of immigrants entering the population at each genera- 
tion can be observed, the work of Stigler (1971) may be directly applied to 
estimate {q;}. To estimate {h;} we follow an analogue method to that used for 
the process without immigration. Let Y,(k) be the number of objects in the 
nth generation having ‘k’ offspring (k = 0, 1, 2,...). 

Define the estimator of pk by 


Xn(k)/ Xn Xn 2 l 


p(n) = ; (9.1.50) 
dko / n 


where 8,; is the Kronecker delta. We use these estimators to form the em- 
Pirical probability generating function, A(s, n). By the multinomial theorem, 
We get, 
E(exp — 0 P(n) | Xo = È) = Plo (=C — e~*)) 
+ $ (pale) pi? 9-15) 
jel 


and 


op $ (Z pe exp (— O81) pi 


E(exp — 0h(s, n) | Xo = Í) = pio s j=! k=0 (9.1.52) 
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From (9.1.51) and (9.1.52) we get, 


E( p(n)— pr) = (Šok— Pr) pie (9.1.53) 
and | 
E(K(s, n))—h(s) = (LACS) pio” (9.1.54) 


Since k(0) > 0, p® > 0, for sufficiently large n, we can see that the esti- 
mators are biased. The biases are of constant sign. If no limiting distribution 


exists, then they converge to zero. When m, < 1 and > q; log j< œ, the 
j=l 


latter condition covering any situation likely to be of practical interest, {X,,} has 
a limiting distribution so that our estimators are not even asymptotically un- 
biased. So, we shall not consider the subcritical case in future. 

If 1 < m < oorifm, = land m = k'(1), h''CU-) < ©, no limiting 
distribution exists (Pakes, 1971a, 1971c). 

Hence the estimators are asymptotically unbiased. Also, from (9.1.51) 


and (9.1.52) we obtain 


Var py(n) = (1—px) TP -+ (Sope)? ph (1— pio) (9.1.55) 
and 
Var h(s, n) = 0s) TO + (1—A(s))? pie’ — ph’) (9.1.56) 
where 
TË = 2 py iit (9.1.57) 


Under the conditions stated above, we can show that estimators are 
consistent. Also we can find the asymptotic behaviour of pio as n->œ (Pakes, 
1971c, 1972a). So if we can determine that of T then that of the variances 
in (9.1.55) and (9.1.56) follows. Pakes (1974b) has proved the following result. 


Theorem 9.1.10 (Pakes, 1974b) 


Letm, = |, Sq) ilogj, Z hj jf? log j < œ and o = my. Then 
j=l jel. 


(i) ifo< l, 


! (9.1.58) 
TO ~x n? y | (U(s)—1)/s ds, 
0 
where U(s) is the solution of the functional equation 
k(s) U(h(s)) = U(s), UO) = 1 and 0 < p = lim no pW) << 0: 
OD ers (9.1.59) 


TË ~ (n(m— Y) 


ES 
TIMATION THEORY IN BRANCHING PROCESSES 367 


Proof: 
First we prove (i). Let 


pis) = = PAN si, 
jeo > 


From the conditions of the theorem we can find that 


Therefore by Pakes (1972a) we get 


of” o pi” (n) 
g 9). 
It is also known that 0) = (s)/ Pa > U(s) (9.1.60) 


of” (s) = (haC)! p(s) 


and 


po (s) = K(/n4(s)) ps Ys). 
Hence. 


og (Ss) = (k(An(s))/k(An—(S))) E) > of”(5). (9.1.61) 
Also it can be shown that as s+ 1, 


U(s)/u ~ (y(l—s))-° (9.1.62) 
so that 


1 
| (U(s)—1)/s ds < œ ifo < 1. 
0 
It is Known that, 


Tr | Poo = f (hals)? (06° (8)— 1)/s ds 


$ l l ((n(S))'— (hn(0))®)/ ds. (9.1.63) 


By using the dominated convergexce theorem and (9.1.60), (9.1.61), (9.1.62), 
we can show that the first integral in (9.1.63) converges to 


f (U(s)—1)/s ds. 
0 


Also, 
(hals) =F)" — 1 in [0, 1]. 


S 


Therefore the second integral in (9.1.63) converges to zero. 
Now we prove (ii). 
From Athreya and Ney (1972, p. 265) and Pakes (1971la), it is known 


that, X„/n converges in distribution to a random variable with the gamma 
density, 


g(t) = (YE)! (t/7)2-1 e~t”, (t > 0). 
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Also if co > 1, we have, 


f ~ g(t)t dt = (m— Y). 


We prove (9.1.59) in the same way as theorem (9.1.3). When o = 1, we 
find that, as n —> oo, 


T; ~ ni È u;/j, where, 2 uy S = u U(s). 
f j=1 j= 


Now from the corrected form of theorem 2 in Pakes (1972a) we get, as 
n —> 0, 


Li ~ (yn) log n. 
This completes the proof of theorem (9.1.10). 
Now we consider the case 1 < mı < œ. In the second part of the follow- 


ing theorem (9.1.11) we shall take i= 0 for simplicity. For the proof of 
theorem (9.1.11) we need the following results. 


Let è = k(q), then 
oo" py (s) -> d! Yo C(s) forO<s< q. (Pakes, 1971c). (9.1.64) 


We can also show that (9.1.64) is true for 0 < s < 1, 
Also C(s) satisfies the functional equation, 


8C(s) = k(s) C(A(s)); C(O) = 1. (9.1.65) 


If Zq; log j, Zh; j log j < œ, then X,,/m," converges almost surely to a 
proper non-degenerate positive random variable V whose Laplace-Stieltjes 
transform, (0) satisfies, 


$(0) k(Y(8)) = $(m,9), (9.1.66) 
where (0) is defined in lemma (9.1.1). It also satisfies, 
(m9) = A( (8). (9.1.67) 


Pakes (1974b) has proved the following theorem. 
Theorem 9.1.11 (Pakes, 1974b) 


Let 
co fee] 
2 q;logj, 2 h;jlogj < œ, m > 1 
j=l jul 


and 
= — (log 8)/(log m,). 


Then, 
i) ifT < 1, asn => œ, 


TO 8" y q! Í * (C(s)—1)/s ds (9.1.68) 
0 


~ 


ESTIM ) 
ATION THEORY IN BRANCHING PROCESSES 369 
Gi) fT > 1 andi = 0, as n > co, a 


T,® ~ m, E(V-1), 


(9.1.69) 
proof: fs ° | . 
first we prove (i). By iterating (9.1.65) we get, 
C(s) = 8-" C(h,(s)) Po(5). 
Take 
Sn = exp (—m,-"), 
Now we get, 
C(s)~3-" C(U(1)) 4(1), as n> o, (9.1.70) 


From (9.1.70) we obtain that, as s+ 1, 
C(s) ~ CHI) (1) (1—s)-7. 
1 
Hence when T < Lf C(s) ds.< œ. 
0 


We complete the proof by the same manner as that of Theorem (9.1.10), (i). 
Now we prove (ii). 


It is very similar to that of theorem (9.1.3). To prove (9.1.69) it is enough 
to show that, 


E(V=") < œ (9.1.71) 
and 


(P(O < V < t)PJE(V;0 < V <t)->0, as t40. (9.1.72) 
If we show that ast J 0, 


(9.1.72) 
MI +T) 


then, (9.1.71) and (9.1.72) follow. Here F(-) is the distribution function of V. 
The distribution of V is concentrated on (0, 00). so ¢(8) | 0 as 8 | 0. 
By iterating (9.1.66) we get, 
n—! : 
gmi) = $(1) I kvm) 
Now (9.1.67) gives, 


Yom?) = ha). 9.1.74). 
Thus, 


1 | d 1 C . 9.1. 75 


O~ ya (1) CCDE- 
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Using the Tauberian theorem (Feller, 1966, p. 445 in 2nd ed.) equation 


(9.1.73) follows. o 
This completes the proof of (ii) in theorem (9.1.11). 


When T = 1, we conjecture that, 
Ti) ~ q' Yo C(Y(1)) PC) 8" n log m. 
Pakes (1974b) has obtained the following result. 


Theorem 9.1.12 (Pakes, 1974b) 


If px > Qand if m, = l and mọ, h” (1—) < œ or 1 < m, < œ then, 


P((Xn/ pK ?® )"* (p(n) pr (n)) < Z) > (Z) (9.1.76) 
and 
P((Xnlo? (8)!2 (h (s,n)—A(S)) < Z) > OZ) 


asn > ©3;—0 < Z<. (9.1.77) 


9.1.7 Estimating the variance of the offspring distribution in a 
simple branching process 


Let Z, = 1, Zi, Z,, ... denote a supercritical simple branching process of the 
kind that is commonly but inaccurately termed Galton-Watson process. 
Suppose that 


l < EZ, = m and 0 < Var Z = œ < o. 


In this case it is well known that there exists a non-degenerate random- 
variable W such that 
lim m" n = W 
n->00 


almost surely (a.s.). 

It is also well known, and easily deducible from the above a.s. convergence 
result, how to estimate the mean m of the offspring distribution on the basis 
of a single realization {Z,,0 < n < N + 1}. In fact, 


a.s, 
—] 


on the nonextinction set {W > 0}. Alternatively, the maximum likelihood 
estimator 


N+! N 
2 Z|? Zj 
jel — jJ=0 
may be used and, again othe nonextinction set {W > 0}, 
N+1 N a.s. 
>> Zil x Z; ——> m. 
j = | =() 


j= 
(See Heyde, C.C. (1970)). 
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The maximum likelihood estimator, however, does not appear to have any 
special optimality properties in this context. 
Consider the estimator 


N F _ 
N™ = (Ziti — MZ} Z7! 
Jam z 
where 
m = Zyl ZN 


to show that it is strongly consistent for o on the nonextinction set {W > 0} 
and obtain a central limit result and an iterated logarithm result which give 
information on its rate of convergence to o°: 


Theorem 9.1.13 (C.C. Heyde, 1974) 


Let 


as -1 


Then, on the non-extinction set {W > 0}, 


N A a.s. 
N 2, (Zn —mZ;} Z7! —> œ as N > o. (9.1.78) 


Proof: | 
There is no loss of generality in giving the proof for the case P(Z, = 9) =0 
in which case Z, -> œ a.s. as n — co. When P(Z, = 0) > 0, it is well known 


that Z, -> œ a.s. on the set {W > 0}. 
Let F, be the o-field generated by Z,, Zs, ... Zn and put 


Uny = (Zn MZ} Zy — oê, (9.1.79) 
Then, since | 

Z, = ZO + ZO +... + Ze (9.1.80) 
where the Z? are independent and identically distributed (i.i.d.) each with the 
distribution of Z, Now 

EU vay | Fe) = E(Z-((ZP— m) +... + (ZEP — m} | Fay — oF = 0. 
and 
E | Uny | S 20° 


so that the U, are martingale differences. (9.1.78) can be proved using strong 
law of large numbers for martingales. Using (9.1.79) and (9.1.80) 


Uni = Z73182, — 0 (9.1.81) 


where 
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being i.i.d. each with the distribution of Z, — m (“2” d 


ay, the X i 
say, the X; »), Then by theorem 1 of Heyde and Leslie [1971], 


enotes PP 
distribution 


in 
P(| Unaa | > *) = PI | Z'S, — l > x) 

1; 0<x< oe? 
D | P(S}, > Zax), X > 0 

l, 0< xS o? 
D igata) + di) x > 08, aie 
where {d,,} is a certain sequence of positive constants with z dn < œ and $) 
is the distribution function of the unit normal law, N(0, 1). Now we put 

U, = U, |r| S Mh > 1 

and using (9.1.82), 


> n-*E(U,’ —E(U,' | Fr) 


n=1 


< E nE(U;')2 


n=] 


<2 5 n-~? | xP( | Us | > x)dx. 
l JOLSX<N 


n=] 

[03] n 0? oo 
< 2 2 n= f xdx +2 2 nt} | xdx 

n=1 Jo næj|g2]41 0 


+2 |, x(1 — (x12071) + dy_.)ax 


< [0] + 404 E n2428 dr <o. 
n=1 


n=0 


Here [o?] denotes the integer part of o?. Thus, using the standard Kolmo- 
gorov Convergence criterion for martingales (e.g., Loéve [1963], P. 387); 


n a.8. 1.83) 
m È {Us -EU | Fr} —> 0 0 
=l. i 


as n -> œ. 
Next, again using (9.1.82). 


S P(Ux £U) = È PCI Ukl > k < o 
kml k= 
provided that ; 
È {1—g(kio-t) } < o0 
k=] 


i 
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which certainly holds since 


l~¢ (2 o7) ~ (2m)-12 gf-1/2 e-1/2g2k 


as k > œ. Thus, the sequences {U,} 


and {U 
from (9.1.83), (Ux 


‘} are tail equivalent and hence 


= : y 4.5 
mE UE W Aio. 


(9.1.84) 
Now we shall show that 
E (Un! | Fn) — 
n | Fn) —> 0 (9.1.85) 
as il —> œ. 
Then of course n- $ E (Ux! | Fk) Aue 0, 
k=1 
so that from (9.1.84), 
H > Ug Bein 0 
k=! 
which gives 
N a.s. 
N13 (Zk mZ Zr! — o. (9.1.86) 
k=1 


To prove (9.1.85) we note that, using the martingale property 
E (Un | F azi) =—E (Un I(| Ua | > n) | 2s) 
= o? P( | Un | > n | Zai) 
szo Emn a U Fa 
and 
a.s. 
P (| Un | > | Fn) — 9 
since 
$ EP(|Un| > n|Fni) = È P(| Ul >< 
n=1 næ 


as shown above while, for n > 0°, | 
-1E ((Zn—MZn-3)2 1 (| Un| > ”) | F n-1) ; 
< Z2, E (Za—mZn-s) 1 (Zamna)? > Maa) | Fea 


5 0 as n> ©, | 
y integrable. The uniform inte- 


recalling (9.1.81) and since {Si/k} is ae f Theorem 5.4 of Billingsley 


grability of {S/k} is a simple consequence O 
[1968]. 
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Finally, 
UN = A ee N 
z ( k+ mM Zk)" Z = N T Zit m2 ,az io 
+ 2N-! (m -MÈ (Z ker — MZe) + N-1 (m—m)? F z 
kai (9.1.87) 


The first term on the right hand side of (9.1.87) tends a. 
(9.1.86). So to complete the proof of (9.1.78), we need to show hath ne y 
and third terms on the right hand side of (9.1.87) tends a.s. to zer © Seong 


To deal with the first of these, note that 


E(Zji1 | Fj) = mZ;. 
So, that 


n l 
{2 (Z; —mZ;), Anyi} is a martingale. 
j= 

Also, 

E((Zj4,—mZ))* | F j) = Zj? 


so that 
E (Zj,,—mZ;)* = o®m/ 


and 


D m` j> E(Zj44—mZj)" < œ 
jal 


which ensures, by the Kolmogorov condition for martingales that, 


N AS. 
mM NEN PD AZ jar mA ——> 0 (9.1.88) 
j=l 


Furthermore, Theorem 2 of Heyde, C.O. and Leslie, J.R. [1971] shows that 


A =l <A 
m—m = Zy4,Zy—m = o &(N) (2Zy log N)? (9.1.89) 
where (N) has its set of a.s. limit points confined to [—1, 1] with 
lim sup (N) = + 1 a.s., 
N->0o 
lim inf &(N) =— 1 a.s. 
N->%0 
Then, using (9.1.88) and (9.1.89), 
mNZĘ) yu} 


s {é (N) (2 log N}? NOME 


~a 


i N 
N-} (m—m)® (Zia —MZ,) = 
= 


~ 
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N 
x m—-?N N-34 5 ae a.s. l 
{ 2, Sia mZj)}—— 0. (9.1.90) 
For the third term on the right hand Side of (9.1.87) we have using 
(9.1-89) again, 
; ` 
-^2 _ 25-2 —1 = p N a.s. 
ym? È Zi = 20 {E°(N)N— log N}H{mY Z-i}{m- È Z) 30 
(9.1.91) 


since N a.s. 
m Z Z; —> mW|(m—!) 
juni 


py theorem 3 of Heyde [1970]. The Proof of Theorem (9.1.13) is then com- -~ 
pleted by using (9.1.86), (9.1.90) and (9.1,91) in (9.1.87). 


theorem 9.1.14 (C.C. Heyde, 1974) 
Suppose that EZ$ < ow. Then, as N > œ 


N A 
P(N!H{20 {N E (Za mZ}Z7' — o} < x |Zu > 0) > ġ(x). 
j=l 


Proof; 
Again we shall just give the proof for the case 
F(Z, = 0) = 0. 


We first set out to prove 


N l 
NP (0Y YN- È (Zijn — mZ; zZ? — o*} => N(0, 1) in distribution 
jo) 


ace m by its estimator m. The central limit re- 


and then show that we can repl 
ingales (Theorem 2 of 


sult is obtained from a central limit theorem for mart 
Brown [1971}) applied to the martingale 


{ > Uj P Nj. 
jul 
Using (9.1.80) and writing 
Tz, = (Z® —m) + ... + (2P" — ” 


E(u2 
in Fa) = EZT, — 0°) Fa) 


= E(Z AIt | Fn) — 9's 
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_ and | 
E(Z,*Tz, | Fu) 


“i 


~ EZ- zy (i m) +6 > (ZD — m)? (Zo) — m)?) | F n} 
n i Zunzt>j 
= Zy'E(Z,—m)* + 3641 —Z-!) — 301 
as n —> oo. Hence 
nt E E| Fy.) —> 2o, (9.1.92) 


Also, since EZ, ' < y” for some y, 0 < y < 1 (See the proof of Theorem 2 
of Heyde, C.C. and Brown. B.M. [1971]), 
O nS EU 4 
2, Gj) > 20 (9.1.93) 
Thus, writing 


= j=l 
we have 


~ 


= n 2 a 8. 
S- 2 BU F e Pag > 0, (9.1.94) 


Next, we need to show that a Lindeberg condition is Satisfied. 
In fact, the following is needed 


S? È EUFI|U,| > eS) +0 
as n —> œ foralle>0 and this is clearly satisfied if 
S È EUEN|U;| > e5))-+0 
and hence, in view of (9.1.93), if | 
E(Un I(| Un | > n n12) -5 0 


as n —> œ for all 7 > 0. 
Now, using (9.1.81), 


(9.1.95) 
for n sufficiently large, 


2 
E(Un (| Un] >n ni’) = E (Z2 SZn-ı— 02)? I| Zrt: Sn —0?| > n n*/2)) 
S PE(Zr21 Shp UZ? S21 > N?N) 
| + 264 P(SZ,_. > qn? Va 
The first term on the right- 


hand side of (9.1.96) tends to Zero as N-> œ 


. | 
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‘a view of the uniform integrability of {s4 2 
example, from Theorem 5 of Brown. [1 st 
1968]. The fact that the second ter 
to zero as n —> œ follows immediate 
(1971). 
The required conditions are thus Satisfied 


application of Theorem 2 of Brown, B.M. ( hock rs (9.1.95) for the 
S Ives 


h in turn foll 
; Ollows, fo 
70] and Theorem 5.4 of Billingsley 


$ n kaa right-hand side of (9.1.96) tends 
heorem 1 of Heyde and Leslie 


N 
=2 . . i 
Sy > U; > N(0, 1) in distribution, 
that 1S, 


N 
2g4)-1 N12 Wo ne 7 
(20°) a (Zj41—MZ))? Z- o > N(0, 1) in distribution. 
(9.1.97) 


Finally, it is required to show that a 
We ENG m can be replaced by min (9.1.97). 


N 
(204)-1 N12 wo È (Zam Zj)? Zy —ott 
J= 


N 
= (20) mafya È (Zj+ı—mZ;)* Z;'—ot} 


a N 
as 2(204)-! N-12 (m—m) 2 (Z; —mZ)) 


j=l 
A N 
+ (264)-! N-4? (m—m} È Zj. 
j=! 
In view of (9.1.97) it certainly suffices to show that 
a N a.s. 
N-2 (m—m) 2 (Zj —mZ;) — 0 (9.1.98) 
j=l 
and 
A N a.s. . 
N-12 (n—m)? È Z; —> 9 (9.1.99) 
j=1 
To prove (9.1.98) we first note that, in view of (9.1.89) and the fact that 
Zn/mN a", W, 
a.S. 
m-ìN (log N)-! (Zn mZ) —> 0 
Then, using the Toeplitz Lemma (e.g. Loeve [1963], P. 238) 


N , -1 N o as. 
(2 mi log i) X (Zj4;—mZj) ——> 9 
*—] | i 
and : 
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r N , 
N= (m—m) È (Zza —mZj) 
j=1 
N 
= o{&(N)N—"? (2 log N)"? mN ( Z minj log j) 
J=1 


N N 
X {00N ZU} E mi log j- F (Zj4,—mZ,)} 
| j=1 j=l 
aise 
—— 0 
since 
N 
m—?N N-12 (log N)? 5 mY% log j 
j=1 


N 
~ mN N-12 (log Ny | exp {x log m!/3} log x dx 


~ (log m'/?)-1 (log N)?! N-12 -> 0 
The result (9.1.99) is proved by noting that 


~x N 
N-12(m — m)? 2 Zi = 20°{8(N)N-12 log N} nN Z~3} {mN Zi} 


2 0 as with (9.1.91). 
This completes the proof of theorem. 


Theorem 9.1.15 (C.C. Heyde, 1974) 


Suppose that EZY? < & Jor some Š > 0. Then, on the non-extinction set 
{W > 0}. 
N A 
N Z (Zi mZ;)? Z731 = o? + (N )(40tN- log log NH? 


~ 


where (N) has its set of a.s. limit Points confined to [—1, 1] with 


lim sup „(N) = + 1 a.s., 
N ->00 
lim inf »(N) = —1ass. 
N->00 
Proof: 


Again we shall just give the proof for the case P(Z,=0)=0. The result is ob- 
tained. with the aid of an iterated logarithm result for martingales (Theorem ! 


N 
of Heyde and Scott (1973)) applied to the martingale i x Uj, Fp. 
: j=l 


Again putting 
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‘. that rder to apply Theorem 1 of Heyde and Scott (1973) 
a 5, {EUs n | Un | < 8S;)) < œ for some 3 > 0 (9.1.100) 
2 STE (| Un | N| Un| > eS,)) < œ for alls > 0 

a (9.1.101) 
S23 U2 > 1 asn > o. (9.1.102) 


That (9.1.100) holds is easi] 


y seen from (9.1.9 ; l 
of the argument is used to show that ( 3) and a minor modification 


2 n? E(Uh') < o 


in the proof of Theorem (9.1.13). 
To show that (9.1.101) holds we first note that, using (9.1.81) and the C,- 
inequality (e.g., Loève (1963), p. 155.) 
| E| U, |2+1/28 a E| PA S EEE |2 +1128 
< DE Saa |)? a 
= C= g 


for some C > 0 where we have employed Theorem 5 of Brown (1970) to uni- 
formly bound Alle (Ezaa (e's 


n—-1 


Then, using Markov’s inequality, 
P(\Us|S Hex" 6-2 F\ Un |e? < Cx-2-1/28 (9.1. 103) 
In view of (9.1.93), the result (9.1.101) holds since, for any y > 0, 


£ n"? E(\ Un! I(|Un| > qnt?)) 
n=! 


> : 1/2) - 5 anj P(| U,| > x)'dx 
<n Z P(|Un| >a EN HU | > x) 


5 1/2)-2-1/28 L C > n-1/2 p i x-2-1/28 dx < Q. 
< C= (h) ae Ne ee j 


nyn 


To prove (9.1.102) we need to show that 
n a.S. 
n-1> {U2—E(U3 | Fy+1)} —— 0 (9.1.104) 
j=l 


and then the required result follows using (9.1.93) and (9.1.94). The result 
(9.1.104) is obtained by similar argument used to derive the strong law for 
martingales in the proof of Theorem (9.1.13). 
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In fact, now defining 
Un’ = Un I (Un < > 
n = Un ( n=), WS I, 


We Can use the previous argument up to the point of obtaining 


n , a sS. 
nt {Uk — E(Ux| Fua)} — 0 (2.1.105) 


c | 


We should also show that 5 n*d, < œ. But this holds, since d, decreases 


n=! 
geometrically under the present moment conditions (Heyde and Brown [1971], 
Theorem 2). 
Next, we have using (9. 1,103), 


3 n-\ B(E(U2I (Ui >n) | F n-1)) | 


= È n E (Ua I(U} > n) (9.1.106) 


n= n 


< È P(U?>n)+ È m= f” P (Ua > x) dx 
n=] 1 


o0 œQ co 
<C Z nH 1.CcCy na| xai dy < o. 


Thus, using the Kronecker lemma together with (9.1.106) 


n $ E(U2 1(U2>k) | Fr) —>0 
K=1 


and hence (9.1.104) follows using (9.1.105). 
Theorem 1 of Heyde and Scott [1973] then gives 


N 
È (Zj —mZj)? Z7! — No? 
lim sup hat AAE E EE ET AEE EE = l a.s., 


ND (2S2 log log $3 )"? 
N 
2 (Zia mZ} Z'N 
a a Oe L 
iint (252 Tog log Sz) 


and hence, using (9.1.93), (9.1.98) and (9.1.99) 


N a 

È (Zj — mZj)* Zy' — No? 
j TE c oe | Re 
lim sup ~~ GotN log log NJ i 

N A 

2 (Zisi as mZ 3)" Ar — No? 


im inf E I — lass. 
uo ni (41N loglog N)? ae 


The required result then follows. 


We are concerned with a supercritical Gal 
120; Zo= 1) defined on a Tree Probability 
and 0 < 0°? < œ be the offspring Mean 
well known (Athreya and Ney, 1972, P 
almost surely to a non-negative, non-d 
P(o > 0) = l — P (extinction of AN 

The results on Z, presented b 
are motivated by the following th 


ton-Watson Pro 
space (H 
and vari 
age 19) th 


cess Z = (Z,; 


"N ii converges 
ariable o, Say and 


yYK.N. Venkataraman 


and K. Nanthi (1932) 
corem (9.1.16) 


Stated without Proof, 


Theorem 9.1.16 (Jagers, 1975, Page 38) 


Let us define that 


when Z, > 0 
0 


Then, under P (-|w> 0), 


senen 
ws 


Y,(r) = i Zi (Lay = m' Zn) 


when Z, = 
the following statements hold, 


a) (Yr); r= 1,... T), converges in law, asn-—> œ toa normal random vector 


with mean zero and a non-singular covariance matrix [C,5], where, for 
nS 2 1, Cs =m (my — 1) (m — 1)-1!; y= min (r, s). 


b) (Ya(r + 1) — Y, (r); r = 1,... T) converges in law as n> œ to a normal 
. s . = . = t 
vector with mean zero and the covariance matrix diag {m-"; r 1,...T 


Remark 1 In the place of Y,,(r), we study here the sample functions 


a me A ‘ | A 0 
Y,(r) = Zn"? (Zn — m Zn) when Z, > 


(9.1.107) 
— 0 when Z, = 0 
where 
m= Zan | Zn when Z, > ; (9.1.108) 
— 0 when Z, = 0 


i N for m. 
is recognized as the Lotka-Nagaev estimator (Nagaev, 1967) for» 


Theorem 9.1.17 (K.N. Venkataraman and K. Nanthi, 1982) 
Under 


P(-|o > 0), (%, (1) r = 2T) 


= say 
f Y(r): r = 2, T), 

„ "verges in law, as n -> œ, to a normal ecu yy : 2 

having zero mean and covariance matrix [Ars] PRETE) i 
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(i) hrs = (m— 1)-? o? [(r—1) (s—1) Gn 1) mits? + m1 (mw-1—1)] 
(ii) u= max (r,s), and v = min (r, 5), 


Proof: 
Theorem (9.1.17) follows from the application of lemmas (9.1.3), (9.1.4) and 


_ (9.1.5) given below, a Slutsky type theorem (see Loeve, 1963, Page 168) and 
Cramer-Wold device (see Billingsley, 1968, page 48). 


LEMMA 9.1.3 


Under 
P(-|@ = 0), 


(a) 6, > 6,, in probability. 
and 
(b) Z}? (m—m) (6,—8,) ->0, in probability. 


Proof 
Let, 
forr > 2 
ô, = (m—m)- (m —mr) when m= m 
— Pfr mr-l when m = m (9.1.109) 
and 
0, = rmr-1 


The proof of (a) is trivial. Application of Dion’s Theorem (Dion, 1974), to- 


gether with (a) yields (b). 


Let, 
forr >] 


Nir = (xo) —mr)—0, (Xi)—m); (9.1.110) 


where X{ is interpreted as the size of the rth generation of offspring flowing 
from the ith individual among the Z,, individuals in the nth generation of Z. 


Then we have the following lemma. 


LEMMA 9.1.4 

E(t», Niss) = ics F, S > 2 
LEMMA 9.1.5 
Under - 


Zn 
Pilos 0.2," S & 
- i=1 


converges in law, as n -> œ, to anormal random variable with mean zero and 
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yariance 


>. T 
2 ara. h 
r.s.=2 AY rs. 


Proof: | 
Define 
T 
I ag Mors E= 1.2 (>.0) (9.1.111) 
where a, are real numbers, not all of them b 
Using theorem 2 of the appendix in J 
we can prove lemma (9.1.5). Now theore 
lemmas. , 
By definition, on (w > 0), 


eng zero, but otherwise arbitrary. 


) and properties of o), 
7) can be proved using these 


agers (1975 
m (9.1.1 


— 


A Zn 
— E Pils 7” “a 
Yalr) = È nr Zn (m—m) (8,—8,); r > 2 (9.1.112) 


so that 


A T A 
Y; =o Ar Yn (r) 


Zn T ale A A | 
=7 i) 3; -A or Zil? (m—m) (6,—9,) (9.1.113) 


This completes the proof of Theorem (9.1.17). 


Remark (2) | 
The following theorem is an application of Theorem (9.1.17) and it relates to 


Vr) = Var + 2)-2m Yn (r + 1) +m YAN; re2  — (9.1.114) 
Theorem 9.1.18. (K.N. Venkataraman and K. Nanthi, 1982) 
Under 


P(- |œ > 0), Va r); r = Dad) 


converges in law, asn-» œ, to a normal vector (U(r), r = 2... T), ek a 
mean zero and a non-singular covariance matrix implying that, for r, S > > 


(i) EU? (r) = o? (m + 1) m+! 
(ii) E[U(r) U(s)] = 0 for | r—s | > 2- 


Proof: 


è e,° . ° e of 
We can arrive theorem (9.1.18) by deriving the limiting distribution 


(În (r+ 1)—m Îr (r); r = 2T) 
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and using the fact that 


Vn (D= Pn (r + 2)—m Y, (r + D—m (È, (r + D=O) 0.1.14 
1.115) 


Theorem 9.1.19 , (K.N. Venkataraman and K. Nanthi, 1982) 
Under | 


P(-|o > 0), Vn (r); r = 2,...T) 


converges in law, as n -> oo, to the normal random vector (U(r); r=2.. T) 
defined in Theorem (9.1.18). ara 


Where Ŷ, (r) is defined as oe | 
V(r) = Y,(r + 2)—2mY,(r + 1) + m?Y,(r), r>2. (9.1.16) 


Proof: 
We can see that under 


Pi- |@ > 0), V,(r)—V,(r) > 0, in probability 
as n —> œ on account of the fact that 
(a) Y,(r) converges in law, and 


(b) (m—m) > 0, in probability as n —> oo. 


This fact together with Theorem (9.1.18) yields the required result of the 
Theorem (9.1.19). . ` 


Remark (3) 
We observe that 
Val) = Za? (Zngr40—2MZnyry H mM Zn41) (9:1.117) 
when i 
Zn > 0. 


Let o? be the estimator proposed for c?, either by Heyde (1974), or Dion 
(1975) and 
| e(r) = o%(m + Imir > 2 (9.1.118) 


Now an application of Theorem (9.1.19) together with standard results in 
Probability yields the following parameter-free result on Z. 


Theorem (9.1.20) (K.N. Venkataraman and K. Nanthi, 1982) 

| | ae ae 
Let ry, rs, ... rr be fixed positive integers such that, for i,j = l,» ae 
and | r;—ry| > 2 when i + j. Then, under P( - |o > 0), 
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COVA) + + ODEPA) 


converges in law, as n -> œ to a chi square variable with T degrees of freedo 
l f m., 


Remark (4) 
Making use of the facts that 
(a) (w i 0) Ca (Za > 0) and 
(b) P(Z, > 0) > Pio > 0), asn > o, 


it can be shown that as n -> oo, the statements 

PEn < Al w > 0) > p.d. f. F(a) 

P(En < A | Za > 0) > p. d. f. F(a) (9.1.119) 
are equivalent. Thus theorems (9.1.17), (9.1.18), (9.1.19) and (9.1.20) are valid 
under P( - | Za > 0) in place of P( -|w > 0). 


9.1.8 Estimation of the variance of a branching process 


Let {Z,, n = 0, 1, 2, ...} be a Galton Watson Process (Z, = 1). Let 
P =P = k), k = 0, | ener 


be a completely free offspring distribution only subject to the conditions m>l 
and 0 < o? < œ, where m and o? are respectively the mean and the variance 
of the offspring distribution. The number of individuals of the nth generation 


is represented by Zn. 
Consider a sample {Zo, Z1, ---» Zn41} formed by the (n + 1) first generation 


sizes of the process and-also a richer sample 
{Z: j = 0, 1, 2, ... n; k = 9, ee ae 


where Z,, is the number of individuals of the jth generation having exactly k 
direct descendents. Define for each k = 9, 1, De cae Ms 


te = ((Zx+4/Zx)—m)’Zx 
and put 
of = ( Sua +1) 
k= 9 
Using these notations the following theorem is proved. 


Theorem 9.1.21 (Jean-Pierre Dion, 1975) 


Assume l 
pe = 0 m> 1,0 < o2 < œ and E(Z$) < + ©: 
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Then 
E(on) = o? 


and 


Var (0n) = (n + 1)71 [264 + (n + 1)-1 (Var (Zı—m)?—20'). £ E(Z-1)] 
k=0 al 


Proof: | 
Given Zk, Z,,, is distributed as the sum of Z, independent copies of Zı, call 
them _ 


EH, E00, BD, 


Assuming that the proof is carried out on a space where the random variables 
E) exists and are i.i.d. and that 


Zk 

: (k 
Zen = È EN, 

i= 


omit the superscript (k) as a matter of notational convenience. 


Now À 
l 
E(t | Zi) = Z, E((Zk+1— MZ)? | Zy) 
l 
=Z Var (Zk+ | Zx) 
| 2 4k 
== Var (È &; | Z,) =o? 
Lk 1 
So 
E(tk) = 0? 
Further 


E(xjtj) = E(E(rit | Zi, Zits Z) 
= E(riE(ty | Z) = Efri) 
=gh J 
which shows that the t%’s are uncorrelated. Thus 
32) =(n 4 1)-2 E Var (t4). 
Var (0a) = (@ + 1) > (Tk 


It remains only to show that | 
Var (te | Zk) = Z; Var (Z,—m)? + Zk 2(Zk 


— ] )o4, 


since 
Var E(t | Zk) = 0. 
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But 


Var (tx | Zk) = Zk? Var (( fj E=m)} | Z,) 


_ Zk 
= Zg? Var Kè (E;—m)? + 22 (6; —m)(&)—m)) | Zy. 


Now for every i, J,k,j<k (E;— m)? and (E; - m)(Ex—m) at 
‘ Ce a Sk e unc lated. 
i<j, k< land (i, j) # (k, I), (E, ) orrelated. Also 


correlated. So )(Ey—m) and (E, m)(Éi 


m) are un- 
Var (tk | Zk) = Zg? [Var (Z1 =m)? + 2Z,(Z,—1)o4], 
from which the conclusion follows. 
Now consider the case where the mean is unknown. The maximum likeli- 
hood estimator of m is 


Mn = (2 hat ZZ Zn). 
Put 


oa = (n +. It È Ze(ZesalZx) - Mn)? 
The following theorem is proved by Jean-Pierre Dion (1975). 


Theorem 9.1.22 (Jean-Pierre Dion, 1975) 


Let p= 0, m > 1, and0 < o < œ. Then as n> œ 
| 03 — o? | (n + 1) > 0 
in probability for every e > 0. 


Proof 
For every e > 0, 


(o — o2)(n+ 1) = (n + 1) È Z Zi Z =m (Zeal Z] 
= (n $1 È Zal(rm—m)(2(Zasa/Ze)— (mm + m))] 
k=0 


= (n + 1y m, —m) [A(Z +...+ Zn+1)— (Mn + m) 
A l (Za +... + Zn)] 
= (Zo +--+ Zn) (m—=m} (n + 10°. 


R.H.S. tends to zero in probability, since 


(Zp +... Zn)/0?) (ma—m)}? > Xi 


388 BRANCHING PROCESS AND ITS ESTIMATION 


in distribution, as n > œ by Theorem 3.1 of Dion, J.P. (1974). Th; 
the proof of Theorem 9.1.22. ` S Concludes 
Let 


A = {o : Zo) > 0, k =1, 2,...}; 
Pa) = PC: | A); S(o) = Palo < W), 


where W is the almost sure limit of the martingale {Z,/m"}. 
Under these notations, Dion, J.P. (1975) proves the following theorem 


Theorem 9.1.23 (Dion, J.P., 1975) 


Assume m > 1, 0 < o? < œ and E(Z4) < + œ. Then for an 


, y probability meg. 
sure Q absolutely continuous with respect to P 4, i ie 
, (e8—9°) (Za +:..+ Z, 
(1) ofo: War (Z, mAn < X? —> (x), as n —> œ 


° (o2—o*)(1 T F ewi n)l/2 co 
D ofo: ni < x} > [7 oco ason, 


with 
D= f* e-n 


Furthermore, the conclusion of the theorem remains valid if Q(-) is replaced by 
PC: | Za > 0). 


Proof: 
By Theorem 3.1 of Dion, J.P. (1974) 
(Zo +... Zp) a 
P fo : Lot £n)™ (™;,()—m) <x —> D(x). 
This implies 


| ca— Z (k—m)? Pk | (Zy +... + Z3 > (P)a 0, n> o. 


It is enough if we show that the theorem holds if c? is replaced by 5 (k—m) Pe 
| k=0 


a 2 Zr; it is the number of individuals among the (1 +41 — 


+ @n)-firsts having exactly k direct descendents. With the help of a sequer? 


of independent rand : ‘ble to 
om variables {€;}, each distri Za it. is por! 
“xpress the distribution of | C 0907 distributed as Z, 


po K—m)* Ni) (Zo +...+ Zn); 
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as that of 
14+-21...4Z7 


(Gilo)—m)"(Zy +... Zr) 0 E A. 
Also 
(Zo +... + Zyl -+ m + «eH m") +> W a.s, 


(See Heyde, C.C. (1970)) and P(W > 0) = P(A) so that P 
Now the conclusion follows by the results i, 
Theorem 1, Theorem 2 and the Lemm 


( |W> 0) = P,(-). 
of Dion, J.P. (1974) [namely by 
a of Section 2]. 


9.2. ESTIMATION THEORY FOR CONTINUOUS TIME 
BRANCHING PROCESS 


9.2.1 Introduction 


Here we present some more results due to Athreya and Keiding (1975) on 
estimation theory for continuous time branching process. For this, they assume 
that a full record of the population size X, in some fixed interval [0, t] is 
available. : 

Earlier work done on the above assumption is limited. Keiding (1974, 
1975) and Beyer, Keiding and Simonsen (1975) considered the simple birth 
and death process, Also Keiding (1975) considered estimation theory in the 
case, where only a discrete skeleton {Xj7,i = 1, ..., n} is observed. He discussed 
the random variation ‘due to W’, where, 

W = lim X; e”, 
[>o 
and a, the malthusian parameter. Sa 

Hoel and Crump (1974) proposed some estimators for a binary splitting 
Bellman-Harris process with gamma distributed life lengths. These estimators 
were also based on observation of only a few values of the process. — 

Jagers (1973b) has given the maximum likelihood estimators for pee 
the offspring distribution of a Bellman-Harris process, based on absent on O 
the full family tree without assumption on the form of the ofispring a 
tion. He applied the results to problems of tumour cell growth. ue a 
observation is continued till extinction takes place. Becker (1974) gave results 
for one-parameter exponential family of offspring distributions with application 
to small pox epidemics. 


9.2.2 One-dimensional Markov branching processes 


Here we considered the results of Athreya and Keiding (1975) for tn ~ 
dimensional Markov branching process. Here explicit maximum like aa 
estimators are derived and their limiting sampling properties studied for large 
‘t’ as well as for large initial population sizes. 
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Let {X;, t > 0} be a Markov branchin me l 
and offspring distribution {p;, i > 0}, e ‘the petiole a jia a A> 0 
been considered by Harris ((1963), Ch. V) and by Athreya M a - This has 
III). This process is a time homogeneous Markov process with a ss 
{0, 1, 2, ...} and infinitesimal transition probabilities, state space 


P(X ign = j| Xi = 1) 
IAP j—iaalt + olh), for j= i—1, i+ 1,i+2.... 
= 41—id + o(h), for j =i 


O(A), otherwise. (9.2.1) 
Throughout we assume that X, = Xo. 


9.2.3 The likelihood function and maximum likelihood estimators of a 
continuous time finite state Markov process 


Let the process {X;, t > 0%} mentioned in the sub-section (9.2.2) be observed 
continuously over a fixed time interval [0, t]. For a continuous time, finite state 
Markov process Albert (1962) has constructed a measure dominating the pro- 
babilities of realizations of the process in [0, t]. Also he has obtained the 
likelihood function as the Radon-Nikodym derivative with respect to this 
measure. We can generalise Albert’s derivation of the likelihood function to 
countable state Markov processes which with probability one have only finitely 
many transitions in any finite interval. For a Markov branching process 
(Harris, 1963, p. 107), we assume throughout that the mean m, = Èip;, be 
finite. 

As a simple consequence of Albert’s (1962) results cf. also Billingsley 
(1961), Athreya and Keiding (1975) have obtained the following result. 


Theorem 9.2.1 (Athreya and Keiding, 1975) 


There exists a measure on the space of realizations {X,|0 <u < t} such that the 
Radon-Nikodym derivative, that is, the likelihood function, is 


L(A, Pos Pos Pare) = AN e 8! m pO, (9.2.2) 
i=0, 2 

where . 

Nii) = # {ue [0, t]| Xu— Xu- = i—1} 
is the number of transitions (or splits) of size i—1 in [0, t], 

N; = È Ni) 
j=9, 2 
is the total number of splits, and 
(9.2.3) 


St == f Xü du, 
0 


is the total time lived by the population in [9, t]. 


Further, S, and (NA) Ii = 0,2, 3,..) are jointly yp 
s parameterized by (A, Po, Py,...), A > SAS 1 Sufficient, and 
sufficient. In the second case the maximum IS 1, 2p, 


if the m 
ioe = J, they a ode! 
N; = 0 as, 


re minimally 


A = NAS), Di — Ni(i)IN, 
when N: = 9, they are undefined although a natu / ee 
In the jotlowing lemma (9.2.1) Athreya ae aea nh 
the expectations of X;, Sı, N, and Nii). E (1975) have obtained 
LEMMA 9.2.1 (Athreya and Keiding, 1975) 
Assume X, = Xo and let, 


a = Am,—1) 
(9.2.4) 
be the Malthusian parameter. Then, 
E(X) = xe (9.2.5) 
Xo(e—1)/a, if a #0 
B(S) = (9.2.6) 
Xot Sif a= 0 
xe" — 1)/(m— 1), if m # 1 
E(N,) = (9.2.7) 
XpAt 3 if My, = 1 a i 
and 
E(N,(i)) = pi E(N). (9.2.8) 
Proof: 
We can easily show that equation (9.2.5) is true. 
Also, 
t 
E(S;) = | E(Xu) du. 
0 
Thus we get (9.2.6). 


The results (9.2.7) and (9.2.8) are obtained from the integral equations 
that E(N,) and E(N,(i)) satisfy (Athreya and Karlin, 1967, p. 270). 


9.2.4 Asymptotic results for estimators in a sub-critical 
branching process with immigration 


Let (Xn n = 0, 1, 2,...} be a simple branching process with reer p 
à temporaly homogeneous Markov chain with state space ` i a 
and transition probabilities | 

Bi Keg a= ae L a 
The probability distribution { pijizo and {giz at called the ol!sp 
'MMigration distributions respectively. 
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Now the following notations are adopted to provide asymptotic results 


for estimators of the two means. 
m =Xip, and m, = È ig, 


in the case when the condition 
0< m< l; q <I (9.2.9) 


is satisfied. 
The estimators investigated are 


È Y(X nU 
i=] 


Mn = ests - 
i=]! 
n 
U 2 (X41 41) 
M, n = z2 t=! 5 
2n — 2n A so e o 


(X;—n-1U,)? 


T Ma I 


ofm, and m respectively ; U, throughout denotes > X;. 
1 
Let of and of denote the variances of the offspring and immigration 
distributions respectively. Put 
= m,/(1—m,) 


c? = uo? + o2. 
1 . , 3m;02c? 
Ve {2(j—m,) q; + U2 (j—m)§ p; + Tor} 


Also write c? as k2 for convenience. 
Put 


c4 1/2 
ky = (vo aa) (1—m}j)/c? 


Let N; denote unit normal random variables. 
Under these notations, M.P. Quine (1976) proves the following theorem. 


Theorem 9.2.2 (M.P. Quine, 1976) | 


Assume condition (9.2.9). If c2 < 00, then as n > œ 


Min > M; d.s., i = 1,2 (9.2.10) 


For i = 1 or 2, 


nl? (m a—mi) [ky > N, in distribution (9.2.11) 
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- ; mi? (Mi—mi) = las 
lim SUP {2 log log n}” E 
(9.2.12) 
nil? (Mi,n— mi) 


lim inf ki log log n)? = — l a.s. 


qs long as ki < %: 


a PR follows from known results about Markov chains. First, the 
ea space S contains a countable irreducible set S* on which {X,, X,,...} 
na ve their support. In view of (9.2.9), the state . 


K = inf {i; q; > 0} = inf {i:i © S*} 
iş accessible at all times n > 1, so that S* is aperiodic. Let F s» be the o-field 
of all subsets of S”, 


Heathcote (1966) showed that under certain conditions (which Quine 
(1970b) weakened to condition (9.2.9). 


A 


pad . . 
x q;logj < © = {Xn} 1s positive recurrent 
j=l 


> gj logj = œ > ¥0>0, P(X, < 89) > O0asn—> o, 
j=l 


Thus if 2 q; log j < oo, S* forms a positive class. If ¢ is any function from 
F sX F ow to the real line, it follows from Theorem 9.1.1 and 1.3 of Billingsley 
(1961) that in this case, if {7,} is the limiting distribution of {Xn}, 


n! È (Xj, Xj) > È t; P(X, = J | X. = i) $G, j) a.s., as n > œ 
i ij 


(9.2.13) 
as long as the limiting series converges absolutely. Moreover the limiting dis- 


tribution is independent of the distribution of ¥,}. 


By suitable choices of ¢, it may be shown that when the limits are finite, 
as n —> oo, 


nW, > p a.s. 


n 2c? 
=  _ ye 
n 2 (Xis X;) —> l+m, a.S. (9.2.14) 
e SX? > a n u? a.s 
1o! l—m? = 


n-* 2 (Xi-—p)® > yas. 


Now equation (9.2.10) follows quickly 
to prove the remainder 


from (9.2.14). Before proceeding 
blished. Write EX, 


of the theorem, some moment results must be esta- 
= n. Then 
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n—1 | 
Var U, = War Un_-, + Vat Xn + 2 E EX, )(Xa—t) 


n—l 
Ga aa l a Het) ~un | 
Thus 
Var U, = Var Un- + Var Xn + Rn say (9.2.15) 
The sort of arguments used in Quine (1970 a; 1970 b, Section 3) show that 


q Ur ‘| j Ho ] 
Var (X,) = Q' | Var (Xp) 
LE (Xx, — tr)” - J LE (Xo — to)? 


[ m ] | 
+ I+ Q) UT o») of 
L2(j — m? qy 


(9.2.16) 
where 
[1 — Mm, 0 0 ‘|-1 
(1—Qyt=|-cf 1—m? 0 | 
L-F, —3mo} (1 — mi) 
Ea ; 1 
l— m, 
— o o 1 ; 
= (1—m) (1—m?) dom 


a oo aa ee ee 3m, of l 
L=M) =m) (=m) (1 — mi) Um) Am) Tmt | 


F, denoting 2 ( j — m,)3 p;. It follows easily that if c?, E(X2) < 00, 
Var X, 7, z (n—> œ) (9.2.17) 
and that if y, E(X,2) < œ, 
EX pei 
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After some computation, it follows that | 


j 2 jmc? 
4 Ra ~ my) (=m) 
This together with (9.2.15) and (9.2.17), shows that if ¢?, EX} < œ, 


2m,c? c? 


C a =E ss 9.2.19 
mt Var Un G mi Om) (Im?) m O19) 


To prove the Results (9.2.11) and (9.2.12) when i = 2: ‘It is clear from the 


definition of m,,, and from (9 2.14) that both results will be proved if analog- 
ous results for n~'U, are proved. But these results are merely applications of 
the theory in Section 1.16 of Chung (1967). Assume c? < œ. Then {X;,i > 1} 
has support on a positive class. Using (9.2.19), Theorems 1.16.1 and 1.16.3 of 
Chung (ibid) (His X; is taken here as X;,,), 


(1 — m) (Un — np)/cn'!? -> N, in distributions as n->o% (9.2.20) 


This result was given previously by Pakes (1971) under the additional 
conditions Py + Pı < 1, qa > 0 and X, = 0. 
Define 


T = inf {jj > 1, X= Ky 1(%)= K) 


Chung (ibid) shows that if in addition to (9.2.9), ET? 


< œ and EU} < œ, 
then the law of the iterated logarithm holds for U,. Spe 


cifically, writing 


Va =cnll2i( | - m) 


Un — nu 
Pv, (2log log nytt = 1a: 
with the corresponding result for the lim inf. 
The condition ET? < œ holds, if m,, Zjpj logt j < 
geometrically ergodic, as noted by Pakes 
when c? < œ. 


lim su 


oo, since the chain is 
(1971). EU? can be shown to be finite 


y i 
EU} = oe X? + 2E 2 2 XiX) (9.2.21) 


. . T « 
Now the finiteness of £ 2 7, when c? < w can be shown using arguments 
l 


along the lines of Heyde and Seneta (p. 241-242 (1972)). Here EUr = wET, 


which can be proved directly or using Theorem 1.14.5 of Chung (1967). As for 
the cross product term, 


co J-1 
SEZ Z XX MTD j)= ¥ e; say, 
J=2 f=] j22 


j=2 t=] 
where 


i-y | 
ej =F 2 (T>j)X, {m,Xj_, + m} 
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jaa 
< Mm, ĉj- + mı dj1+ mM E = I(T > j)X, 


and . 
EXXU(T2j)= Ex X}? < 00. 


W 


Èd; 


Thus the cross product term in (9.2.21) will be finite if 


ES U; I(T >j) is. But 
j=2 


1<j<T 


if 
ES U; < ETUr S ET? max X; 
1 


< Eu? T’ EW? max %2? 
T ” 


T 
= E12 T4 E1 > X}. 
1 


.21) when c? < œ follows from geometric ergodicity 


Hence the finiteness of (9.2 
ar that the LIL result 


(which implies all moments of T are finite). It is now cle 


for U, implies (9.2.12) in case i = 2. 
Now introduce a functional of the process: 


M, = (Xn — u) (Xana, — Ms Xn — Mg). 
Then $ M, is a martingale relative to the o-field F,,,, generated by 
! 


Xo: eee) Xn41 


(see also Heyde and Seneta (1972)). Also 
Xn eae (Xn41, Xn) 


is Markovian. If 
T' = inf (i > 1: X, = Xi = K), 


then 
P(T = 1| X, = X% = K) = pk = 4a, say. 
If 
T = inf (i > 1: X¥,; = K)—1 
and 


=m S l Xe = X 4 
than for j > 2, ~ i eg f 


P(T’ = j| X, = X, = K) 


Il 


al 
= P(T = i, T" = j-i | X, = X, = K) 


J 
i= 


I 


i= 
bo PE Ie T = i, X = X, = K)P(T= i| Xo = %1 =i) 
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j~ 
= 2» T’ = j~j _ 
7 Foe J ‘1 Xo= Mi = KPT =1| x, = x, = Ky, 


So if Hand G are the p.g.f.’s of T’ and T, conditional on y — X, =K, th 
07 41, => 2 en 


H(s) = as + H(s) {G(s)—as}, 

Rearranging and differentiating, it is found that, conditional on ¥, = ¥,—K 
Goo Ay As 
ET” = «ET; ET’? = «-(ET?—2ET + 2a-(ET)?) 

and that the rth conditional moments of 7” and T converge or diverge together 
However, 2 q; log j < œ implies positive recurrence of {X,} so that 

E(T | Xo = X, = K) < œ 
and hence 

E(T’ | X =X, = K) < o. 


Thus in this case, {¥,} has support on a positive class. , 

Applying the results of Chung (1967, Section 16) to the functional M, of 
Xn, taking his X, to be the Y,,., here, it is seen that M, will Obey the central 
limit theorem as long as 


B? — lim n 3 EM? < o. - 
1 


Using (9.2.17) and (9.2.18), it is found that 


2 2 ct 
B = 677 -+ l= m? 
Thus when y < œ; 


nis 5 M;/B > N, in distribution as n > œ. Furthermore. 
l 


n2 $ Mr-(1—m)n(u— nU)? + wr (X ny Xa} 


ni m sn = n 
(m, m,) nol $ X2-—n-2U3 5 
ma n (9.2.22) 


Using (9.2.14), it is seen that the denominator converges to c*/(1— mi). Using 
(9.2.14) and (9.2.20), the second term in the numerator converges in pro- 
bability to zero and the last term does likewise since X, converges in distri- 
bution. Thus equation (9.2.11), for i = 1 follows. l 

It also follows from (9.2.22) and the previous a.s. results concerning Un 
that in order to prove equation (9.2.12) for i = |, it suffices to prove the LIL 


result for X M;. To do this, it needs only to establish the finiteness of 
1 


T’ 
E( = M;}. 
1 
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roduct terms vanish since M; is a martingale 


ess of the diagonal terms can be establisheg won eteeg 


However, the cross P 
Sing t 


equation. The finiten 


lier methods. : 
ear pen completes the proof of the theorem. 


92.5 Asymptotic results for Markov branching process for large ¢ as sů 
as large initial population ell 


Here we have obtained the results of Athreya and Keiding (1975) dealing with 
the asymptotic properties of the estimators as tf > œ. Since a branching 
process with X, =X may be interpreted as the sum of x, independent Processes 
with the same parameters and x, = 1, the following results for large X, and 
fixed ‘r’ are obtained from standard maximum likelihood theory. 


Theorem 9.2.3 (Athreya and Keiding, 1975) 


AS X% > ©, 
(Xs Por Pos »»-) > (Ay Pos Po» PA 
almost surely. Let 
w = ADi, (9.2.23) 
then, 
ui = XP (9.2.24) 


The joint distribution of 


x e*t — ]) 1/2 _ z _ 
E>) (Vo — Ho, L2— bzs Ug ™ Hg» oe) 


converges towards independent normals with means 0 and variance tig, Uo, Lar + 
(when « = 0, all results have to be modifred in the obvious way). 


Proof: 
Using the strong law of large numbers and lemma (9.2.1) we get, aS Xọ > ®, 
N,(i)/X9 > pi(e*’— D/(m,—1), (9.2.25) 
Ni[ xo > (e —1)/(m,— 1). (9.2.26) 
and 
(9 2.27) 


Si[Xo > (e*'—1)/« almost surely. 


Thus we prove the consistency. 
By considering an arbitrary finite subset of grs and computing the infor- 


mation matrix, the asymptotic normality follows. We write, 
log L = YN,(i) log wi—Z piSs, 
so that, 
Di log L = —N,(i)/p?2, D2, = 0 fori # j. 
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Thus the information matrix has 0’ 


S outside the dia 
elements are given by, ‘diagonal and the diagonal 


ED; log L) = xy(e%*—1)/ay;. 


This completes the proof of theorem (9.2.3). 
9,2.6 Asymptotic results for large periods of observation 


When m, < 1, it is known that XY, > 0 almost Surely as t > oo. In the super- 
critical case this happens with probability g¥> < 1, where q is the smallest 
non-negative solution of the equation, 


q = Èp; 7. (9.2.28) 


Then the following consistency results hold. Here we take x, = 1. 
To prove the theorem (9.2.4) Athreya and Keiding (1975) have used the 
following lemma. 


LEMMA 9.2.2 (ATHREYA AND KEIDING, 1975) 
Let 
Y, = XT y, (t ~ Tn,), 


where 
To — 0, ii y ee 
are the split times. Then, 


Y,//N,/2 + O almost surely on {X,—> ©}. (9.2.29) 


Proof: 
It is clear that, 

Y; < Xry, (Tn1—Tn:). 
Now, 

Yn = Xr „a (Ta—Tn) 


is exponential with mean A~’. 
Therefore, we can show that, 


P(Y,/m? > £) < 24)/(a4e4n?). (9.2.30) 
Using Borel-Cantelli lemma we get, 
Y,,/n2 > 0 almost surely. 
Hence, 
(9.2.31) 


Y,;'/N2!2 -> 0 almost surely on {N; > oo}. 


That is, Y;’/N;/2 > 0 almost surely on {X;—> ©}. 
This completes the proof of lemma (9.2.2). 


——____ 
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Using lemma (9.2.2) Athreya and Keiding (1975) have Proved the foll 
| | ow. 


~ 


ing result. 


Theorem 9.2.4 (Athreya and Keiding, 1975) 


As, 
i t > œ, with probability 1 on {X; > 00}, 
A>” (9.2.3 
and | 
Ber Pind = Vy Pe Spee (9.2.33) 
Proof: 
We set, 


Y, = XTi (1,—T;_,); Y; = Ap (T= yy). 


Then from Athreya and Ney (1972), p. 127) we get, 
S= Y, + Y, (9.2.34) 
i=1 
where Y,, Y,,... are independent and exponential with intensity A. 


From lemma (9.2.2) we get, Y,//N; > 0 almost surely on {X;, -> œ). The 
strong law of large numbers gives, 


, 2 Y;— `- almost surely. 
i=l 


Thus, on {¥; -> œ}, where N, > œ almost surely, 
S/N; = X ~! -> à~ almost surely. 
This completes the proof of (9.2.32). 
To prove (9.2.33) we need the representation, 
Nt . 
NAi)=z Z;(i), (9.2.35) 
j=1 


where Z; (i) is the indicator random variable for the event that the jth split 
occurred in a jump of size i— 1. We can show that, Z, (i),... are independent 
and identically distributed with, 
P(Z; (i) =1) = py. 
Now using the strong law of large numbers we get (9.2.33). 


This completes the proof of theorem (9.2.4). 
Athreya and Keiding (1975) have proved the following result. 


Theorem 9.2.5, (Athreya and Keiding, 1975) 


Let 
u = AD;, then, 


= N, (D/S; (9.2.36) 
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As t > œ, the conditional distribution given 


(41 > 00} (or {X, > 0}) of 


Ho — Bo 
See | debe (9.2.37) 


U3 Ha 


converges to a set of independent normals with parameters 
(0, ui), = 0, 2. ee 


Proof: 
Here we study an arbitrary finite subset of random variables, 


— Nt . 
SiN up) =N (Z; (Òu Xr; (TiTa) 
J= 


—N,-¥8 w X, (t—Ty,). (9.2.38) 


By lemma (9.2 2) the last term in (9.2 33) converges to 0 almost surely on 
{X; > œ}. The Z;(i) are as in (9.2.35). Generalising the analysis of Athreya 
and Ney (1972, p. 119 and p. 127), itcan be seen that, the random infinite 


dimensional vectors. U; = (U,(i)), where, 
Ui) = Z,(i) — p, XT; (Tj — Tj) for~j = 1, 2... 


are independent and identically distributed. 
Let F;’ denote the o-algebra associated with the stopping time T; for each 


J. Let A = (A(i)) is a vector of indicators with probabilities p,, and 


B = (wC, pC, nC, ..6), 


where C is exponential with mean A-!. Also A and B are independent. Then the 
conditional distribution of U;,, given F;’ is that of A — B. 


Hence U;+ is independent of F;’. By induction we get the independence 
of all Uj. n 

Also we find that, E(U;(i)) = pı — p: = 0, Var (U;(i))=p; and Cov (U;(i), 
U;(k)) =0. Then by the central limit theorem we get as n—> œ, the distribu- 
tion of, 


ne > Ü, (9.2.39) 


j=1 
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converges to that of a vector of independent normals (0, Pi). Now by Athreyg 
and Ney (1972, p. 113) we can find a set {C;} of normalizing Constants such 
that X,/C, > W almost surely as t > œ, where P(W > 0) = P(X, > 00), 


Since, 


1 X 
X/Ne= J; % Y. (9.2.40) 


where Y, + 1, Y, + 1,... are independent and distributed according to {pj}, 
by using strong law of large numbers in (9.2.40) we conclude that, X,/N,>m,—| 
almost surely on {X,—>00}, which is almost surely the same set as {Ni 0}, 

Thus, N,/C; > W/(m, — 1) almost surely on {N;—> œ}. 

By using an analogue of the central limit theorem for sums of a random 
number of independent random variables (Billingsley, (1968), theorem 17.2) 
which is also modified by Dion (1972, 1974) and Jagers (1973a)), we prove that 
the asymptotic normality of S,N,-/?2(n — u) where u = (Mos Hes Has---). 

_ By theorem (9.2.4) we get, N,/S,->A almost surely on {Ni œ} 

Therefore by Stutsky’s theorem we get theorem (9.2.5). 

This completes the proof of theorem (9.2.5). 


9.2.7. Estimation of some functionals 


From the theorem on transform of maximum likelihood estimators we 
find that the maximum likelihood estimator of the offspring mean, m, = Zip, 
is (Jagers, 1972 b), 


‘aaa! Ar + Ni — Xo 


m, = Xi py = N. (9.2.41) 


Hence the maximum likelihood estimator of the Malthusian parameter 
a =A (m, — 1) is à (m, — 1) = (X; — x,)/Sy. 


It can be shown that all of these estimators are Strongly consistent both for 
Xo —> œ and for t > œ. 


The following theorem on asymptotic distribution was deduced by Athreya 
and Keiding (1975) from the above results. 


Theorem 9.2.6 (Athreya and Keiding, 1975) 
AS X> œ for fixed t 
l D 
(Xo(e% — 1)/a)1/2 (xX —2) —> normal (0, A) (9.2.42) 
and if the offspring variance, 
o? = Y(i — mÈ pi < o, 


(xe — 1)/a)¥? (m, — mı) 3 normal (0, o7/A) (9.2.43) 
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and 
(xo(e%t — 1)/a)¥? (a — a) eT (0, à (5? + (m,— 1)?)). (9.2.44) 
Also à and mM, ae asymptotically independent and the asymptotic correlations 
with « are, 


(a, m,) ~ 0?/(0%(o? + (m, — 1)?))!? (9.2.45) 


(a, X) ~ (m, — 1)/(o? + (m, — 1)?)?. (9.2.46) 


As t—> for X, = 1, the conditional distributions given {X;—> œ} (or {X1 > 9}) 
converge as below. l 
Without further conditions on the offspring distributions, 


D 

C O E normal (0, N) (9.2.47) 

and if or ©; 

2 D 
S12 (m, — m,) —> normal (0, o?/A) (9.2.48) 
and 
= D 

S12 (a — a) ——+ normal (0, A(o?+(m,—1)?)). (9.2.49) 


Parallel to above Si”? (N — N) and Ss}? (m, — m,) are asymptotically independent 


and the asymptotic correlations are again the same. 


Bellman-Harris process: Here consider the Bellman- Harris process {X,, t > 0}. 
Let G be the life length distribution function and {pı, i = 0, 1, 2,...} be the 
offspring distribution of the above process (Harris, 1963, Ch. VI, Athreya 
and Ney, 1972, Ch. IV). 


92.8 Estimation of the offspring probabilities 


Let the process X; be observed in some interval [0, t]. Since sample function 
will have no discontinuity, the inference on p, will be confounded with that 
on G. 

Thus in the following theorem (9.2.7) we assume that p, = 0. In the 
general case the results are easily interpretable for the conditional probabilities 
pil(1—P,). 


Theorem 9.2.7 (Athreya and Keiding, 1975) 


Let p, = 0. The estimators N,i)|N; = P; of pi are consistent and asymptoti- 
cally normal as t > œ. 


N (i) N, > pı almost surely on {X: > co} (9.2.50) 
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and the conditional distribution of 
N12(N,(i)/Ni— Pi) given {X; -> œ} 


(or {X; > 0}) is asymptotically normal (0, Pi(1—p;)) and with covarig 

If the parametrization is that the prs vary freely subject to p = Dy 
and G is parametrized independent] Y of {pi}, then they are the maxim dea 
hood estimators. um likeli. 


Proof: 
The estimation in Bellman-Harris process was studied by Jagers (1973b) H 
| - Here 


the estimators only depend on the observed path {X,,0 < u < 0}, Hene 

results (9.2.50) and (9.2.51) follow from Jagers (1973b), Alternatively rce the 

also apply the proof of the second part of theorem (9. 2.4), = Nal 
This completes the proof of theorem (9.2.7). 


9.2.9 The asymptotic exponential distribution of the 
inter-split times 


We know that the relative age distribution in a Bellman-Harris Process con- 
verges towards the stable age distribution. Let X,2 be the number of individuals 
alive of age ‘a’ at time ‘£’ ina Bellman-Harris process. Let G be the life length 
distribution, {p;} be the offspring distribution of the Bellman-Harris process 
Let « be the positive Malthusian parameter. | 
Then, if the offspring variance is finite, Jagers (1968a) showed that, 


X¢/X, > A(a) as t > œ on {X;—> oo}, . (9.2.52) 


for all ‘a’, with probability one, where, 


a m a 
A® = mT) | ee | (9.2.53) 
m, being the offspring mean. | 
ina 6 a ” log j < œ, Athreya and Kaplan (1976a) have proved the 
"Sedej. Le convergence in probability was shown to hold as soon as 
m, Pa They have imposed also a mild condition on G. 
ee: PR, find that the split time process, defined as the point 
form as YAna: imuities of {X;}, is asymptotically, as £ > oc, of the same 
era nine Process with split time intensity «/(m,—!). | 
events of birth f at the case of exposition. So Y, -> o almost surely. The 
W a he One Individual do not imply a discontinuity in {X;}. So we 
(1975) have a] Pi = 0, so that X, > œ almost surely. Athreya and Keiding 
© also proved the following result. 


Th 
corem 9.2.8 (Athreya and Keiding, 1975) 


Let X, be ; 
i a Bellman- Harris Process with Po = P, = 0, so that m, = jpj ei l; 
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and assume Ep; j log j < œ. Then in Particular m, < ow, the Malthusian para- 
meter « exists, and 0 < « < 0. Assume that H = — log (1—G) has a bounded 


and continuous density D. Let To = 0, Ta = the time of the nth discontinuity 
of {Xi}. | 
Let Fn be the o-algebra spanned by the knowledge of the whole family tree 
upto (the random) time T, and let | oe 
Y, a Ata Tni Tn): 
Then, | 
P(Yn > y | Fn) > exp (—ay/(m,—1)) (9.2.54) 
almost surel yasn => oo. 
Let G, be the o-algebra spanned by the knowledge of the full family tree in 
[0, t] and let 
Z, = X(Tyj4, — t). 
Then, 
P(Z, > z | G) > exp (—az/(m,—1) (9.2.55) 


almost surely as t > œ, on {¥, > oo}. 


Proof: 


Here we prove only (9.2.54), since the proof of (9.2.55) is analogous to that 
of (9.2.54). 


Let, 


_ (G(x + y)—G(x)) l 
G,{y) = — 1—G(x) (9.2.56) 


be the conditional distribution of the residual life length, given that the particle 
has survived to age x. 


If F, is known, then the ages aj, j= 1, 2,..., Xr, of the X7, particles 
alive at T„ are known. Let Ar, (x) be the empirical distribution of these ages. 


Since, Tayı — Tn is the time until the first death among the Xr, particles, 
we get, 


AT, 
P(Yn > y| En) = I (1—G,,;(y/X7,)). (9.2.57) 
j=l 
The logarithm becomes, 


-T (Hla; +91Xr,)-Ha)) =y [7 5 H@+—H0)) Ar, (d) 


=y | DO) Ar HRe (9.2.58) 


where ò = y/Xr„ D is the density g/(1—G), where g is the continuous density 
of G. 
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The residual term Rn is discussed below. 

It is known that, P {Tn > œ} = l, therefore from (9.2.59 
Kaplan (1976a)) we get as n —> ©, - 

Ar, > A vaguely, almost surely. 

Hence, as n -> œ we get, 


D(x) Ar, (dx + [De A(dx) = —™ _ 
[ Dex) Ara (40) > | DO) Alas) mi: 025 
Now we discuss the residual term R,,. Choose, for e > 0, K so large su t 
c 

that, 


1—A(K) <e. 


(9.2.60) 
On [0, K], D is uniformly continuous. So we may choose y such that 
SUP 1 OPI (9.2.61) 
Dever . 


Using the mean value theorem we obtain, 
1 
sup |z (A(x+u)—H(x))—D(x)|< sup |DO) — D(x) | (9.2.62) 
lul <y“ yvi|x—v|<y . 


we denote, sup | Div) — D(x) | by d(x, y). 
yi le—y| <Y 


From (9.2.61) and (9.2.62) we get, 
$(x, Y) < e for0 < x< K. 


Hence, d(x, y) < 2 sup D everywhere. 
Here A is continuous and A(co) = 1. Therefore by vague convergence we 
get, on {y/Xtn < Y}, as n > œ, 


| Ra | > £ + 2e sup D. (9.2.63) 


Thus we have, 


lim sup | P(Yn > y | Fn) —exp (—ay/(m,—1)) | 


< lim sup | P (Y, > y | F,) I y) xP (—ay/(m,—1))| 


WX, < 


2.64) 
lim sup lolx, S, (9 


n>co 


The first term in the right hand side of (9.2.64) is bounded by e (1 + Anp n 
asn > œ. The second term in the right hand side of (9.2.64) is zero aii 
surely as n —> oo. | 
This completes the proof of theorem (9.2.8). ing tO 
The density, D = g/1—G is known as, the hazard rate corespondiny 
G. Thus the hypothesis on G states that the hazard rate should be- bou 
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This is satisfied in the case of gamma distribution (D(x) = 0(1) for x —> oo) an? 
for Pareto distributions (D(x) = 0 (x-)), 


9.2.10. A simple estimator of the Malthusian parameter 


The maximum likelihood estimator of « for the Markov branching ee is, 


@ = (Xi — xo) Ss, (9.2.65) 
where 


t 
S, = | Xu du. 
0 


We can show that in general z is not maximum likelihood estimator of « ina 
Bellman-Harris process. 

It can be found that from the analysis in the sub-section (9.2.9) that the 
sample functions of a Bellman-Harris process for large t are similar to that of 
a Markov branching process with the same offspring distribution and split 


intensity æ/(mı— 1). In this connection Athreya and Keiding (1975) have given 
the following result. 


Theorem 9.2.9. (Athreya and Keiding, 1975) 


Assume, Xp; j logj < œ. Then as t > ©,&%—« almost surely on {X,— oo}, 
where & is as in (9.2.65). 


Proof 
Using the almost sure convergence, Athreya and Kaplan (1976a) have proved 
that, Y, e"! > W, where 0 < W < œ, almost surely on {X, > œ}. 

This completes the proof of theorem (9.2.9). 


9.2.11. Hoel and Crump’s estimator of the Malthusian parameter 


In a Bellman-Harris process with binary spliting, Hoel and Crump (1974) have 
considered the estimation of the life-length distribution. It has been applied to 
cell growth studies, c.f. Hoel and Crump’s (1974) referernce or Jagers (1975, 
ch. 9). 

As t—>oo, for the binary splitting process X, with gamma (r, 2~') life 
length distribution we can show that, 


E(X,) ~ XoBe*', (9.2.66) 
where 


| 
a = A(2"r — 1) and = — 2 


This problem was modified by Hoel and Crump (1974) as that of estimat- 
ing « and B from one realisation of {X¥, |O<u<t}. 
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They pointed out that no consisted estimate results as the obsery | | 
gets large. Waugh (1972) has discussed the basic difficulty as that ra time 
from the general convergence theorems that for large r, follows 
X; M~ WBe* 

(9.2.67 
or, SO) 


log X; ~ at + log B + log W, (9.2.68) 


where W is a random variable. — 

As a consequence of the invariance consideration discussed in Sub-sect; 
(9.2.9), Athreya and Keiding (1975) find that asymptotically as ¢ —5 00 iG 
sample function will only contain information on « and not onthe other fune. 
tionals of the life time distribution. | f 

Thus, it is clear that the particular procedure suggested bý Hoel and 
Crump (1974) will not lead to a consistent estimate. 

In estimating «, Hoel and Crump (1974) have studied the estimator, 


(log X,—log X,) 
t—s ° 


es (9.2.69) 
where s and ¢ are time points such that s < t. 

In the case of the linear birth process, that is when r = l, Beyer, Keiding 
and Simonsen (1975) have calculated the exact mean and standard deviation . 
of the maximum likelihood estimator, 


Xi = Aa 
S 


a= 


But in our case direct computation is also possible, for example, Crump 
in his personal communication to Atherya and Keiding (1975) has applied the 
following values. 

As an example, if, E(X;) = 20 corresponding to, t = 3.00 one gets 
E(a) = 0.851; o (&) = 0.337, or a mean square error of 0.136. According 
to Hoel and Crump (1974), by choosing s = 2.30, that is E(X;) = 10, we get 

F(a) = 0.921 with o(@) = 0.472 or a mean square error of 0.229. But by © 
choosing other values of s we get some better results. | 

__ For, s = 0.75 corresponding to E(X;) = (20)"4, E(g) =0.869 and o(@) =0.36 
Blves a mean square error of 0.15]. 

For the maximum likelihood estimate which is harder to compute, the 

above results are favourably compare. 


10 


Branching Process and Renewal Theory 


10.1. FELLER’S RENEWAL THEOREM FOR SYSTEMS OF 
RENEWAL EQUATIONS 


10.1. Introduction 


Athreya aud Ramamurthy (1976) have extended the renewal theorem of Feller 
(1966, p. 346-353) to the case of a system of renewal equations. They bave also 
given a refinement of the renewal theorem. 

They have studied the asymptotic behaviour as ¢ + oo of solutions, 


M(t) = (M,(¢), -.., M(t) 


of a system of renewal equations of the type, 
p 
Mit) = Z(t)+ 2 | M.(t—u)Fix(du), (t > 0) i = 1, 2, ..., p, (10.1.1) 
k=1 [0. #] 


where Z(t) = (Z,(t), .... Zp(t))’ is a vector of Borel-measurable functions 
bounded on compact sets and for each (i, j), Fj;(.) is anon-decreasing bounded 
right continuous on [0, œ) into itself. The case p = 1 and Fy,(c0) = 1 leads 
to the standard renewal equation. For this equation we have Feller’s renewal 
theorem for any directly Riemann integrable Z,(-), (Feller, 1966). Crump (1970) 
has extended Feller’s(1966) theorem to obtain the theorem (10.1.2) below. 
However Crump’s proof as it is given In (1970), though correct, does not give 
all the details. Here we give the results of Athreya and Ramamurthy (1976) 
streamlining Crump’s proof and further give a refinement of the theorem 
under the second moment hypothesis. 
Let 


F.)={Fij-), l<icgpl<j <p} 
be a matrix of bounded non-decreasing right continuous, non-negative functions 


oe [0, co). For any p Xr mairix H(-) of Borel measurable real valued functions 
i{-) On [0, œ) that are bounded on compact intervals, define, 
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p 
(EHD = È, | Haslt—wFu(du) for £ > 0 


(10.1.2) 
Now we can write (10.1.1) as, 
M(-) = Z(-) + (F*M)(_). 
Now set, (10.1.3) 
F°(1) = ((8:,(¢))) with 
( 1lifi=jandt>0 
| 8At) = l 
| 0, otherwise 
| . 
4 FO) = (FeFC-D)(t), (n = 1,2, ...) (10.14 


U(t) = 3 Ft), 
n=0 


-—— 


where F™ deonte the n-fold convolution of F and U(-) the renewal function 
associated with F. 

For any matrix A with non-negative entries, let e(A) be its Perron-Fro- 
benius root (Karlin, 1966). 

Athreya and Ramamurthy (1976) have proved the following lemma. 


LEMMA 10.1.1 (Athreya and Ramamurthy, 1976) 


(a) U(t) < 00 for each t > 0 & 9(F(0)) < 1. 


(b) Lete (F(0)) < 1. Then M(.) = (U*Z)(.) is a solution of (10.1.1). 
Also, it is the unique solution in the class of Borel measurable functions 
bounded on compact sets. 


The following hypothesis about F(t) are assumed, 


(i) p(FO)) < I, 
(ii) O< lim F(t) = F,(00) < oo for all i and j, (10.1.5) 
tA o 


(lil) there exist i and j such that F;;(0) < Fj;(0). 


From Perron-Frobenius theoey we find that if p(F(co)) is the Perron-Frobenius 
eigen value of F(oo), then the corresponding right and left eigen spaces are 
One-dimensional and that vectors m and u with strictly positive entries can be 
chosen so that, . 

F(co)m = e(F(0o))m 


u'F(0o) = e(F(00))u 


Pp ~ 
> um, = 1 
i=1 


(= 


P 
2 m= 1. 
t=1 
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Definition 10.1.1 
F(.) is lattice if, 


(1) Fi;(-) is lattice with span A, j for an 


y i + jin the sense that FC.) 
is concentrated on a set of the form. 


{bijs bij £ d, bij 4 2a, a0... } 


and à; is the largest number à with this property. 
is arithmetic with span A; in the sense that it is 
set of the form {0, + a. + 2a,. 
this property. 

(ii) each Aj; is an integral multi 
largest such number). 


For each i, Fafe) 
concentrated on a 
--} and ày is the largest number with 


ple of some number (we take à to be the 


(ill) ij, ajk, Ax are points of increase of Fij, 


Fik and Fik respectively . 
implies that a;; + ajk—âik 


is an integral multiple of 2. 
Let, 
B = ((bi;)), C = (cx) with, 


10<b; = |. e (du) -Í (Fi; (00)—F;; (u)) (du) < œ, 
00 0 
j and 
| oo oo . 
Losey = af t E = ("Of Eoad w. 
(10.1.6) 
Athreya and Ramamurthy (1976) have proved the following main theorems. 


Theorem 10.1.1 (Athreya and Ramamurthy, 1976) 


Assume that e(F(co)) = 1 and let, M(t) = (M(t), ...M,(1))' be a vector of boun- 
ded continuous functions satisfying the system equations, 


p foo l 

M;(t) od | Mx (t—u) Fix (du), (1 < i x p): (10.1.7) 
Then, 

(i) F(-) non-lattice implies that M(t) is a constant vector. 
(ii) F(-) lattice implies that each Mi; 
definition (9.1.1)). Further, for each i and j 
F; (t) the vector, (M, (t—aj,)... 
corresponding to the eigen value | 


(t) is periodic with Period > (refer 
and for any point dij of increase of 
» Mp (t—aip))' is an eigen vector of F(c) 


Theorem 10.1.2. (Athreya and Ramamurthy, 1976) 
Suppose 


e(F(c0)) = 1. 
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(i) 


(ii) 


(iii) 


Set 


If F(-) is non-laitice, then for each i, jandh >Q. 


Uj ,(t)— Ui; (t—h) > c m; uj h, ast > œ 


(10.1.8) 
where 


jà 


p 
p> mM, Uk bk, 
(If bkr = œ for some kr then c will be interpreted as zero). 


If F(-) is lattice, then (10.1.8) holds whenever h is a positive multi- 
ple of À. 
Let 


L(t) = (Ly AD) sony Bp (tY 


be a column vector of directly Riemann integrable functions on (0, oO), 
(refer Feller (1966) for definition). 


Zi (t)=O fort < 0. 


Let M(t) = (U*Z) (t) be the solution of (10.1.2) unique in the sense of lemma 
(10.1.1). If F(-) is non-lattice then, for each i, as t > œ. 


Mit) > em; w| Z; (u) du. (10.1.9) 
j=1 0 


If F(-) is lattice, then for each i, as n > œ. 


p o0 
M; (t+ n) > cm; È Muj È Z; (t + rr). (10.1.10) 
j=l r=—o 


Theorem 16.1.3. (Athreya and Ramamurthy, 1976) 


Let 


p (F(oo)) + 1. 


Assume that there exists a real ‘œ such that, 


where 


is directly Riemann integrable 


e (G(a)) = | 


Gij (a) == | eT" Fi (du) If e-*t Z; (t) 
0 
for each i, then as t > œ, 


p 09 0.1.14) 
M(t) e+ X c| e7% Z; (u), du ¢ 
j=l J0 
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where 


Qij eL Mi Uj, m = (m... mp) and u = (uz... Ur) 


are positive right and left eigen vectors of G (x) corresponding to the eigen value | 
one with the normalizations, 


~p i pes p a č a 1 
S mim = 1; m = l; e= p; 
j=1 i=] = ee ee 
"A D M, Uk Dkr 

l kel -=1 


Diy = | ue *4 Fij (du). If bi; = 0 
(0,00) 
for some (i, j.) then c would be interpreted as zero. 


Theorem 10.1.4. (Athreya and Ramamurthy, 1976) 


Assume that F (-) is non-lattice and p (F(œ0) = 1. Assume also that, 
cy = 4| PFY (dt) < o 
0 


for each (i, j). Then as t > œ, 
U(t)—tA > (I—AB + ACA) H~ (10.1.12) 
where 
H = (I—F(œ) + BA). (10.1.13) 
For detailed proofs of the above theorems see Athreya and Ramamurthy 
(1976). 


10.2. RENEWAL EQUATIONS WITH APPLICATION TO 
BRANCHING PROCESSES 


10.2.1. Introduction 


Here we deal with the asymptotic behaviour of systems of renewal equations. 
Such -equations arise in a variety of applications such as semi Markov pro- 
cesses and branching processes. In branching processes, the mean and covari- 
ance functions satisfy such equations. By the asymptotic behaviour of the mean 
and covariance functions we can determine the limiting behaviour of such 
processes. f 

First we take the one-dimensional renewal equation, 


m(t) = o(t) + I, r m(t—u)dF (u), t > 0, (10.2.1) 


where F(-) is a probability distribution function on (0, œ) and ¢(-) is a mea- 
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surable function bounded on finite intervals. From Feller (1971) w 
determine the existence, uniqueness and the asymptotic behaviour of i fs can 
tion m (.) of (10.2.1). Feller (1971) says that, if (-) is directly Rien 
integrable, F(-) is non-lattice and has a finite mean A, then m/(-) exists, aigus 
and satisfies, 


: — \\—l1 
am m(t) = f; $(u)du. (10.2.2) 

To generalise (10.2.1) we are given a pxp matrix {F;;(-)}pxp of non-de- 
creasing right continnous real valued functions, with F;,(co) = œ. Also we are 
given a p-vector {¢,( )} of measurable functions bounded on finite intervals, 
all defined on (0, oo). Athreya and Ney (1978) defined the system of renewal 
equations, 


p 
mi(t)=¢(t)+ 3 | m(t -dF (10.2.3) 
j=1 J(0, t] 
lort oe 0, T= 0, 1, Bp 
They next consider the ‘countable case’ in which ‘p’ becomes infinite. 
Finally the general case is defined as follows: 
Let (S, F) be a measurable space and {u(s, .); s E S} bea family of meas- 
ures on {SX[0, 00), XB}, Z being the o-field of Borel sets on [0, o0). 
Consider the equation, 


m(s, t) = (s, t) + | | m(s,, t—u) u(s, d(s, xX u)), (10.2.4) 
S J (0.1) 


where ¢(s, t) is a measurable function on SX [0, «). 

The problem here is to determine conditions on u( ,.) and ¢(.,.) to ensure 
existence and uniqueness of the solutions of (10.2.4) and obtain an analogue 
of (10.2.2). 

In the theory of Bellman-Harris processes (Athreya and Ney, 1972, Chap. 
IV) equation (10.2.1) arises in a natural way. Equation (10.2.3) is satisfied by the 
mean vector in multitype Bellman-Harris processes, (Mode, 1971), multi-type 
Crump-Mode-Jagers processes (Athreya and Ramamurthy, 1977). The equation 
(10.2.3) is also satisfied by the mean vector in semi-Markov processes with a 
finite state space (Cinlar, 1975; Pyke and Schaufele, 1964). Equation (10.2.4) 
arises in age dependent branching processes with arbitrary state space (Saun- 
ders, 1976), branching Markov processes (Ikeda et. al., 1968-69), branching 
diffusions (Asmussen and Herring, 1976), Semi-Markov processes on general 
state space (Cinlar, 1969; Orey, 1961; Jacod, 1971). 

Crump (1970) has established the analog of (10.2.2) for (10.2.3). It was 
also established by Athreya and Ramamurthy (1977) and Ryan (1976). Cinlar, 
(1969) treated the general system (10.2.4), the system was also treated by 
Crump and Mode, and Saunders (1976). Cinlar , 1969) has established existence 
and uniqueness for the Semi-Markov case, which is under the restriction that 

u(s,.) is a probability measure for each s. Also Cinlar (1969) showed that 
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jf a limit exists then it must necessarily be of a certain type. Kesten (1974) has 
extended Feller type arguments for the case considered by Cinlar (1969). 

Athreya and Ney (1978) have studied the system of equations (10.2.4) in 
the Semi-Markov case using the result of Athreyaand Ney (1978a) and Athreya, 
McDonald and Ney (1978) by reducing it to the one-dimensional result (10.2.2) 
of Feller (1971). 

The general system (10.2.4) is reduced to the Semi-Markov case by an 
appropriate Malthusian transformation. They were able to obtain the asympto- 
tic form of m(s, t) as e** V(s) T(¢) where V(-) is a non-negative function and 
T(-) is a non-negative linear functional on the space of bounded measurable 
functions. 


10.2.2 Systems of renewal equations: The countable case 


Let F;;(-) be a matrix of non-decreasing right continuous non-negative valued 
functions on (0, 00), (not necessarily finite) and {4;(-)} be a vector of measur- 
able functions on [0, co) that are bounded on finite intervals. Here we study 
the system, 


m(t) = $(t) + z | m;(t—u) F;,(du), t >0, i = 1; 2,... (10.2.5) 
j JO, 1) 
The system (10.2.5) is defined to be Semi-Markov if P = ((P1;)) where 
Pi; = Fi,(o0) Slim F;,(t), is the transition probability matrix of a Markov 
t->% 


chain. The same Markov system is studied by using a suitable Semi-Markov 
process. 

Let {¥,} be a Markov chain with P as its transition probability matrix. 
Conditioned’ on the realisation {X, = xn}¢, generate non-negative random 
variables {Z,,} such that, 


the L,,’s are independent, (10.2.6) 
and 
— co — Fx; x;4,(D) 
P(L,, < b| {Xn = Xno ) = Fes, x, (0) ` (10.2.7) 
They construct a continuous time Markov process, 
{W (t) = (X(t), AH); t > 0} 
by setting, 
[o 1) if 0<t< L, 
| (X, t-L,) E EN 
Wajer i E (10.2.8) 


| (Xz, t—L,—L,) i ft, pigStai,4 E A 
(Xn t~Ly.-— Lng) if Dy tot In, <t<L +4 L, 
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and so on. 


Here we take W(t) as the state and age since last transition (at time ft) of 
a particle which is moving in the following manner. If the particle is in state ; 
then at the next transition it will jump to a state j according to the transition 
probability matrix P. Before making the jump to j, the particle waits in ifor a 
random length of time with distribution F;,(-)/Fi,(00). The process {X(t), t > 0} 
is called the Semi-Markov process since, it has the Markovian property only 


n 
at random times > L;, n =0, 1,... 


Let f(.,.) be a bounded measurable function on {1, 2,...} x [0, 0). 
Define, | 


mi(t) = E; (WW) | (10.2.9) 


where E; stands for expectation under the condition W(0) = (i, 0). Likewise P; 
is a measure under‘the condition-W(0) = (i, 0). 

By decomposing the expectation over the sets {L, >t) and {Lst} and 
using the strong Markov property, we find that, l 


mt) = fli, t) Pi(Ly > t) + zf , imj(t—u)Fi,(du). (10.2.10) 


From a comparison of (10.2.5) with (10.2.10) we get a solution of (10.2.5) 
given by mt), when f(., ) is defined by, 
fli, t) = i(t) (Pi(Lo > >. (10.2.1) 


When P is irreducible and recurrent the system (10.2.5) has a unique solu- 
tion for all 6:(-) bounded on finite t-intervals. 
Fix a state i,. Let, 


Nene l, Xn = io) 
l (10.2.12) 
T= = T 


Thus, Ni is a stopping time for {X,} and T for (W(t); t > 0}. For f(-) 
bounded measurable and m;(-) as in (4.2. 10), by using the strong Markov 
property of {W(t); t > 0}, we get the renewal equation, 

Tint) = Ex AWO); T > 1) + [ mn(t—w)du PAT <1), (10.2.13) 
0 
(10.2.13) is a special case of (10.2.1) with 
e = Ep SWAT > 10.21 
F(t) = P;, (T <t). 
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If we ensure that ¢(-) is direct Riemann integrable and F(-) is non-lattice 
with a finite mean, then from (10.2.2) we get, 


m(t) ->A fz fW; T> tdt, (10.2.15) 


where A= En (T). 

For any other distribution of W(0) there is a stopping time T, such that 
W(T,) = (iy, 0). Hence m;(t) has the same limit for all 7. We can identify the 
right hand side of (10.2.15) as 


I E,(f(W(t)); T > tdt = E, CEACE») (10.2.16) 
where © 
A(x) = f f(x, u) P,(L, > u)du. 
Let i 


N=I 
Tj = En (2 ôx., y) 


be the expected number of visits to j by {¥,} between consecutive visits to iy. 
Then we can write the limit in (10.2.15) as, 


DET j Aj, u) PAL, > udu 
j 0 


Z 7) i Plo > udu 
0 


Now we determine conditions which ensure the direct Riemann integrabi- 
lity of ¢(-) as defined in (10.2.14). We can also show that, if for each i, fi, t) 
is continuous almost everywhere in /, then ¢(/) is continuous almost everywhere. 
Let, 


(10.2.17) 


SEEE g 5 Li = t) > 0 for some n}, 
i=0 


Ca = {t; f(i,.) is not continuous at t for some í}. 

Thus, C, is countable and C, has measure zero by assumption. For t, ¢ C,UC,, 
we can show that (W(t))Xir >n is continuous at t = tẹ with probability | 
under P, . From the bounded convergence theorem, we can find that 4(f) is 
Continuous at fọ Since ¢(f) is bounded by Pa (T> t), the direct Riemann 
integrability of ¢(-) is implied by E, (T) < œ. 

From the above discussion Athreya and Ney (1978) obtained the follow- 
ing result. 


Theorem 10.2.1 (Athreya and Ney, 1978) 


Assume, 


(i) The system (10.2.5) is such that the matrix P=((Pij = Fif(~))) is 
the transition probability matrix of an irreducible recurrent Markov 
chain on {1, 2, 3,...}. i 
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(ii) P (T < u) is non-lattice in u for at least one ig, where T isas in 
(10.2.12). 
(iii) For some non-trivial invariant distribution {r j} for {P;;} 


/ 


A= Dn | (Fjx(00) — Fyx(u))du) < œ. 
j k Jo | 
(iw) 4i(.) fs. continuous almost everywhere for each i. 


0) sup $i) (IZ Fit)" < 00. 


Then the unique solution {mj(.)} to (10.2.5) exists and sat isftes, 


lim m(t) = à~ X AN p j(u)du. (10.2.18) 
t j J0 


We now proceed to reduce a general countable system like (10.2.5) to a 
Semi-Markov one. System admiting such a reduction will be called Malthusian. 
Assume that {F;;(.)} in (10.2.5) satisfy: | 


(i) There is a real « such that, 
F*(a) = f e-"F, (du) < œ% for alli, j. (10.2.19) 
and 


(ii) there is a vector {V} satisfying V; > 0 and 
2 F% («)V; = V; for alli, 
J 


Now define, 


* —a 
t} 


9 C 


(10.2.20) 
ro engt) 
PO = E and G) = ( |f eF) JF) 
Multiplying both sides of (10.2.5)-by eV; we get, 
WO = HO +E Py f mit—wGi(du). (10.2.21) 


This system (10.2.21) is Semi-Markov. From theorem (10.2.1) Athreya 
and Ney (1971) have deduced the following result. 


Theorem 10.2.2 (Athreya-and Ney, 1978) 


Let F;;(.) of (10.2.5) satisfy (10.2.19). Assume, 
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(i) (CPi) defined by (10.2.20 
irreducible recurrent M ar 

(ii) Ph (T < 


)is the transition probability matrix of an 
kov chain {Xn} on {1, 2, 3, T 
u) is non-lattice in y for at least one ips 
(iii) A= A ujV, f (| em ind) dt< a, 
where the u;’s Satisfy > u;F ii) = u; for all j. 
i 


(iv) $,(.) are continuous almost everywhere for all j and È ujV;, 
j 


Z sup | ,(t) | < © for all.small h >t. 
nh<t+(n+1)h 


Then, the unique Solution {mi(.)} of (10.2.5) exists, and satisfies, 


m(t ææ 
gmi ee a e 7 ujV; i e-d (u)du. 


10.2.3 General systems of renewal equations 


Let (S, F) bea measurable space and {u(s,.);s ES 
on {SX[0, 00), XB}, B being the o-field of Borel se 
Consider the system of renewal equations, 


} be a family of measures 
ts on [0, oo). 


m(s, t) = 4(s, t) + | | 


m(S,, t—u)u(s, d(s,Xu)), (10.2.22) 
J (0,4) 


where 4(.,.) is a given forcing function. When S is countable, and is the sub- 
sets of S, we can reduce (10.2 22) to (10.2.25). The system (10.2.22) is semi- 
Markov if u(s, AX[0, 00)) = P(S, A) isa transition probability function. Here, 
let {X,; n > 0} be the Markov chain associated with j OF 

We can find a function G(s, Sı t) which is jointly measurable in (s, Sy, t). 
G(s, s, t)is a probability distribution in ¢ for fixed (S, sı). In terms of G(s, s}, t) 
we can rewrite (10.2.22) as, 


m(S, t) = d(s, t) + | | 
S 


We can now associate a Markov process { W(t); t > <} with (10.2.23) just 
as in the countable case given in sub-section (10.2.2). Conditioned on the reali- 
sation {X, = x,}o°Of the underlying chain, we generate a sequence of indepen- 
dent non-negative random variables {Ln} with, 


m(S,, t—u)G(s, Sı, du)P(s, ds,). (10.2.23) 
) 


[0,¢ 


P(Li < bi | {Xn = Xn}o ) = G(x; Xj+4) bi). 
Now from the process 
{W(t), (X(t), A(t); t > 0} 


as in (10.2.8), if the chain {Xn} has a recurrence point A, So that, P(X, = A 
for somen > 1) = 1l forall x, then the method applied in the sub-section 
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(10.2.2) carries over to provide a limit theorem for W(t) as t _y = 
absence of such a recurrence point the theory gets more complicated, Fo | 

cussion of these and other aspects of semi-Markov processes on Senge a dis. 
spaces one can study, Cinlar (1969), Kesten (1974), Orey (1961), Jacod Ae 
and Athreya, McDonald and Ney (1978). 71) 


In the 


10.2.4 An analog of theorem (10.2.1) for the general state space 


We now obtain an analog of theorem (10.2.1) for the general state space case 
For this we need the notion of recurrences for {Xn}. Here, {X,} is recurrent 
if there exists a set A © S, a number A > 0 and a reference probability mea 


sure č on A, such that, | 


(i) Px(X, E A for some n > 1) = 1 
10.2.24 
(ii) P(x, E) > (E) for all x € A and E C A. (10.2.24) 


Under the condition (10.2.24) Athreya and Ney (1978a) has shown that, an 
invariant measure for P, namely a measure x (-) always exists, such that, 


te) = Í, P(x,.) 1 (ax). 


By assuming G(x, x, t) =G(x, t) is independent of x,,Athreya and Ney 
(1978) have proved the following result. 


Theorem 10.2.3. (Athreya and Ney, 1978) 


Assume that {X,} is recurrent in the sense of (10.2.24), that G(x, t) is non-lattice 
in t forall x, and that 


9 =| i (L—G(x, t)) dt m (dx) < œ. 
SJo 


Then for any initial distribution œ of W(Q), 


b 
lim P, {W(t) « B X[a, b]} = 07 | (dx) | (1—G(x, t)) dt. (10.2.25) 
[> B a 
If furthermore the forcing function @ satisftes, 
x {x3 (x, t) is discontinuous for some t} = 0 
and ) 
eh> 0, 


| mee) z sup { | p(x, t) |; nh <t <(n+!) h} <o for som 


then for a all s € S the solution of (10.2.22) satisftes, 
m m (10.2.26) 
lim m(s,t) = 6-1 | T (ax) Í p(x, t) dt. 
too . S 0 


| 
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10.2.5. Reduction of general system (10.2.22)) to a semi-Markov system 


We assume that there exist a real «,and a function V(-) on (S, F) to (0, œ) 
such that, 


| V(s,) te (8, ds) = V(s), (10.2.27) 
S 
where 
ta (5, A) = | “e= du p(s, AX [0, u). 
Define, 
ints, t) = e m(s, t)/V(s), 
| | 
| (s, t) = e-* d(s, 1)/V(s) 
< 4 
| Pies |, rae he (s, ds,) 
| Vs) 
| 2a —au ae . sla 
| Hs (s, t, A) [ |. e—™ u(s, d (s, Xu)) Vis) (10.2.28) 
As 


t -> ©, ty (S, t, A) 


increases to a (s, A). Hence there exist Radon-Nikodym derivatives Gy (5,54,) 
jointly measurable in (s, Sı, t) such that (10.2.22) becomes, . 


m(s,t) = (s, 0) + f |, ; m(s;,t—u) Ga (S, S, du) P(s, ds,). (10.2.29) 


We can show that, (10.2.29) is a semi-Markov System. Any system 
(10.2.22) is said to be Malthusian, if « is real and V(-) is positive and satis- 
fying (10.2.27). Here « is called the Malthusian parameter. If the system 
(10.2.29) satisfies the hypothesis of theorem (10.2.3) then m(s, t) will have a 
limit independent of s and of the form, 


I. ™(dx) F (s, u) du = Td (say). (10.2.30) 


_ Hence, in the Maltbusian case, when m (.,.) has a limit, m(s,t) is of the 
form e* V(s)T ¢ for large r. 


10.2.6. Application of the above results to the branching process 


The system of renewal equations of the type (10.2.22) are satisfied by the 
Means and higher moments of a large class of branching processes. Follow- 
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ing Athreya and Ney (1978), here we derive such an equation for a general 
branching model. l l 

Here we consider a branching process with S as its state space., During 
the life time, let all particles move in S as a Markov process. Let these parti- 
cles generate particles of various types at random times, before their death. 
The new particles are independent to each other. 

In particular we take the following: 


(i) A Markov process {X;} with a random life time T, and a state space 


’ 


(ii) A measure valued offspring process {n(s, t); t>0}, where we denote the 
number of particles with type in a sct A created during the interval 
(0, t] by a new particle of type S created at time 0, by n(s, t) (A). 


For a Markovian description of the process mentioned in (ii) above we 
need the state chart, Y, = {0,, 05,..., 0z,} for each t, where Z, is ‘the number of 
particles alive at ‘£’ and 0, = (s; ;&;), where s;is the location of the ith particle, 
€; is the offspring history including age of the ith particle. 

If the offspring process in (ii) has the stationary Markovian property such 
that, 


d l 
{n(s, t + u); t > O/T; > u, X(u)} = {n(X(u), t); t > 0} (10.2.31) 


as in the case of Bellman-Harris process with age as type, then the position 
chart, {5,, 5,,..., Sz,} 1s itself a Markovian. 

We denote the totality of all possible 6’s by @. Let B be a o-algebra on 
@ included by S. Let B be large enough to make the process in (ii) measura- 
ble. Consider a bounded and measurable function f : ® —> R. 

Take, 


m(9, t) = E, A f(8;)), (10.2.32) 


where Æ is the expectation operator with Y, = 9. 
The process {Y,} is stationary Markovian. Therefore from the basic 
description of the process we can show that m(.,,) satisfies, 


mQ, t) = E KX); T, > 2} +Í |. ¢ M(Sy, t—u)u(0, d(s,Xu) (10.2.33) 


when 6 denotes the state of new particle of type S, m(s, t) stands for m(9, t). 
(8, AP(O, u]) is the mean number created in (0, u] with type in A by a single 


Particle in state @ at time 0. When we restrict 0 to new particles, we find that, 
(10.2.33) has the form of (10.2.22), with, i 


96.) = EAX) Ti > 1) x, = $}. (10.2.34) 


From the equation (10.2.33) and the as 


, k ymptotic behaviour of m(s, t), we 
obtain the asymptotic behaviour of m(0, t) p (s, t) 


for general 9. 
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10.2.7 Application to the (7;, 4, x) model introduced by 
Ikeda, Nagasawa and Watanabe (1968-69) 


In this model each particle moves in a space (5,-7) according to a Markov 
process With semi-group {T}. The random life lime of each particle is governed 
by the killing density A(.). Thus the probability that a particle dies in (t, t-+-h), 
given that it is alive at ¢ and is at S is given by A($) A + O(h). At the end of 
the life time 7, cach particle produces a random number of offsprings distri- 
buted over (S,-%) with distribution m(X(T')...). Also it depends on X(T,), the 
location of the parent particle at its death. This branching is called local if all 
the offspring are concentrated at X(T). 


Now (10.2.33) becomes, 
ms, t) = ERX) T > t |X) = s} 


HE (I m(sı, t—T,)x(X(T)), ds,)); ly =) Ag = sh (10.2.35) 
Š 
(10.2.35) is in the form of (10.2.22) with, 


K= E{f(X); T, > t| X= 5} 


a(s, A(O, t]) = BA | XiX), ds); T, < tX = s} (10.2.36) 
Js 
If we can find a real « and a positive function V(.) on (S, Z) with, 


| Visuals, ds) = V69), (10.2.37) 


where 


u,(8, A) = E(e-™ |. X4(s,)n(X(T,), ds) | X) =s) (10.2.38) 


then the system is Malthusian. 
Hence (10.2.37) becomes, 


E(e-a | _Msn(X(T)s ds) | Xa = 8) = VWs). (10.2.39) 
If we take, 
md) = | _ 85,88, dsi) (10.2.40) 
Then (10.2.39) becomes, 
E(e=*T: (TV) (X(T;)) |X%_ = 8) = V(s). (10.2.41) 
From the definition of a (T;, à, r) process, the left hand side of (10.2.41) 
becomes, 


E i e-* (V) (X(u)) N(X(u)) exp (- | n X(u) du) du| X, = s). (10.2.42) 
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In order to simplify the (10.2.42) we introduce the Markov Proce 
SS, 
t 
X(t) = (X), | A(X(u))du). 
(1) = (XC), | AXGD)An) (10.2.43 


Let 5 =SX[0, 00) be the state space of the process in (10.2.43). L 
and Rz be the generator and the resolvant operator of the process in (10 7 : 


respectively. 
If « > 0 and f is in the domain of R,, we get, 


(RANG, 81) =] Be SEV) ADEO) exp —5~ | AXO) -ear 
= [Besa XOs 5, + f AEO (10.2.49 


Now define f : S > R as, 
f(s, t) = (EVS) e. (10.2.45) 
From (10.2.41) we get, 


(Raf Xs, 0) = K($). (10.2.46) 
Hence we get, 
(Raf )(S, S1) = €7* (Raf )(s, 0) = e= V(s), (10.2.47) 
Using, 
(a—A) Ra = R,(a—A) =I, (10.2.48) 
it can be seen that, 
(a—A)(R.f XS, 51) =S(S, 54). (10.2.49) 
Therefore using (10.2.45) and (10.2.47) in (10.2.49) we get, 
(x—A)(e-*1 V(s)) = (mV)(s) A(s)e—. (10.2.50) 
For g € ZA) we get, 
(Ag)(s, 51) = A(s) : (S, 5;) + (Ag)(s, 5). (10.2.51) 


By applying (10.2.51) in (10.2.50) we obtain the eigen value problem, 
(AV)(s) + A(s) (nV —V (S) = aK (s). (10.2.52) 


For the case of branching diffusion, Asmussen and Herring (1976) arrived 
at (10.2.52) by a different method. This has made further the analysis of the 
eigen value problem in a mere direct fashion. They use the completeness of the 
associated eigen functions to expand the solution m(s, t) in terms of these 
eigen functions and have obtained the result, 


e-a m(s, t) = V(s)Ti¢, (10.2.53) 
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Borel function, 164 
Borel set, 5, 168, 414, 419 
boundary condition, 55 
bounded, 26, 65, 406 
—sequence, 336 
— variation, 93 


Cauhy sequence, 331, 340 
—L*, 331 
Cauchy’s formula, 234 
Central Limit Theorem, 8, 49, 57, 197, 226, 
318, 397, 401, 402 
—for Markov chain, 49 
—for Martingale 49 
Characteristic function, 27, 208, 210, 326 
Chi-square variable, 385 
Cluster point, 120 
communicated state, 325 
compact, 16, 27 
relatively, 40 
__weak, 246 
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comapct —Lebesgue dominated, 28, g0 


—<interval, 409 — Martingale, 18, 89, 297, 332, 336, 344 
—subset, 25, 27, 200, 201, 205, 221, Convex function, 26, 31 
409, 410 —bounded, 73 
concave function, 31, 65 convolution, 84, 94, 123, 313 
Concavity, 341, 342, 344 —i-fold, 334 
concentration function, 82, 83 —n-fold, 71, 225, 274, 410 
Confidence interval, 352 — iterated, 270 
connectedness, 16 correlated function, 57, 58, 59 
consistent, 205, 354, 366, 403 countable, 417, 419 
—C-consistent, 354, 355, 364 counting process, 101, 133 
—strong, 271, 402 covariance, 58 
constant function, 24, 320 covariance function, 331, 413 
continuity Crump-Mode multitype 
—point, 6, 27, 83, 271, 360 Jagers process, 414 
—theorem, 18, 45, 46, 220, 261, 311 
continuously differentiable, 25 Degenerate, 181 
continuous function, 27, 29, 30, 167, 170, —non, 292, 293, 296, 307, 334, 337, 
233, 235, 242, 243, 300 338 
—bounded, 409, 411 Degrees of freedom, 385 
—right, 76, 260, 409 Density function, 92, 254 
continuous time, 40 —continuous, 56, 405 
Convergence —Gamma, 367, 407 
—absolute, 220, 231, 252, 273 —Probability, 93 
—almost sure, 7, 8, 13, 14, 28, 29, 59, Derivative 
66, 86, 89, 161, 176, 177, 178, 218, —continuous, 314, 346 
254, 262, 334, 336, 337, 342, 343, —integrable, 92 
344, 345, 355, 357, 363, 368, 398, 399, —continuous integrable, 93 
400, 401, 407 —Radon Nikodym, 390, 421 
bounded 29 Descendents, 1, 54, 1 21, 144, 293, 346 
—in distribution, 87, 119, 203, 204, —direct, 222, 385, 388 
227, 245, 246, 255, 259, 281, 312, Deterministic distribution, 110 
326, 330, 331, 367 Difference equation, 207 
—in law, 198, 205, 213, 215, 217, 381, —Martingale, 398 
383, 384, 385 Differential equation, 349 
—in L!-norm, 80, 334, 337, 345 Differential Mapping, 20 
—in L?-norm, 80, 331, 334, 337, 338, 344 Differentiable function, 94 
—in L’-norm, 336, 337 —continuous, 315 
—in mean square, 7, 254 Diffusion 
—in probability, 5, 34, 65, 110, 112, —approximation, 51 
163, 177, 210, 231, 331, 332 —branching, 414, 424 
—monotonic, 58, 59, 260, 261, 358 Dirac Delta function, 27 


—normal, 347 disaster, 283, 304, 305, 306, 307, 308 | 
—strictly monotonic, 58 —epoch, 301, 305, 306, 307 
—uniform. 24, 25, 27, 96, 171, 220, 234, discontinuities, 405, 420 


239, 252 309 Distribution 
—asymptotic, 402 


—weak, 49 
—with probability one, 7, 113, 114, —Binomial, 52, 324, 327 
115, 116 —Chi-square, 351, 385 


—Empirical, 405 
—Exponential, 54, 60, 312 
—asymptotically exponential, 269 
—negative exponential, 69, 225 
—Gamma, 198, 211, 255, 274, 312, 407 


C-convergence, 364 
Convergence theorem, 10, 162, 408 
—bounded, 417 
—dominated, 67, 136, 173, 247, 273, 


326, 358, 367 


—Immigration, 196, 198, 203, 391 
— Initial, 23, 313, 334, 420 
—Inter-arrival, 267, 273, 311 
—Invariant, 418 
—life length, 69, 403, 404, 407, 408 
—life time, 88, 96, 110, 225 
275, 284, 307 
—multinomial, 52 
— offspring, 88, 89, 92, 95, 110, 160, 
197, 202, 211, 267, 333, 334, 346, 
370, 385, 389, 390, 403, 404, 407 
—Pareto, 407 
—Probability, 3, 62, 71, 102, 103, 152, 
155, 160, 200, 222, 223, 246, 270, 
273, 274, 391, 413, 419 
—stable, 217 
— standard normal, 226, 361 
Distribution function, 5, 29, 33, 59, 68, 86, 
92, 110, 223, 228, 230, 232, 241, 251, 
256, 259, 274, 286, 301, 306; 307, 311, 
352, 357, 360, 369, 372 
—absolutely continuous, 7, 72, 73, 143, 
226, 245, 388 
—conditional, 5, 42, 112, 280, 401, 403, 
404 
—cumulative, 245 
—Joint, 118, 121, 256, 262, 279, 280 
—non-degenerate, 85, 182 
—non-lattice, 106 
—regular conditional, 5 
Domain, 42 
Driving function, 269 


s 254, O78, 


Eigen function, 424 
Eigen space, 
—right and left, 410 


Eigen value, 35, 40, 105, 106, 145, 146, 147, 


150, 410, 411, 413, 424 

—maximal 15, 42, 118 
Eigen vector, 15, 33, 106, 147, 411 

—left, 119, 146 

—right, 119, 145 

—right and left, 413 
Electron-Photon Cascade Processes, 2 
environment, . 

—random, 160, 161, 162, 166, 167, 181 

—varying 176, 177, 178 

—random varying 160 
epidemic, 283 
epoch, 283, 300, 305 
ergodic, 161 

keneil, 199, 201, 219, 395 396 

—stationary, 248, 251, 278 
ergodic process, 174 
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ergodic theorem, 183, 248 
estimator, 354, 355,356, 360, 361, 363, 365, 
366, 371, 384, 392, 398, 404, 408 
—C-consistent, 355 
—maximum likelihood, 205, 355, 370, 


371, 387, 389, 390, 391, 402, 404, 407, 
408 


estimation theory, 389 
expectation, 124, 153, 154, 326, 327, 416, 
422 
—conditional, 131, 146, 247, 309 
expected time, 52, 350 
extinction, 4, 313, 314, 348, 389 
—non, 321, 331, 371, 378 
—probability, 4, 29, 49, 56, 101, 126, 


161, 179, 268, 279, 324, 347, 353, 354, 
363 


—probability vector, 15 
—time, 43, 48, 152 


Fatou’s Lemma, 66, 67, 287, 332, 337, 342 
o-field, 9, 279, 284, 290, 292, 294, 304, 
307, 371, 393, 414, 419 
Fixed point, 15 
Forcing function, 94, 419, 420 
—bounded, 93 
Foster and Williamson’s criterion, 197 
Fourier transform, 27 
Frequency function, 251, 253 
—conditional, 253 
Frobenius-Perron 
—root, 35, 146, 147, 148, 150, 410 
—theorem, 119 
—theory, 146 
Fubini’s theorem, 75, 251, 298 
Functional, 36, 396, 397 
—equation, 8, 24, 29, 45, 46, 59, 77, 81, 
88, 90, 92, 197, 201, 219, 355, 357, 
359, 366, 368 
— iterate, 15, 42, 218, 315 
Fundamental theorem, 4 


GaJton-Watson Process, 1, 4, 8, 14, 23, 28, 
29, 31, 32, 46, 48, 55, 56, 59, 70, 92, 
102, 126, 131, 161, 353, 354, 370, 381, 
385 

—imbedded, 126 

—non-critical, multitype, 47, 49, 52 
—population size-dependent, 313 
—Regular infinite mean, 33 
—single type, 47 

—sub-critical, 205 

—with immigration, 309, 321, 365 
—with killing mechanism, 308, 309 
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Gamma density, 198, 211,,255, 274, 312 


a laws, 321 
aaa function, 1, 3, 32, 43, 46, 47, 
49, 54, 55, 62, 69, 70, 89, 92, 96, 97, 
98, 99, 131, 133, 134, 138, 139, 165, 
195, 196, 198, 211, 224, 230, 232, 
233, 235, 241, 274, 275, 301, 308, 
353 
—conditional, 46 
—cumulant, 219 
—degenerate, 5 
— fractional linear, 48 
_immigration probability, 310, 311 
—joint, 134 
—moment, 141 
—offspring, 60, 69, 70, 96, 99, 216, 219, 
225, 274, 275, 301, 304, 307, 308 
—offspring probability, 15, 42, 46, 47, 
54, 55, 215, 216, 254, 284, 307, 365 
—polynomial, 96, 99, 100 
—probability, 3, 4, 23, 29, 46, 49, 50, 
57, 58, 62, 160, 197, 202, 205, 211, 
216, 220, 222, 227, 255, 256, 261, 262, 
268, 283, 314, 353, 354, 355, 360, 
365 
Generation, 1, 3, 23, 49, 101, 119, 
121, 122, 125, 202, 382, 385 
Generation time, 54 
Generator, 424 
—infinitesimal, 40, 60 
Greatest common divisor, 24 
Growth rate, 
—asymptotic, 326 


Hazard rate, 406 

Heathcote’s Model, 195 

Helly Bray theorem, 360 

Hilbert space, 49 

Hoel and Crump’s estimator, 407 
Hyper cube, 15 


Identity, 315 
Imbedded process, 227 
Immigrants, 195, 273, 274, 275, 365, 392 
Immigration - 
—epoch, 229, 232, 256, 262, 267, 272 
301, 311 
—process, 241 
Increasing function, 162, 236 
—strictly, 221 
Independence 
—asymptotic, 403 
—conditional, 279, 280 
— stochastic, 160 


2 


Indicator, 401 
— function, 290, 291 
Induction, 16, 97, 98, 100, 
Inequality 
—Jensen, 81, 292, 360 
—Levy, 12 
—DMarkov, 104, 379 
—Minkowski, 364 
—Triangle, 343 
Infimum, 71, 231 
Infinitely divisible, 196 
Integrable, 360 
Integral 
—equation, 92, 112, 134, 139, 140, 
141, 142, 144, 148, 150, 171, 230, 
232, 233, 234, 237, 238, 241, 242, 
243, 251, 254, 275, 276, 281, 39) 
—representation, 20 
Integral multiple, 411 
Integration by parts, 11, 107 
Intensity, 400 
-— split, 390 
Inter-arrival times, 251 
—m-dependent, 253 
Interval 
—compact, 347 
Invariance principle, 9 
Inverse function, 29, 60, 212 
Irreducible, 144, 219, 220, 230, 416 
Iterated logarithm, 371, 378, 395 
Iteration, 327 


126, 326, 339 


Jager’s Model, 230 
Jordan Canonical Form, 35 
Jump points, 5, 33 


Karamata’s result, 20 
Key Renewal Theorem, 231, 261, 269, 270, 
302, 308 

Khinchine’s law, 8, 322 

Khinchine’s theorem, 20, 22, 222 

Killing density, 423 

Kolmogorov 
—condition, 374 
—convergence criteria, 372 
—forward and backward equation, 55 
—theorem, 324 

Kronecker delta, 42 

Kronecker Lemma, 380 


Laplace transform, 7, 8, 81, 88, 90, 232, 
237, 238, 243, 246, 259, 269, 270, 
277, 281, 303, 309, 311, 330, 331 


Laplace-Stieltjes transform, 18, 17, 119, 
153, 154, 158, 215, 216, 217, 246 
357, 368 

Lattice, 411, 412 

—non, 73, 96, 100, 110, 117, 119, 154 
229, 261, 263, 301, 411, 412, 413 
414, 418, 420 

Lattice function, 129, 130, 135, 137 

Law of iterated logarithm, 8, 395 

_—strong, 197, 265, 288, 371, 398, 400 
402 l 

—weak, 257 

Levy metric, 114 

L-Hospital’s rule, 243 

Levinson’s: Lemma, 236 

Lifeespan, 105, 122, 142, 151 

Life-time, 423 

—exponential, 348 

—independent exponential, 346 

—natural random, 283 

—process, 170, 172 

—random, 422 

Likelihood function, 390 

Limit 

—almost sure, 388 

—non-degerate 8, 65,116, 332, 334, 337, 
338, 343, 344, 345 

—Yaglom, 108 

Limit distribution, 42, 57, 85, 108, 154, 156, 


161, 211, 212, 231, 232, 237, 238, 243, 


261, 263, 274 281, 282, 333, 364, 366, 
383, 393 
—non-degenerate, 223 
—Yaglom conditional, 47 
Limit point 374, 378 
Limit theorem, 2, 108, 198, 306, 345, 360, 
—Kolmogorov, 199, 201 
—local, 22, 24, 92 
—Yaglom, 200, 201 
Limiting behaviour, 196, 294, 413 
Limiting probability, 45 
—stationary, 196, 197, 198, 213 
Lindberg condition, 376 
Line of decent, 36 
Linear functional, 35 
—non-negative, 415 
Linear perturbation equation, 63 
Lower triangular array, 16 


Maclaurin expansion, 208 


Mapping, oS 
—JIndependent, identically distributed, 


160 
—random, 164 
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Markov branching process, 54, 56, 63, 66 
69, 109, 139, 140, 227, 229. 288. 305. 
306, 398, 404 ee 
—Continuous-time, 59, 60, 62, 63, 167 
169, 170, 171, 174, 175 oO 
—non-homogeneous, 167 
—one-dimensional, 223, 389 
—— one-dimensional continuous, 224 
—Stationary, 25] 
—super critical, 40 
—with disaster, 304, 305 
—with immigration, 305, 306 
Markovian property, 416 
—stationary, 422 
Markov chain, 3, 196, 198, 201, 211, 219, 
222, 224, 228, 313, 365, 393, 415, 
419 
—embedded, 229 
—homogeneous, 324, 333 
— irreducible aperiodic, 227, 229 
— irreducible recurrent, 417, 419 
—temporarily homogeneous, 391 
Markov process, 414, 419, 421, 422, 423, 
424 | 
—continuous type, 415 
—countable state, 390 
—finite state, 390 
—homogeneous, 390 
—semi, 413, 414 
Martingale, 7, 10, 23, 25, 29, 56, 66, 115, 
292, 296, 297, 332, 334, 342, 371, 
373, 374, 378, 388, 396, 398 
—non-negative, 35, 64, 116 
—positive, 175 
—separable, 61 
—~sub, 229, 230, 307 
—super, 25 
Martingale Central Limit Theorem, 49 
Martingale theorem, 290 
Matrix 
— Adjoint, 145 
—co-variance, 381, 383 
—expectation, 15 
— identity, 145 
information, 398, 399 
——jrreducible, 147 
—mean, 99 
non-negative, 149 
— offspring expectation, 15 
stochastic, 147, 148, 149, 220 
—symmetric Jacobian, 150 
—transition, 227 
transition probability, 49, 324, 415, 
416, 417, 419 
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Mean Value Theorem, 6, 165, 199, 200, 
201, 217, 258, 273, 358, 365, 406 
Measure, 76, 77, 416, 419 ` 
— Associate, 44 
—Borel, 117 
—Finite, 27, 29 
—lInvariant, 42, 43, 44, 45, 46, 47, 420 
—Lebesgue, 114, 174 
—probability, 25, 123, 334, 420 
—random, 150 
—Stationary, 211 
—sub probability, 5 
0,-measurable, 332- 
Measurable function, 5, 35, 62, 414, 415, 
422 
—Borel, 409, 410 
—Borel real valued, 409 
—bounded, 294, 414, 415, 416 
—Jjoint, 421 
—F,, 37 
Measurable space, 168, 414, 419 
Moment, 7, 35, 97, 100, 259 
—conditional, 397 
—Factorial, 327 
—First, 63, 73, 128 
—Finite first, 110 
—Finite second, 73 
— Higher order, 52, 421 
—Second, 92, 93,99, 100, 313, 322, 332, 
409 
—Second factorial, 63 
—Third, 93 
Moment function, 277 
Monotone, 128, 160, 267, 359 
—Decreasing, 345 
—Increasing, 358 
Monotonic 
—function, 60, 75, 76, 159 
—sequence, 22 
Multinomial Theorem, 354, 365 
Multivariate Taylor expansion, 18 
Mutants, 197 
Mutually independent, 52, 202, 227 


Neighbourhood 
—Left, 314, 322 


Nested property, 16 
Non-decreasing function, 32, 232, 314, 335, 


338, 341, 409 
Non-defective probability distribution, 117, 
118 
Non-increasing function, 29, 59, 336, 338 
Non-negative function, 415 
Normal! distribution 


—asymptotically, 354, 361, 364, 403, 

404 | 

Normal approximation, 38 

Normalization, 42, 47 

Normalizing constant, 14, 402 

Normalized sequence, 14 

Normed partial sums, 32 

Norming constant, 31, 33, 84, 88, 90, 222, 
362 

Null sequence, 17, 21 


Offspring, 51, 73, 92, 101, 105, 116, 118 
121, 123, 131, 145, 151, 177, 182 
301, 304, 313, 354, 364, 382, 391, 
392, 402 
—€xpectation, 42 
—mean, 307 
—mMean matrix, 40 
—probabilities, 352, 403 
—process, 422 
—reproduction, 23 
—variance, 402 
—vector, 35 
Order statistic, 253 
—orthonormal vector, 146 


Parameter 
—continuous time, 63 
—Discrete time, 63 
—Malthusian, 70, 71, 72, 90, 108, 117, 
118, 130, 132, 152, 153, 254, 266, 
269, 276, 294, 308, 389, 391, 402, 
404, 405, 407, 421 
Parametric process 
—discrete-time, 228 
parent, 23, 92, 121 
period, 25 
periodic, 411 
Point process, 269 
Poisson process, 127, 146, 306 
—Branching process, 138, 139, 140 
—Compound, 196, 198 
—Inhomogeneous, 259, 272 
—Non-bomogeneous, 132, 133, 137, 138, 
267 
Population process 
—one-dimensional, 283 
Population size, 314, 324, 333, 389 
Positive function, 423 
Positively regular, 14, 35 
Power series expansion, 200 
Probability 
—conditional, 44, 49, 52, 108, 292, 307, 


403 


_—infinitesimal, 54 
probability distribution, 3, 62, 71, 102 
103, 152, 155, 160, 222, 223, 246, 
270, 273, 274, 391 i 
—Honest, 200 
probability measure, 25, 123, 388 
probability space, 12, 69, 121, 168, 223 
324 
probability tree, 381 
product Probability Theorem, 121 
Product Space, 121 
Progeny, 1 
— Poisson, 50 


Radius of convergence, 220, 249 
Random 
—age, 101 
—function, 116, 122 
—length, 101, 116, 143 
—fashion, 143 
— probability, 52 
—process, 116 
—sequence, 4 
—time, 422 
Random variable, 3, 32, 176, 307 
—Binomial, 283 
—Gamma, 226 
—independent, 289 
—independent exponential, 92 


—independent, identically distributed, 


12, 32,33, 82, 87, 137, 151, 153, 164, 
176, 177, 195, 222, 223, 230, 232, 
241, 246, 249, 251, 256, 264, 274, 
275, 277, 284, 286, 293, 301, 303, 
304, 371, 401 

—independent non-negative, 419 

—independent non-negative integer 
valued, 205, 249 

—integer valued, 400 

—limit, 30 

—non-degenerate, 28, 59, 83, 219, 245, 
357, 368, 370, 381 

—normal, 203, 205, 382, 392 

—normalized, 306 

—proper, 227 

—real-valued, 65 

—threshold, 61 

Random vector, 
—normal, 209, 381, 384 
Random walk 346 

—symmetric, 348 

Calisation, 390 

current, 211, 420 

—point, 419, 442 


Reducible, 144 
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Positive, 220 


Regenerat; 
Tegular, 123 rea 228, 229 
regular counti 
regularly vary 
renewal 


—epoch, 228, 273 


Eo 71, 72, 74, 79, 97 106, 107 
> 128, 135, 153, 286 ang Ha ne 
415, 416, 419, 42) AR 


—function, 152, 

a, 156, 270, 284, 410 
— Process, 228, 262, 273, 283, 298, 300 
—sequence, 296, 299, 300 
—theory, 129, 153, 409 

renewal theorem, 107, 156, 158, 286 
—Feller, 409 

reproduction, 23 

Teproduction function, 152 

reproduction distribution, 313, 321 

residual life Length, 405 

residue, 24 

Riemann integrable, 269 
—direct, 71, 72, 76, 78, 106, 152, 155 

231, 261, 294, 409, 412, 414, 417 


ng Process, 161, 118 
Ing, 315, 319 


Sample function, 381, 403, 407, 408 
Sample path, 167, 172, 173, 257, 290, 291, 
298, 299 
— Continuous, 168, 173 
Sample point, 298 
Schroder’s equation, 47 
—functional equation, 30, 31 
Self adjoint operator, 45 
Semi group, 40, 60, 423 
Seneta Constant, 31, 32 
Slowly varying function, 40, 25, 26, 28, 
29, 30, 32, 33, 90, 212, 213, 214, 
215, 217, 221, 222, 263, 315, 319 
Span, 411 
Spectral expansion, 201 
Spectral representation, 49 
Splitting process 
—binary, 407 
Split times, 399 
Stable law, 
Stable tail, . 
eviation, 408 
ee ee likelihood theory, 
398 
standard normal law, 


„422 
tie oe 30, 220, 390, 391, 392, 424 
ta , 
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—finite, 414 | Triangular array, 49 
—general, 414, 420 Unbiased = 
Static, 363 ag i 
Ic, oo —asymptotically, 36 
Stationary distribution, 196, 227 C-unbiased, 355 463 7 
Stationary immigration, 227 —asym ptotical ia 366 
Stationary probability distribution, 205 ma 
Stationary process, 161, 168, 170, 151 . 
; , , , Uniform| 
—ergodic, 167, 168, 169, 173, 174 —bounded 240, 258, 321, 360, 379 
ve dias te A 223 —continuous, 206, 207, 209, 236, 406 
Da, — integrable, 203, 204, 373, 377 
—non-negative, 105, 151 unit disc, 25. 28 
Stochastic model, 101 Nes 200 201, 272 
Stopping time, 401, 416, 417 Unit Normal Law, 37 
Strictly convex, 3 l Unit step function, 69 
Strictly decreasing function, 29, 30 unique solution, 416 
Strictly positive, 15 : i 
, universal constant, 26 
Stutsky’s Theorem, 402 = piii 
Supremum, 71, 231 
Vector 


Symmetric difference, 5, 85 
y iia —finite dimensional, 288 


—mean, 414 
—normal, 383 
—random infinite dimensional, 401 
Vector function, 106 
—bounded measurable, 107 
Vector Poincare equation, 19 
Virulant bacterium, 109 
Vitali’s Theorem, 200, 201, 273 


Tauberian Theorem, 317, 318, 359, 370 
Taylor’s expansion, 20, 21 
Toeplitz Lemma, 377 
total progeny, 49, 203 
transformation 
—Malthusian, 415 
transient, 4, 211, 290, 325 
—states, 50 
transition probability, 42, 54, 149, 169, 
198, 224, 313, 333, 391 
—function, 419 
—§infinitesimal, 390 
—n-step, 199 Yaglom’s Theorem, 355, 360 
—stationary, 224, 228 —critical, 361 


Waiting time, 349 
Weierstrass M-criteria, 28 
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